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Abstract
This is the theoretical review of exploration of new physics beyond the Standard Model
(SM) in electric dipole moment (EDM) in elementary particles, atoms, and molecule. EDM
is very important CP violating phenomenon and sensitive to new physics.

Starting with the estimations of EDM of quarks-leptons in the SM, we explore the new
signals beyond the SM. However, these works drive us to more wide fronteers where we
serach fundamental physics using atoms and molecules and vice versa.

Paramagnetic atoms and molecules have great enhancement factor on electron EDM.
Diamagnetic atoms and molecules are very sensitive to nuclear P and T odd processes.

Thus EDM becomes the key word not only of New Physics but also of unprecedented
fruitful collaboration among particle, atomic. molecular physics.

This review intends to help such collaboration over the wide range of physicists.

I. INTRODUCTION

This article is a review of the search of new physics beyond the Standard Model (SM)
concentrating on electric dipole moments (EDM) of elementary particles like neutron, pro-
ton, leptons, quarks as well as atoms and molecules. The presence of EDM implies T-odd
and P-odd interactions. So if it exists, it indicates the direct T noninvariance as well as CP
violation if CPT invariance is assumed.

It is very important that these fundamental EDMs are enhanced in paramagnetic atoms
(datom) and molecules (dporecure) Which have an unpaired electron. Also in diamagnetic atoms
and molecules, proton and neutron EDMs appear via Schiff moment due to CP-violating
hadron interactions.

The discovery of CP violation in K9 — 777~ decay B] in 1964 was an amazing event
for the majority of theorists since the model at that time could not produce CP violation.
The introduction of CP phase in the mixing matrix by Kobayashi-Maskawa [2] was 7 years
after that, which becomes the unique origin of CP violation in the SM [3]. This CP phase
opened the door to new frontiers in a vast range of physics, especially in B factories: Belle

at KEKB (KEK) and BaBar at PEP-II (SLAC).



CP violation in B mesons is measured by observing the asymmetry

L(B(r) = f) ~T(B'(r) = f)

af(T) = —0
(B(7) = f)+T(B (1) = f)
= Cycos(Amt) — Sysin(Amr), (1)
where
1= 2P 28y 5
IETE Y ETRE )

Here B = BY = |[db > or B = B? = |sb >, and f is a CP e‘ijenstate such as
[,

J/YKs, 7T, pKs. § means an imaginary part. For BY — J/y K, 4]
Fhpxe = 0.734 £ 0.054, (3)

with world average. It may be more advantageous in searching for new physics to consider
the SM loop suppressed process like B® — ¢K° etc. However, these results seem to be
consistent with the CKM mechanism [6].

As we will show, the EDM values predicted by the SM are very tiny because they appear
first in three loops (quarks) and four loops (leptons) and are far smaller than the upper limit
of the present and near future experiments. ! On the other hand, there are some physical
phenomena which suggest new physics beyond the SM other than neutrino oscillation ex-
(Eeriments. The anomalous muon magnetic moment, a, = (g, — 2)/2, is one such example

]

a " —ai™ = (26.14£8.0) x 107", (4)

corresponding to a 3.3c discrepancy from the SM. There are also other indirect problems
of the SM like the observed baryon asymmetry, ng/n, = 1 x 1071%. Indeed, in the SM, CP
violation is parametrized by the Jarlskog invariant, which is too tiny to produce this amount
of asymmetry; we need other CP violating terms. The other implicit deficiencies of the SM
are Dark Matter candidates and the hierarchy problem etc.

Under these situations, the EDM is very important since some models beyond the SM
give rather marginal predictions on the electron and neutron EDMs on the upper bounds of

ongoing experiments.

L In the broad sense, there is another CP phase called the 6 term H] in the SM, playing an essential role
in especially the EDM of diamagnetic atoms (see section 5.3).



So new models are required to recover all such discrepancies. Furthermore, it must
reproduce much larger phenomena which the SM predicts beautifully like, for instance,
flavour changing neutral currents (FCNCs) and other vast low energy physics phenomena.

Here we point out a peculiar property of the EDM:

As is well known, EDMs of elementary particles are enhanced in atoms and molecules.
In this sense, the EDM provides an unprecedented strategy of using atoms and molecules
for the search of fundamental properties of elementary particles.

Several review works on this subjects have been already published B] ﬂﬂ] H] B] The
new features of this review is that it is written by the author who is studying new physics
beyond the SM, and, therefore, emphasis is on this point. However, EDM studies drive us
necessarily to a wide range of physics (and chemistry), particle physics, atomic and molecular
physics. The great achievements are possible only by the collaboration of theoretical and
experimental scientists over this wide range of fields. Under these situations, we try in this
review to make a small but significant bridge between these wide communities of scientists.

Accordingly, we endeavor to give a self-complete concept of EDMs as far as possible,

sometimes sacrificing the exhaustive citation of important references.

II. BASICS OF EDM

In this section we give the definitions and conventions used in this review, and basic

formulae useful for the EDM.

A. Definitions and Conventions

Metric:
1 0
9" = (5)
0 —13x3
Pauli matrices and spin matrices:
01 0 —1 10
ol = , ot = . 00 = (6)
10 7 0 0 —1
. 1 .
St = EOJ. (7)



Gamma matrices:

159 0 i 0 O'i . 0 1oy
W= , Y= | , P =iy = )
0 —12><2 -0 0 12><2 0
Chirality projection:
1 1
PLE§(1—75), PRES(l—l—”y‘S) (9)
Antisymmetric tensor:
v 1 v 1 v v
o = Sl =5 (T =) (10)
The electromagnetic field tensor is
FW = grhAY — P AF, FY% = —F' FU = _¢*Bk 50 F'? = —B3 cyclic. (11)

The Cabbibo-Kobayashi-Maskawa matrix E] and Jarlskog invariant ]:
—is
C12C13 S512€13 S13€
— i i
V= | —s12003 — C12823513€"°  C12Ca3 — S12823513€"°  Sazciz | (12)

is is
512523 — C12€23513€ —C12C23 — 512523513€ C23C13

d

= (u,ct)VPV | s |, (13)
b

Jcp = ‘%(Vajvng;ngk)‘ = 8128238130120230%3 sin 9. (14)

Here Jop is the base independent CP phase called the Jarlskog parameter, appearing in
CP violation processes via the Kobayashi-Maskawa mechanism. Hereafter, we denote the
imaginary part (real part) of O by (O) (R(O)). Apart from the EDM process discussed
later, we also mention on neutrino oscillation processes,
P(vg = Vo) = dag — 42 U Us; Uz Ugpsin? (%)
i<k
+ 40y UajUsUsUsisin (Apj L) . (15)
j<k
Thus we can determine the CP odd term (the third term) by measuring both P(vg — v4)
and P(vs3 — . T2K [14] found evidence of a nonzero 613 and recently the Daya Bay
15

Collaboration [15] fixed it as

sin?20;5 = 0.092 + 0.016(stat) & 0.005(syst). (16)

Therefore the above mentioned CP phase experiments have become crucial.
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B. Effective Dipole Operator

A permanent EDM of the electron must lie along its spin, namely d = d.o B]
At tree level in the SM, a fermion v (of mass m, and electric charge e, so electron’s

charge is e = —|e|) in the presence of electromagnetic field satisfies

(v(p—eA)—=m)¢ =0, ¥ (y(p+ed)+m)=0. (17)

However if we include loop corrections, the effective electromagnetic interaction is given in

general by
V = —etay(p2) M ur(pr) = JHAL(R) (18)
with
P=pi+p, k=p—p1. (19)
Here
At = (9, A) (20)

is a true vector and transfoms as
A" — (¢, —A) wunder P, T transformation. (21)

Whereas J* can be either a true or a pseudo vector.
First we consider the case where J* is a true vector. In this case, J# takes the general

form

JH = Fl(kz)(ﬂﬂll)P'u + Fg(k2)ﬂw“u1 + Fg(kz)(ﬂﬂll)ku. (22)
However, from gauge invariance, the current is conserved
ke, J* =0 (23)

and

Fy(k*) = 0. (24)

Using Gordon’s decomposition for the bilinear form of a spinor of mass m,
(U™ uy) ky = —2magy uy + woug P, (25)
the interaction term is then given by
e A, = — PP — DN A, — i P F. (26)
a 2m B am a
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We should note that

i Do = & ‘B-iw2-E
Z4m¢a VF, 2m¢ X s 1,
where

0
=7 (27)
0 o

Here off diagonal elements are suppressed by O(v/c) relative to diagonal ones. The magnetic

moment is defined as the coefficient of B in the above equation,

e
Ho=Q (5 ) o and = —2ua (28)

where Q is the quark charge and m, = my = 360 MeV has been assumed. It is clear from
eq.([27) that the fermion has a magnetic dipole moment with g = 2 at tree level in the SM
[28). The second term is off-diagonal and there appears the additional P-odd term o*pk
term in the product of the off diagonal element. The MDM and EDM of particles are defined
in the rest frame and we hereafter neglect the off-diagonal element unless it is specified 2

On the other hand, a true axial vector current, the general form is
J5H = Gl(kz)(ﬂ2*y5u1)P“ + GQ(]f2)ﬂ2’}/u”y5U1 -+ Gg(k2)(ﬂgv5u1)k“. (29)

In this case, G5 survives due to chiral symmetry breaking. In weak interactions or higher
loops in the SM or in new physics, the current includes both J* and J° in general. Thus

the following CP odd effective action appears,

& w :i Y. F — .
Z4m¢70 wF,uu 2m¢[12 E 752 B]¢

This will be discussed in more detail in connection with the EDM and MDM shortly.

Also we can consider another conserved current like the vector case
a(k?) (vkk" — K*y*)yP, (30)

which reduces to

a(k*)k%o . (31)

2 This is true, especially for measuring EDM by spin precession as for most cases of neutral particles and
atoms. It is not so serious for the measurements of EDMs of charged particles and neutral molecules

though even in those cases, cooling down indicates a long coherent time is favourable.

7



in the nonrelativistic limit.
This term is called aqn anapole term, which comes from the second term of

Ai(r) = / -2 (32)

v —r'|’

in the expansion around r, that is,
AP (r) = <Vkvl%) Y (33)
with
T =5 [ driain(). (34)
At the loop level in the SM and/or models beyond the SM, the following effective inter-

action of gauge invariant form can be obtained:
—ith; (A7 P+ A Pg) 0" F,
R | P
= AL+ AT U F + 5 (A] — A0 U
~ (AY + ADYE By + (A% — A7)PS - E.. (35)

Here we have neglected off diagonal parts in the second equalty.

For the electric and magnetic dipole moment, we take zero momentum of the photon.
Then the imaginary part of the coefficients of the effective interaction vanish because of the
optical theorem (imaginary part of the forward scattering amplitude is given by the sum of
possible cuts of intermediate states). We find the anomalous magnetic dipole moment a,,
and electric dipole moment d,, to be

g—2

2m g g
ay = S5 =~ R(AG + A7), (36)

dy = 2S(A% — AY). (37)
Note that A, and Ap must include a fermion mass (my or a fermion mass in the loop)
because the effective interaction o1y changes the chirality which can be achieved by
adding a mass term in the fundamental Lagrangian. If one of the particles in the loop is
much heavier than the others, Ay and Ag are suppressed by the mass. Thus, for large Ay
and/or Ag, it is preferred that masses of particles in the loop are similar to each other.

The effective interaction (BH) also causes a ¢; — ;v decay where the decay rate is given

by
mi ij|2 ij )2
Ll — by) = I (JAZ|? + |ARP) - (38)

8



Thus EDM and MDM have opposite parities and different on the order of magnitude. How-
ever they appears in parallel, and have some similarities also. One of them is their SU(6)
property and will be discussed in Appendix A.

For an invariant electromagnetic field, EDM, MDM, anapole, and higher n-pole moments
appear as the multipole expansions of the Coulomb potential and vector potential. These
points are also discussed in Appendix B.

Quarks receive additional contributions, which will be discussed for diamagnetic atoms.

Here we list the results.

A strong CP violating term connected with the 6 vacuum (see Appendix G)

2

2
_ 9s 7,va a vor — 95 e Fa
Ld:4 = 647{29GW/ p)\Eu A = WHG . G . (39)

In new physics beyond the SM, we have the other P and T violating effective actions:
the chromoelectric dipole operator (cEDM)

7 ~ 7~
——=dGo,, T qGM" = —§dan'G’}/5q, (40)

Le = 5

and the following dimension 6 operators,

1 1 ~
Lo = —édeGbCijpGpl; e — —gdgfach“Gch, (41)
the so-called Weinberg term ﬂﬁ], and
Lazs = Y CihiOathithiOuyst);. (42)

Here 1); and 1; are leptons and/or nucleons. O, are scalar, vector, and tensor gamma
matrices. We will explain the detailed physical implications in the diamagnetic atom in
section 6.

In the SM, weak interactions act with matter and gauge fields in the form,
Hyear, = OPLT 0WH = J,WH. (43)

However, except for the top quark, fermion masses are small compared to weak bosons

masses, They are descrived as the four Fermions coupling
Hyeare = JuJ". (44)

This is the case for tree diagrams. If you consider loop diagrams or new physics beyond the

SM, we will encounter more general forms. We will discuss this in the Appendix C.

9



C. Experimental Bounds

We have no experimental signal of the EDM yet but have upper limits. They are as
follows [19]. It is very impressive that recently we have a more precise upper limit of the

electron EDM from molecule (YBF) than from atom (T1).

d, from thallium atom d(T1) = (6.94+7.4) x 107*e cm @] (45)
d, = (3.7£3.4) x107"e cm ] (46)

d, < 29%x107ecm (90%C.L.) B] (47)

d(*Hg) < 3.1 x107%ecm (95%C.L.) ] (48)

d. from the molecule d(YbF) = (—2.4 £ 5.750 £ 1.55y51) X 107%®e cm ] (49)

For reference, we give here the muon anomalous MDM, a non-null signal of new physics
beyond the SM.

The deviations of the SM predictions from the experimental result are given by

Aa,lr] = a® — aSM[7] = 14.8(8.2) x 107",

H M
Aaylete™] = aS® —aM[eTe] =30.3(8.1) x 107" (50)

Here the hadronic contributions to a3"[7] and a3 [e*e] were calculated @] by using data of
hadronic 7 decay and e*e™ annihilation to hadrons, respectively. These values of Aq,,[7] and
Aay,ete] correspond to 1.80 and 3.7¢ deviations from SM predictions, respectively. EDMs
and MDMs comes from similar diagrams apart from CP transfomation and the differences of

magnitudes in the MDM and EDM stems from the cancellation of diagrams and symmetry.

10



III. STANDARD MODEL

In this section we give the EDMs of quarks, hadrons, and leptons in the SM framework.

Structure of matter multiplets in SM+(Dirac) neutrino is

0= U Uy U3 N <3’271)’
dy dy ds 6

— -2
uf = (uf uy u§) ~ (3, 1, —) ,

3
5 - (311). -

( )

CP violation occurs a la Kobayashi-Maskawa mechanism, that is, CP phase in CKM
mixing matrix for quarks or MNS matrix for leptons. Diagrammatically, it resembles with
LFV processes but the former is necessary to incorporate the non-zero Jarlskog parameter.
Apart from the uncovered new phenomena in neutrino, the SM has the deficiency of baryon

assymmetry. Jarlskog introduced Acp [13] defined by
(M, M}, MgM1] = iAcp. (52)

Here M,, M, are up-type and down-type quark mass matrices. The observables are not
these matrices but those which are invariant under rebasing and rephasing, that is, eigen
values and CKM mixing matrix. By construction, Acp is traceless and Hermitian, and

characterizes the effect of CP violation. Its explicit form is
detAcp = (mf —mZ)(mi —m)(mZ —mg)(my —m3)(my —mg)(m? —mg)Jep,  (53)

where Jop is given by (I4)). As we will see the detail shortly, one-loop diagram (Fig. ()
gives zero contribution to the EDM. As for second loop (Fig. B), using this J and denoting
by f the Green function of f flavoured fermion [26], the f quark EDM has the form

S(VirVig Vi Vi) F (kL = Tk5). (54)

l\DlP—‘

ZZ (VieVig Vi Vi) fiklf =

jkl

11
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V,

*
qd

-
W §

d

g ‘/qd

FIG. 1: The diagram for the EDM of d quark at one loop level in the SM.

and J ~ 3 x 107"is twice the area of unitary triangle V.,V + V5V + Vi Vig. One finds
that J/T}, < 1072°. This falls short of the baryon asymmetry np/n., by 10719,

We will show the detail loop by loop in the subsequent sections.

A. Quark EDM

For definiteness, we consider the EDM of d quark. The advantage of d in comparison with

u may be that ¢ can be in the loop with the weak interaction to avoid the GIM cancellation

P,

1. One Loop

In the one loop level (Fig. [l), elements of the CKM matrix appear as |V,4|?. Therefore,
there is no EDM (imaginary part of coefficient) apparently.

2. Two Loop

At two loop level in the SM, two types of diagrams have an imaginary coefficient poten-
tially. The diagrams are shown in Fig. It is, however, shown that the imaginary part
of each diagram vanishes by the summation of contributions from all quarks of internal
lines [2§].

For the diagrams in Fig. 2 it is clear that ¢” must not be d quark because it gives

|Viyal?|Vyal? of real value. By the same reason, ¢’ must be different from ¢”.

12



FIG. 2: Diagrams for the EDM of d quark at two loop level in the SM.

g
u,c
d b,s
w

FIG. 3: Diagrams for the EDM of d quark at three loop level in the SM ]
3. Three Loops

Fig. Bl shows three loops diagrams which contribute to d quark EDM in the SM. The

formula for the contribution is given in [29] as

d 20 ,G2.J, 2 5
_d = e i CP{ (Ll%c - 2Lbc + ﬂ-_) LWb + _Lgc

e 10875 3 8
335 2, 1231 7,
<36 + BW)LbC 108 + g7 +8§(3)}, (55)
where Ly, = In(m?2/m?). Tt results in
dg~ —10"*"e cm (56)

while the triple log approximation (taking only L3 term) gives

dg ~ +10"%* e cm. (57)

13



FIG. 4: Diagrams for the EDM of neutron in the SM @]

B. Neutron EDM

The dominant contribution to the neutron EDM in the SM comes from ”two loop” dia-
gram in Fig. [l The interaction on the left part of the loop is given by the phenomenological

interaction hamiltonian
H = iGpm2i,(A + By )usgs (58)
A=-193, B=—0.65, (59)
where w,, uy, and ¢, stand for wave functions of neutron, ¥~ baryon (dds), and 77,

respectively. The interaction on the right part of the loop is so-called "strong penguin”

whose effective operator is given by

iGra(m)A . m; _ a _ uya
Hpen = 527\/(573523313023 cos 2015 sin ¢ In HZ 57,(1 —~7")\d Z av* \q (60)

q=u,d
Note that the H,e, seems to be obtained for m. ~ m; < my,. With these interactions, the

neutron EDM was estimated as
dy, = dhort 4 @1°"9 ~ 10732 ¢ cm . (61)

Here the first is the contribution from Fig. Bl (O(a,G%) &~ 1073! ecm) and the second from
Fig. @ @]

If we incorporate the rephasing invariance of strange wave function, this value is modified
to 1.4 x 1073 < |d,| < 9.9 x 1073 e cm [31)].

There are new CP violating five and six dimensional operators,

Lopy =Y dgg(oF)ysq+ Y dgg(oG)ysq + wGGE + .. (62)
q q

14



0 T T T T T T R 014_ T T T T T T 3
. : d,, [e fm] (P)
- 0.12F
-0.021 ) o Full(N=2)
0.1 ® Quench A

oo %+ ; 20,08_ _
+ % i 4’* +;

- phys. pt. = Quench - 0.02fphys. pt.
008 dylem () xR

-0 1 1 1 1 ) 1 1 1 1 1
]0 02 04 O.g 0.8 5 1 1.2 0 02 04 O.g 0.8 5 1 1.2
m,s (GeV?) m,s (GeV?)

FIG. 5: the EDM as a function of the pseudoscalar meson mass squared m%s for neutrons (left
pannel) and protons (right pannel). The arrow shows the physical point of the pion mass squared,

m2 = 0.0195GeV?, and the star symbol denotes the the result of the current algebra (C.A.) [32].

w w

FIG. 6: Diagram for the EDM of W boson at two loop in the SM.

The detail of this contribution will be discussed in the section of diamagnetic atom.

The concrete and model independent calculations are expected in the lattice QCD. We
will list only their results. It is also possible to guess the rough estimate of hadron EDM
using SU(6). The detailed discussion is given in Appendix A. The EDM of neutron is
estimated by lattice calculation (see Fig. [l).

C. Lepton EDM

For definitteness, let us concentrate on electron. Similarly to quark EDM, one and two

loop diagrams do not contribute to electron EDM. In order to avoid GIM cancelation

15



w w

FIG. 7: Three loop diagram which may give a nonzero contribution to the EDM of W boson.

(o< (m? —m3)/myy), CKM matrix is better to be used than Maki-Nakagawa-Sakata matrix
(lepton mixing). Two W bosons (at least) should attached to the electron line in order to
use a quark loop. Then, the electron EDM is caused by the W boson EDM. It was shown
that the W boson EDM vanishes at two loop level [33].

The two loop diagram is shown in Fig.

Jop defined by (I4]) is antisymmetric under j <> [ (B4]) (corresponding to side line’s
quarks), whereas it is symmetric in Fig.5. Adding aother loop with gluon (see Fig. [1), the
W boson EDM in three loop was estimated as

1 \°/*\ s e
dw~Jop [—— ) (L) % ~8x10%e cm. 63
W= Jer (167r2) (8) dr2my o (63)

The electron EDM in four loop was estimated with dy, as

2
g Me

= 3272 mw

dy ~8 x 107 e cm. (64)

e

IV. BEYOND THE STANDARD MODEL

In this section we discuss models beyond the SM.

As we have shown in the previous section, the SM predicts rather smaller values of EDMs
than the experimental upper limits by roughly ten orders of magnitude. However, we also
know that CP violation in the SM is insufficient for baryon asymmetry in the real world.
Also we have many direct signals of new physics beyond the SM like neutrino oscillations

and muon g-2 etc. Even if we stand in the SM, we have new 4- and 6-dimensional CP

16



violating effective actions like (B9) to (@2]), which have never been discussed so much in the
previous section. Then it is very natural to estimate how much such new physics or new
models predict the EDMs. In this section we concentrate on new physics beyond the SM.
As for the new 4- and 6-dimensional CP violating effective actions, we will discuss in the

sections of diamagnetic atoms and molecules.

A. Minimal Supersymmetric Standard Model

In the MSSM, all particles have their SUSY partners; sfermions f (bosons) for fermions
fs, Higgsinos (fermions) for Higgs bosons, gauginos (fermions) for gauge bosons, and and
another Higgs doublet is added to the SM for recovering the chiral anomaly free condition

once broken by this doubling @] Yukawa coupling is given by
Wassn = Y uQH, — YqdQH, — Y.eLHy + pH, H, (65)

SUSY is broken at O(1TeV) by the soft SUSY breaking term which retain hierarchy problem.
MSSM is the minimally extended supersymmetric SM and we will consider below ¢cMSSM

and ¥MSSM including light neutrino mass. In general soft breaking terms are

1 ~ A ~k o~ % T T T
L(ng = MéijQTLiQLj + MiijuRiuRj + :U’gideide + ru’%ijLJ;%iLRj
+ 2 ey + H]Hy + p3HIHy + p3S°S (66)
+ AuijﬁEiQLiHl + Adide*RiQLiH2 + Aeijé*RiQLiH2
1

Lg? =3 <M3§a§a + M,WW*e + M, B*B* + c.c.) (67)

These include many CP violating phases, in general.

For the loop correction to the Higgs masses, the problem on its quadratic divergence is
cancelled by the loop of SUSY partners (different statistics with same coupling).

SUSY particles contribute to fermion EDM at one loop shown in Fig.[8l The neutralinos
" and charginos Y* are mass eigenstates, and they are linear combinations of Higgsinos
and gauginos of SU(2), and U(1)y. The d quark EDM from the diagram is estimated [35]
as

1 1. 4o
de/e = %(—g)g?U%(VgTADVg)ll

_opwm (1 o @ p M), M
(M2_M2)2 2 M2_Iu2 (M2_M2)2 Iu2 :

68)
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Ir I \ I1

FIG. 8: Diagrams of SUSY contributions to the EDM of fermions. Gluino g contributes only for
quark EDM.

Here v is the common vacuum expectation value of H; and H,. m and M are masses
of d quark and the universal squark mass (by assumtion), respectively. If we adopt
(VAT ApVE) ~ M? with rough estimations of M = 100 GeV and maximal mixings, we

obtain
dg~10"**¢ cm. (69)

The value is clearly in conflict with the experimental bound on d,,. The naive estimation
was done with M; ~ 100 GeV and a sizable CP-violating phase sin ¢ ~ 1. Therefore, the
contradiction can be resolved by small phase (approximate CP symmetry) and/or heavy
masses of SUSY particles. However, we adopt not such fine tuning but the universal soft
SUSY breaking (constrained MSSM; cMSSM). V(g is the unitary matrix which rotate left
(right)-handed weak eigen state, and therefore if A;; o< Yj;, VgTADVLd is real diagonal and

the imaginary part of it vanishes. Thus the small EDM leads us to the relations of trilinear

terms in (G3]) and (G7)
Au = AuOYm Ad - AdOYd7 Ae - AeOYFe- (7())

Also we accept the universal soft SUSY breaking which is realized by gravity or gauge
mediated SUSY breaking.

My, My, M3 ~ my2 (71)

MQ, MLy My My M, Mgy s Mgz, ~ M. (72)

CP-violating phases appear only in flavor off-diagonal parts of matrices (hermitian Yukawa

18



~ Y 9 ~ 77 g

Ohr)zi (0% 1)
- e - e — o — -

dp;  dp; bp bp dp dpy dp, ur;i tp tp dp

FIG. 9: Diagrams of SUSY contributions to the EDM of fermions in case of flavored CP violation

where CP violating phase appears with change of flavor [36].

matrices) and the CP violating effect is suppressed by small mixings only due to RGE.

2
5‘1 _ (mé)lj u o (m%)w 5d _ (md)”
LL — m% ) RR — m% ) RR — m% )
q u d
2
sl — (m[)ij e _ (mz)ij (73)
RR mlg ’ RR mg :

The diagrams for the flavored case are shown in Fig.[@l When both left- and right-handed
squarks (sleptons) have mixings, they contribute to the EDM in the form:

d; Uj u
JéR) - %{5?%Ryd5%1;}ii> JéR) = g{(SRR?/ué%L}ii- (74)

It was shown (see e.g. @]) that dy can be ~ 107°-107% ¢ c¢m, and then SUSY parameters
are constrained by hadronic EDM.

Also there are additional diagrams called Barr-Zee diagrams that contribute to the EDM
beyond one loop level (see Fig[IQl).

Thus the MSSM gives an elegant backgroud but itself does not predict any definite
relations between quarks and leptons including all observations in neutrino.

In other word, its predictions are not testified from many constraints from various already

known observations. These observations must be complicatedly related in reliable models.

It is a Grand Unified Theory (GUT) which fulfiles these deficiencies @]

B. Minimal Supersymmetric SU(5) GUT

Here and hereafter "minimal” means the minimum number of Higgs field with renormal-

izable Yukawa coupling.
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FIG. 10: Barr-Zee diagrams: the H; lines denote all three neutral Higgs bosons, including CP-
violating Higgs-boson mixing, and heavy dots indicate resummation of threshold corrections to the

corresponding Yukawa couplings [37].

In SU(5) model @], matter multiplets in (52)) are classified to

ds§ 0 u§ —u§ uy dy
ds 0 uf wug dy
5 = | dg 10 = 0 wug dy | - (75)
e 0 et
) 0/

We need two Higgs 5%, and 24y, and SU(5) breaks down to SU(3). x SU(2)r x U(1)y by
24y = diag (V, V.V, —gV, —gV) . (76)
Here 5 and 10 are broken to

5=(1,2)(1/2)+ (3,1)(=1/3)), 10=(1,1)(1) + (3,1)(—=2/3) + (3,2)(1/6). (77)

Then, SU(3). x SU(2);, x U(1)y breaks down to SU(3) x U(1)q via
5 = (0,0,0,0,v/v?2). (78)

Yukawa coupling has the form,

= i 110;10;55 + V2£110,5" ;55 + f5;1;55 + M;1;1;. (79)
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Here the products imply
10,1055 = €apeac103°105°55;
10;5%;5;;, = 10{°5}"5}; etc. (80)
with a,b = 1,...,5. Then mass matrices have the following forms
M= M= fl/V2, M"= f'/V2 (81)

at GUT scale. This gives nice b — 7 unification. The disparity between their observed
masses is supposed to be due to renormalization effect from Mgy to their mass shell.
Unfortunately, we can not explain the disparities between the first and second families even

if we renormalization effects since it predicts wrong relation
Mg/ ms = me /My, Mg/my =m,/m;. (82)

It also predicts too fast proton decay M] Hadronic EDM in SUSY SU(5) was discussed in
),

Flipped SU(5) changes

C

uc <> d°, €€ - (83)
and, therefore, we obtain in place of (&Tl)
M, = M,. (84)

This does not leads to apparent pathology. Moreover, it is attractive from Doublet-Triplet
splitting: Higgs super potential has the form

Wy =10x10 x5+ 10 x 10 x 5, (85)

which give rise to triplet mass
<(1> 1, O)lO) (§> L; 1/3)10(37 1: _1/3)5 + <(1> L; O)ﬁ) (3a 1; —1/3)@(3, L; 1/3)5 (86)

but has no doublet mass since 5+ 5 has no partner in 10+ 10 (Missing partner mechanism).
This is a solution to the Doulet-Triplet problem without additional adjoint Higgs. However,

flipped SU(5) drives us to unrenormalizable heavy Majorana neutrino mass term,
10,10,10,10, /A (87)
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for seesaw mechanism.

The other approaches are to introduce unrenormalizable term ﬂﬂ],

Wy = €opone ( F17102105°245, 54, + f2ij102°10 24§{If5;1> /A

+ 01ij571424a1,107°57 /A + 95;;57,,105°24%, 55 /A (88)
24
+ AY5< AH>5;10j5’;I

or to add another Higgs in Yukawa coupling,
Y,55:10,45% (89)

etc. Unfortunately in SU(5) model, right-handed heavy Majorana neutrino belongs to the
singlet and we have no constraint on it. Usually it is assumed to be diagonal but there
is no reason to be justified for that. The other undetermined parameter dependence (like
mo.Mi o, Ao, tanf3) crucially depends on this assumption.

These points are remedied in case of renormalizable SO(10) GUT, which is discussed in

the next subsection (cEDM and parity odd nuclear interaction).

C. Minimal Supersymmetric SO(10) GUT

In the SO(10) Grand Unified Theory ], fermions belong to a multiplet of 16 represen-

tation as

_ r g b " g b r g b gr 39 b T
w:(u}buRvuRa R7dR7dR76R7VR7uL7uL7uL7 Lvd[ndLueLvVln) : (9())

Note that the right-handed neutrino vg is included naturally.
So-called minimal renormalizable SO(10) model includes Higgs bosons of 10 and 126 in

Yukawa couplings. This is because
16 x 16 = 10 + 120 + 126. (91)

In order to make singlet in Yukawa renormalizable coupling, therefore, Higgs can be
10,120,126. * One Yukawa coupling leads to the conclusion that the CKM mass ma-
trix is unity and we needs at least (minimal) two Higgs, 10 + 120 or 10 + 126. We select

3 If we relax the renormalizability , different SO(10) models are also possible M] However, in this case,

we have much less predictivity
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the latter set. This is because

126 = (6,1,1) + (10,1,3) + (10,3, 1) + (15,2,2) (92)

under SU(4). x SU(2), x SU(2)r and the second and third terms play essential role in type
I and type II seesaw, respectively. In its SUSY version [45], 126 is necessary to be added.
Providing the Higgs VEVs, H,, = vsin § and Hy; = v cos § with v = 174GeV, the quark and

lepton mass matrices can be read off as

M, = cioMio + 126 M126

My = Mo + Mz

Mp = c10Mio — 3c126 M126 (93)
M, = Mo — 3Ma

My = oM

Mpr = crMig ,

where M,, My, Mp, M., My, and Mg denote the up-type quark, down-type quark, Dirac
neutrino, charged-lepton, left-handed Majorana, and right-handed Majorana neutrino mass
matrices, respectively. Note that all the quark and lepton mass matrices are characterized
by only two basic mass matrices, My and M, and four complex coefficients c¢yq, c196, C7
and cg, which are defined as My = Yo% cos 3, Mo = Yies3% cos B, cip = (a*/a?) tan 3,
cios = (BY/BY) tan B, cr = vp/(BYecos B)) and cgr = vr/(B% cos B)), respectively. These
are the mass matrix relations required by the minimal SO(10) model. The model is very
predictive by virtue of the relation between quark Yukawa matrix, lepton Yukawa matrix,
and neutrino Majorana matrix. Fig. [[1] [45] shows the prediction for the electron EDM |d,|
in the minimal SUSY SO(10) with respect to the universal gaugino mass M;/,. The muon
EDM |d,,| exists above |d.| by roughly a factor of 102. The muon anomalous MDM q,, and
the decay branching ratio of ;. — ey are also predicted (see Fig. [I]).

The effective Lagrangian relevant for the EDM, MDM, and the LE'V processes (¢; — £;7)
is described in BH). R, L = (1 £ ~5)/2 is the chirality projection

Loff = _igmfiszWFW (AJEPL + A Pr) i (54)

where Py, p are Left-Right projection operators, and Ay, p the photon-penguin couplings of 1-

loop diagrams in which chargino-sneutrino and neutralino-charged slepton are propagating.
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FIG. 11:  The predictions for the electron EDM |d,|, the muon anomalous MDM da,, (G0), and
the decay branching ratio of g — ey n the minimal SUSY SO(10) with respect to the universal
gaugino mass M /o [45].

it should be noted that we have changed the normalization of Az g from (B5) by <5*. The
explicit formulas of Ay, g etc. used in our analysis are summarized in ] ]

If the diagonal

components of A;, p have imaginary parts, the EDMs of the charged leptons are given by
di, e = —my, S(AL — AR) (95)

in the new normalization. The rate of the LF'V decay of charged-leptons is given by

2

D6 = ty) = g, (AL + 1 45) | (%)

while the real diagonal components of Ay, g contribute to the anomalous magnetic moments
of the charged-leptons such as

=2 y y
b’ = T = = —m} R[AF + A7) . (97)

In order to clarify the parameter dependence of the decay amplitude, we give here an ap-
proximate formula of the LE'V decay rate ],
2) |2

6 = 67) ~ qgzmi X 55— 3

tan® 3 , (98)
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where Mg is the average slepton mass at the electroweak scale, and (Am%)ij is the slepton
mass estimated in Eq. ([@3). We can see that the neutrino Dirac Yukawa coupling matrix
plays the crucial role in calculations of the LE'V processes. We use the neutrino Dirac Yukawa
coupling matrix of Eq. (I00) in our numerical calculations. In the leading-logarithmic ap-
proximation, the off-diagonal components (7 # j) of the left-handed slepton mass matrix are
estimated as

_ 3mg + A

.. ~
1] 87T2

(Am3) (YJLY,) (99)

ij
where the distinct thresholds of the right-handed Majorana neutrinos are taken into account
by the matrix L = log[Mq/Mg,]0;;.

Unlike the muon MDM, quark and lepton EDM has still null observation. This is of
course due to tiny CP violation and due to the cancellation of diagrams where « (gluon)
couple with slepton (squark) and where they do with Higgsino (gluino) in (Fig[dl) [47].

If we consider gauge mediation scenario for SUSY breaking, Ay ~ 0. In the basis where
both of the charged-lepton and right-handed Majorana neutrino mass matrices are diagonal
with real and positive eigenvalues, the neutrino Dirac Yukawa coupling matrix at the GUT

scale is found to be [4§]

—0.000135 — 0.00273z 0.00113 + 0.0136z 0.0339 + 0.05801
Y, = 0.00759 4 0.0119:  —0.0270 — 0.00419: —0.272 — 0.1752 | - (100)
—0.0280 + 0.00397:  0.0635 — 0.0119z  0.491 — 0.526¢

Semi-Leptonic LF'V processes was discussed in M]

Thus the EDM, MDM, lepton flavor violations etc. are all closely connected, which are ex-
pected to be explained universally by GUT. However, we do not adhere to the special model
in this review and also discuss more phenomenological models in the following subsections.

These may be the remnants from GUT or may be independent on GUT. For instance,

the adjoint representation of SO(10), 45 is decomposed into
45 = (1,3,1) + (3,1,1) + (15,1,1) + (6,2, 2) (101)

under SU(4). x SU(2)r x SU(2)g and leads to Left-Right symmetric model, g, = gg. Also

10 representation is decomposed into
10 =(1,2,2) + (6,1,1), (102)
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which leads us to two Higgs SU(2);, doublets under the SM. Also 126 is
126 = (6,1,1) + (10,3,1) + (10,1,3) + (15,2, 2). (103)

If (10,1, 3) ((10, 3, 1)) has vev, it gives type I (type II, or Higgs triplet Model) seesaw model.

In the following we consider these models independently on GUT principally. *

D. Two Higgs Doublet Model

Most of models beyond the SM has some new Higgs bosons. As the simplest extension of
the Higgs sector of the SM which has only one Higgs doublet H;, another Higgs doublet Ho
is introduced in the Two Higgs Doublet Model ﬁ] There are several types of the model

depending on which doublet couples with which fermion:

type I (SM-like) : H; couples with all fermions
Hy decouples with fermions
type IT (MSSM-like) : H; couples with down-type quarks and charged leptons
H; couples with up-type quarks
type III (general) : both of Higgs doublets couple with all fermions

ete. etc.

If CP-violating term exists in the Higgs potential, e.g. (HIH,)(H{H,) with an imaginary
coefficient, there appears the mixing between CP-even (H°) and CP-odd (A°) neutral Higgs
bosons. Then these Higgs bosons can contribute to the EDM (see Figll2). The mix-
ing between H° and A° provides also CP-violating electron-nucleon effective interactions
(eiv’e NN, etc.) which will contribute to the atomic EDM.

Barger et al. |52] gave large d,, close to the propose experiments. It should be remarked

that their values are calculated in units of &2 where

Amplitude(¢?) = Z M

, (104)
— % + M

and it is probable that |3Z| ~ 0. Indeed, the masses of neutral and charged Higgses

and phases are tightly constrained from R, = wﬁii;%, L' — sv), B - B mixing, p

parameter etc., and we should take those constraints into account [53].

4 He et al. discussed neutron EDM in those models @]
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FIG. 12: Diagrams of muon EDM in two Higgs doublet model B]

E. Higgs Triplet Model

In the Higgs Triplet Model @], we introduce a SU(2) triplet Y = 2 scalar as

A+/\/§ AT+
A —AT/V2

A= ’ EtripletYukawa = _haﬁL_giU2APLL5 + h.c. (105)

This model generates neutrino masses without right-handed neutrinos with the triplet vac-
uum expectation value vy which is given by the explicit breaking of the lepton number.

This model is very predictive because of a clear relation
Mag = V20ARas, (106)

where m,z denotes the Majorana mass matrix for neutrinos. There is no new interaction
with quarks and no effect on quark EDM. Unfortunately, this model can not give a large
contribution to lepton EDM also because of the absence of the new interaction with right-

handed fermions. For example, one loop diagram for electron has a factor of |ha.|? (similarly
to Fig. ).
F. Left-Right Symmetric Model

Left-Right model B] is used in a varieties of ways and needed to be clarified. If we
consider it as a remnants from SO(10), SO(10) — SU(4). x SU(2), x SU(2)g, it satisfies
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at vpg energy scale
gL = 9r (107)
and PS model is unified at Mqyr as

My _ Moy _ Mopr _ My (108)
Oy Qar, O2R OZGUT.

Also mixing matrices of left-handed and right-handed fermions are same. Of course these
constraints are realized at vpg but deviate from as energy goes down to the SM scale by
renormalization effects.

However, if we consider a model of SU(2), x SU(2)g x U(1)p_r, we are free from
the above constraints. For instance, in the framework of SO(10) GUT, wvg is order of
O(10'?)GeV.However if we go apart from GUT but still consider that the mixing matrix of
right-handed quarks Vz has a similar structure as that of left-handed quarks V7, the lower
limit of My g is relaxed to My r > 1.6 TeV [56] Moreover we may go beyond restricting on

V-A and V+A interactions only and may consider general form;

4Gp

Lyseww = NG 9nr(@rver) (Un, 1ir) +gRL(6RV6L)(VuR:uL)

9L r(CLver) Wanr) + 910 (ELver) P pne)
Irr @RV Ver) (Vn g uttr) + 9k @y ver) (Vi Yukis) (109)
gXR(6L7uV6L>(V_uR7uNR) + g‘L/L(éL’VquiL)(V_uR’VuNR>

T
9 =2 (€Ro" Ver) (W gouwiir) + gLTR(eLO'MVI/eR)(V“LO'MV/J/R) + H.c.]

++++

The Left-Right Symmetric Model (the LR Model) is an extension of the SM to restore the
parity symmetry in the original Lagrangian. The LR Model is based on the gauge group
of SUB3) ® SU(2), ® SU(2)g ® U(1)p_r. The charge of U(1) in the LR model has a clear
meaning as the difference between the baryon number B and the lepton number L in contrast
with the mysterious hypercharge Y in the SM. Similarly to SU(2), doublet in the SM, the
right-handed fermions compose doublet of SU(2)g in the LR Model. Therefore, the right-
handed neutrinos vg are introduced naturally as SU(2)g partners of right-handed charged
leptons. After the spontaneous breaking of SU(2)r ® U(1)p_, to U(1)y, the hypercharge is
given by

Y/2=13zp+(B—-L)/2. (110)

28



Since electric charge is connected by
Q=13 +Y)/2, (111)

(II0) implies the charge quantization, which is one of great achievements of @]

Since we require the parity symmetry to the theory, the gauge coupling of SU(2)z must
be the same as the one of SU(2).: go = gar, = gor. The Higgs field which gives the Yukawa
terms is a complex bidoublet of SU(2);, ® SU(2)g with B — L = 0. The bidoublet field can

be expressed as

0 4t
P e , (112)
o1 o
which transform as ® — & = U, ®U}, under SU(2);, and SU(2)z.
0
@)= [" (113)
0 &

with k # K’ gives rise to the breaking of L-R symmetry. However, ® is neutral (B-L=0) and
U(1)p_r, is not broken. So we need another Higgs. Usually, two complex triplet fields (Ap
for SU(2);, and Ag for SU(2)gr) with B — L = 2 are also introduced to generate Majorana
neutrino masses (see also the Higgs Triplet Model in Sect. [V E]).

AL = (3a 172) AR = (1737 2) (114)
Then, the gauge symmetry breaking proceeds as follows: first A% acquires vev vg, leading
to SU(2), x U(1)y with (II0), which furthermore breaks to U(1)g by the vev of ®.

The triplet Yukawa coupling for Az must be equal to the coupling for A; because of the

parity symmetry which is spontaneously broken by vg. Thus we have
VR > K, I<L/ > g (115)

Thus the two Higgs doublets model (not of all but its measure part) and Higgs triplet
model in the previous subsections are combined together in left-right model.
Their vevs vg and vy, are different to each other and from s and &’.

Figure shows one of diagrams which contribute to the EDM of the electron. In a

simple case where there is only one flavor of leptons, the electron EDM is estimated |57] as
I 2
8.2 x 107 %e cm  for (E) > 1,
\d.| < . (e ) mw (116)
m(m m
33 % 10—26 T\/De cm fOl“ <m—;) < 1,
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FIG. 13: One of diagrams of gauge boson contributions to the electron EDM in LR symmetric

model. Gauge bosons contribute to quark EDM also.

where mp denotes the Dirac mass of the neutrino (mpvrrg) and mg, my = 80 GeV are
the masses of heavy right-handed neutrino and the light W boson, respectively.

The contributions of Higgs bosons in the LR model are not significant [5§].

Another important contribution of Wx in CP violation may be the neutrinoless double

beta decay @]

G. Fourth Family Model

We set the quarks of the fourth family @] as
(', ). (117)

The mixing angles and CP violating phases for N families are given by

N(N-1) (N—1)(N-2)
2 * 2 '

N?— (2N —1) = (118)

where the first term is mixing angles and the second CP phases (see Appendix D for Majo-
rana fermion case).

If we consider 4-generation SM (SM4) @], we can construct new Jarlskog parameter in

place of (G3))

Apsay = (myy — mi)(mi, — mg)(mif —mZ)(my —my)(my — m)(my —m3)Josy,  (119)
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If we take heavy quark masses t' and 0’ in the range of 300 to 600 GeV, A(g34)/ T4, can be
of order ng/n,.

[Vl + [Vas|? + [Vip|* = 0.9999(10). (120)

Thus SM4 enhances CP violation and therefore the EDM also.
We may consider inside the loop only ¢, ', b’ heavy and identify as

c=u=U, d=s=b=D. (121)

Then two loop diagram of Fig.2 vanishes for u quark but survives for d,s quarks, giving

as a1 m? B
dy ~ NT—=—2 Gimyg—t ~ 3 x 10732 122
N dr ar 1602, e, (122)

where ) is the Wolfenstein parameter, A = |V,s| = 0.22. This is only two orders of magnitude
larger than the SM result of section ([ITA3). However, if we consider the chromoelectric

dipole moment of the s quark,

5o . . as oy 1 m?
de ~ SWVVieVuVis) o 167202
sasay 1 m?
~ AN —— s 123
4 A1 1672 i m? (123)
Using the estimation of the relation between d and CZS by M}, we have @]
1~ ~30
dy ~ _ids ~5x 107" e cm. (124)

H. Extra Dimensions

The motivations for extra dimensions are diverse for both SUSY and non-SUSY. There
are many SUSY breaking scenarios. The extra dimension makes the geometrical SUSY

breaking possible. The gauge supermultiplets propagate in the bulk, we get gaugino mass

M, ~ ]\2?2%5’ (125)
which is called gaugino mediation.

Even if the theory itself is CP invariant, it may be violated by extending the theory to
extra dimensions. This is because the compactification of the extra dimensions does not

respect the symmetry in general. The CP phases come either from the boundary condition
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of extra dimensions (One of Scherk-Scwarz mechanisms B]) or vev of fifth gauge field

(Hosotani mechanism [63]) [64] [65].
L = g7 Oy — ieAx)d — Mo, (126)
Inclusion of a torsion term results in a nonminimal term
Ko Fip (127)

or the Fermion mass term via Hosotani mechanism

DM + iy Xa) 9 (128)

with

Here y is the coordinate of the extra dimension. The rotation of mass term gives rise to

K)o Fysi). (130)

The concrete constraints from the observation are given, for instance @],

4 1 4
d, = ~dy— ~d, = ~d,, 131
37473 3¢ (131)

simply because they did not consider up quark and
d(KK) ~ —2.3 x 107%(Rmw)? [e cm]. (132)

Since 3d(K K) must be less than the experimental upper limit, we have

1

= > 33m = 2.6[TeV] (133)

V. THE EDMS OF ATOMS

The origin of the difficulties of the measurement of electron EDM is due to the absence
of resonance unlike the neutron. A possible way is to perform the resonance experiment on
neutral atom and to interpret the result in terms of electron EDM or hadron EDM. These
object has very tiny values and let’s consider the effect linear in the EDM. In the subsequent

atomic and molecular experiments we treat an internal electic field E;,; induced by atom
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or molecule as well as an external elctric field E. This E induces the EDM er; with the
intrinsic >, fo; = >, d.. Thus the total Hamiltonian is a sum of unperturbative P,T-even

term,

Z cx - p; + 5lmc + Vnucl Tz + Z VC’ ng (134)

1<J

and T,P-odd term

Hpry=-)» d.-Ei,—Y di-E—e) r;-E. (135)

The last term of Hy is a two-body interaction and can not be solved exactly.
The first and third terms are P-odd and the second P-even. So the first and second order

energy shift are given by
B, = =) _(mold{|mo) - E (136)

and

B (mg|d? - Ejpi|no) (noler’ - E|meo) — (mgler® - Elng) (no|d: - Einemo)

B Z Z EO0 _ EO T EO _ EO :
(137)

Here |mg) is an eigen state of Hy, it should be remarked that, as will be shown in (B21),

EDM appears as the coefficient of the energy shift linear on the external electric field. So
E,=FE) +E =-d-E, (138)

where

; mo|d?, - Em |no) (ngler|mo)
& = (ol — 3 3 {2l Bt Goler e

n#m 1

(moler’|ng) (nold}, - Ez‘nt\m0>
+ F0 — kO . (139)
However this d’ vanishes as follows.
(mgler’ - Blng) (no|d} - Eine|mo) = i{m[r* - E[n)(n|d} - [p’, Ho]|mo)
= i(mg|r" - E|ng) (no|d’ - plmo)(E,, — E,) (140)

Using the communtation relation [r;, p;] = ihd;; the second term of (I39) cancells with the

first term. This is the famous Sciff theorem [67]. Since the expectation value of
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does not contribute to a linear Stark effect, the residual EDM is becomes
Vepu = —de(8 — 1)3 - Ejy (142)

and the residual energy shift is

AE = —dc(mg|(8 — 1)% - E|mg) — 2d. Y (molr E‘n0><20‘(f ;UE - Eint|mo)
n#m m n

= —d(atom) - E (143)

The first term has no enhancement factor unlike the the second term and is much smaller

than the second term, and

d(atom) = —2d, 3 Y <m0‘ri|”°><”%f__ ;iz Eoemor (144)

datom has the large value when these states are almost degenerate. However, this enhance-
ment is reflected in quite different ways in paramagnetic atoms and diamagnetic atoms.
Though (I43)) itself is rather universal, Hpry is variant. One example is P, T-odd Nucleon-

electron interaction like (see Appendix C for the detail)

There are the other CP violating effective interactions (see the last part of section IIB).
Another important interaction is due to Schiff moment. The origin of Schiff moment itself
is not unique.

As we mentioned, in the nonrelativistic Hamiltonian for a system of particles of finite
size, there is no interaction energy of first order in the EDM if there is no misalignment of
charge and moment distribution. Schiff also indicated in [67] how this theorem is violated
by relativistic (Breit equation O ((v/c)?)) and the misalignment (the Schiff moment), where
v is the velocity of electron or nucleon. Prior to this discovery, Salpeter [68] indicated that
radiative corrections of O ((v/c)?) enhances Hydrogen EDM.

Sandars pointed out that relativistic effect of electron EDM in heavy alkali atom gives
large atomic EDM @]

Let us proceed to discuss in more detail for Hydrogen-like atom. The EDM has, by
definition, odd parity and naively vanishes between the states with same parity.

For nonrelativistic case, its energy levels are
mZ%a?

E=—
2n2

(146)
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Here n is the principal quantum number, and this energy is degenerate n’-ply, Y, = 0"~ ! (214

1) = n? (see Eq.(139)).

If we consider the relativistic effects (spin effects) the degenerate energy levels are split

into n fine-structure components at different j [70]. Let us obtain the relativistic terms

w.r.t. O(v/c) (see Appendix E for relativistic expansion and Appendix F for nonrelativistic

approximation for more detail).

At the first order of v/c, we obtain the Pauli equation

ot 2m 2me

In further approximation of O ((v/c) —2), we assume B =0 (i.e. A =0), we get

2 4 2
P P eh eh
H=2"1¢d— _ B _
2m te 8m2c? 4m2020 B> p|

If E is centrally symmetric,

rdo
E=——.
r dr

The spin-orbit interaction (the fourth term) becomes

eh do h*  dU

Vi= — ¢- L P
: 4m202ra [rxp) dr  2m?2c2r dr

For many electron case of atomic number Z,

V:sl = Z aalasaa

where
R* dU(ry)
=
2m2c2r, dr,
zer Z%met
U(ra)| = — =~ —5—,

ap h2

and, therefore,
L €2\ met
~Z | — ) —-
“ (hc) 2
For given total L and S, the averaged Vg, is

Ver = AS - L,

L.S— %[J(J+1)—L(L+1)—S(S+1)].
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Since the value of L and S are same for a multiplet, energy splitting is given by the Lande’s

interval rule,

AE; = AlJ. (157)

Then we obtain

1s1/2
(281/2, 2171/2)7 2p3/2 (158)
(3s1/2,3p1/2) s (3p3s2,3dsp2) . 3ds)o.

The remaining degeneracy is removed by the hyper fine-structure components caused by the
radiative correction (Lamb shift [71]). So using this hyper fine splitting, we can obtain large
atomic EDM [68].

To estimate atomic EDM we need two informations. One is that of atomic wave functions
and another is that of P (or T) violating interactions.

Atomic EDM are due to those of constituents, electrons and nucleons. For electron
EDM it is very important that the atom has an unpaired electron, and electron EDM is
proportional to Z3 [69] (For the review, see ]‘III]J) If there is no unpaired electron
(diamagnetic atom), we can measure quark (or hadron) EDM. For proton EDM, nucleus
has an unpaired proton. In this case polarized molecule takes an important role B]

We are dealing with many electrons system and the electron wave functions are not in
general exact. In this case the expectation values of the EDM depends on the representation.

< blrla >= 1y, = < b|Hor —rHyla >,, (159)

1
bk, — E,
where Hy = —%Vz + V. Inserting this into (I59), we obtain

1

W= ——— < bVr —rV’a >= — . 1
r) 5L < b|Vr —rV?ja > m%apb (160)
1
= V'V ). 161
(V) (161)

These three representations are of course equivalent. However, if we use the approximate
wave functions, these values are different in general. So we must be careful what is the

origins of discrepancies, due to different approximations or to representations [73].
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A. Relativistic Effects

The relativistic equation of atom with CP violating interaction (£ term) is

e .mc e
[% (@L - %Au) - 17} U= 5@75%%}7#”“- (162)

Electron EDM breaks the CP invariance and CP violating energy equation is
(Ho + H')u = Eu. (163)

Here Hj is the Hamiltonian of the original single electron Dirac equation in the external
field,
Hy=mpBc® +a-(cp — eA) +ed (164)

which leads to (I34]) in the static limit and H’ is CP violating interaction Hamiltonian of
the right-hand side of (I62) ﬂ&] b

h
H = gﬁﬁ(E-EJma-B)

eh
~ —E—fX- 1
£F% V), (165)
where 3 is defined by (27) and
0o
a=fBy= : (166)
o0

¢ is dimensionless constant which measures the EDM in units of the Bohr magneton. Thus
¢ < 1 implies that the EDM is small compared with e times the Compton wavelength. The
last approximation in ([IGH) comes from the relativistic suppression due to the mixing of
the upper half with the lower one. It should be remarked that o - E is T-odd (T is time

reversal operator) but a - B (the suppressed term) T-even.

We consider a hydrogen-like atom with charge Z, where E = %er.

H' = —¢Zar?s, with s, =0 -e,/2 (167)

® This term only contributes to the intrinsic EDM and we denote H’, distinguishing it from Hpzy of (I35).

37



in atomic units e = m = A = 1. The Hamiltonian of the above single electron system in the
mean field approximation is generalized for many electrons system as [69)]
1[e?
- — 2 | Tk
i j#k J
Here suffix indicates the quantity of i'th electron and Bj; is the relativistic corrections.

Taking the retard potential into consideration, Lagrangian can be described up to order

O((2)?) as

C i Bu=L [1 . <v]~-vk+ (vj'rjk)g(vk'rjk))] - (169)

Tk Tk 2 ik

Further higher order > O ((2)*) corrections come from photon emission (Breit interaction)

Up=——m <ﬁ> O(tji) — 5—s5— (pjpk + M)

ik mc 2m2cryy, 2
e*h
Am2cr3 (—(oj + 20%)[rjkp;] + (ok + 207;)[rjepr]) (170)
1 [ eh\’ o0} (ojrr)(okrsr) 87
Lfen _ gl9yt; k) O o S(r
1 <mc> ( rd, ", 3 050k0(t58)

The second line corresponds to spin-orbit interaction and the third spin-spin interaction.

If we incorporate the spin of nucleus, the degeneracy of J is split (hyperfine structure),
V,-J:ai-.], (171)

where i and J are the spin of nucleus and total angular momentum of electron envelope, re-
spectively. However, in this hyperfine splitting dominant contribution comes from magnetic
dipole and electric quadrupole and does not play important role in the EDM.

Thus the linear Stark appears as relativistic effects in duplicate meanings, i.e. 1 — 3 and
Bj;, components. Many particle interaction effects are due to this relativistic effect as well
as due to the other nonrelativistic excitation effects.

We proceed to the detailed calculation of single electron case (IGT) ﬂ&] The operator s,
commutes with M2 and M., but has odd parity, and

1 1 1
R = F =, j,m>= - 172
<l=jxg.gmlsll=jF355.m>=3 (172)
Let the radial part of u = ry,;. Then it satisfies
{[2u¢ — d*/dr*] + (1 +1)r™* = 2uEy } X = 0, (173)
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where 1 is the reduced mass of electron and set equal to unity in the subsequent equations.

It follows from (I72) that
<n, l+7j7 m|H/‘n/7 l—v.jvm >= —520‘(2] =+ 1)_1(En - E;’L) /dTan+anl (174>

with [ = j £ % Therefore, naively the first-order perturbation vanishes. The exception is

discussed in section 5.2. The second-order perturbation energy is obtained by use of (I'f4)

| 1 7 1l(s+1)
AEnJi,j — (fZOé/(Z] + 1))2/dTXn I+ |:E + = 2d7”2 + — 5%] Xnly - (175)

Using )
<r?>= m (176)
we obtain
AE,;, ;=+Z*¢n(25 + 1)1 (lx + %)_1a2Ry (177)
with Ry = 2r2 = 13.6eV.
B. Peculiar Property of Paramagnetic Atom
The atomic enhancement factor defined by
K = dytom/d. (178)
is given by @] A(Za)roahe
K= 2 T D - DN, PP, ~ (179)

for alkali atom. Here the sum is taken over the excited state m, and Ny, INV,, are effective

principal quantum number defined in ([0). v = /(j + 1/2)2 — Z2a2 and 7y, is electric
dipole radial integral,

Tl =< N, l|r|n/>l —1>= \/Z/ Rn’,l—an,lfrBdr (180)
0

in units of agp = mﬁ—;:Bohr radius. We will derive (I79)) (see Eq.([I93)). We start with the
general relativistic arguments. For Diamagnetic atoms the dominant contribution to atomic
EDM comes from that of nucleus, which will be discussed later.

In hydrogen-like atom, states of different angular momentum [ with fixed principal number

n are degenerate in nonrelativistic approximation. The eigen functions with external field
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are the superposition of the field-free function with different I-values, which gives the linear

Stark effect. Let us write the Dirac spinor in the form

_ . T
ur =1 (Xox (M)0ji, — ixax(r)njis) (181)
x; satisfy the following equations,
da x_ fmef, BN Z
dr r | h me? |
dxz X2 mc E Z
Az AL R - 182
dr _'_H’f’ |:h<+ 62)+ar:|xlv (8)
where
o1 , 1
HI:F(j+§)f0rj:l:|:§. (183)
Using ([I60) and (IT2), we obtain
. . 1 ©
(n, g, L, mH'n, j,1-,m) = —§£Za/ drr=?(Xae Xo- = X14X1-)- (184)
0
X2+ and i+ are related to each other as (I82) and we obtain
ML) = €20° [ dr(Doxcor (D-x), (185)
0
where
d j+1/2
Dy =—+ . 1
= dr r (186)
The exact Dirac wave functions with given n, [, j are B] @]
X2 /TRy +n +1) 1+e < 27 )3/26_@<22r>v‘1x
r T2y +1)vn! \| AN(N — k) \ Nag Nag
27r 24r
—n,.F |- 1,2 1, —— N —r)F | —n,,2 1, —— 1
X{nr <nr+ , 27 + ’Na3)+( K) (n %L’Nas)} (187)
and
3/2 y—1
xi o V/T@y+n+1) 1—e¢ (22) 6_%(2&) y
r T2y +1)vn! \| AN(N — k) \ Nap Nag
24r 24r
S =n,+ 1,2 1, — N —kr)F | —n,,2 1,— ). (1
x{n ( ne+1,2y+ Na3)+( K) ( ne, 2y + NCLB)] (188)

Here F is the confluent hypergeometric function and n, radial quantum number, the number

of nodes of radial part of the wave function,

ale
i@
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ch Y

with € = and

N =1\/n? = 2n,(|k| — VK? — a2Z2?). (190)

Here we have used
o?7?

o=t (191)
and normalized A\r = NLaBT as in the hypergeometric functions. N is called apparent principal
quantum number and
mZ%a?
En = TToN? (192)
Using these forms, (I84) finally reads, for instance @],
{Z%a(y — 1)
251 /9| H'|2 = Ry, 193
Bl B0e) = 5, Gy 1
where 7 takes the value v/1 — Z2a? in this case. For small Za, it is reduced to
Z5a?
<281/2|H/|2p1/2> = §8\/§ (194)
For more general case
. . A(Za)?
< gl |H'|j, - >= — Ry. 195
7 +| |.]7 4’}/2—1)(N+N_)3/2 Y ( )
For heavy alkali atom, for instance, cesium, [9]
16 Z%a®r(6s,6p)2) Ry
K(Cs)=d(Cs)/d. = —— = 118. 196
(Cs) (Cs)/ 3 a2B,y(4fy2 _ 1)(N5Np)3/2 E(6p1/2) — E(6s) (196)
The radial integral is experimentally known [77]
T(68, 6])1/2) = / dTTgRﬁ(](T’)R61(T) = 5.5&3. (197)
0

(196) should be checked with the experimental result ]

For Francium (Z=87, 7s— Tpy/2), K(Fr) is estimated as 873. However, as was stated in

|, (I79) is not applicable for atoms with complex configurations and requires electrons’
correlations. Such calculations are performed in, for instance, [78] and K (F'r) is modified
to 895.

There are some discrepancies on the estimate of enhancement factor of K of Thallium
[Xe]4 f115d'"6s%6p! B] @] ]. The discrepancy seems to come from the starting as-

sumptions. ] considered that Thallium has three valence electrons, 6s26p', whereas [81]

considered it having one valence electron. If we adopt [80)],
d(*®Tl) = —582(20)d. (198)
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or if we take M],
d(*>Tl) = —466d, — d. < 1.6 x 107*"e cm. (199)

In preparing this revised version, an interesting paper has just appeared @] which asserts
that this discrepancy disappears, converging to K = —573.

Xe has closed electron shell of 552 5p® but we may one elctron of 5p state excited to
5p° 6s!, which resembles with that of Cs, [Xe]6s!, whose enhancement factor was estimated
to K(133Cs) = 114 @] or 120.53 [84].

As for 2%Xe, the lowest excited state with a 6s electron has a enhancement value

K(Xe*) =120 @]@] or 111 @], and

d, < 3.2 x 107*c cm. (200)

Using these results, Ellis et al. considered the maximal EDMs of nuclei @]

C. Chiral Condensate

Before discussing diamagnetic atom, we will briefly resume QCD chiral dynamics @]
This is because hadronic matrix elements are described in terms of quark condensates by
using operator product expansion.

Let us begin with the following effective action (see Appendix G for the implication of

the effective action).

L =9(y"D, + My — %GWGW, (201)
where
Dy = 0, + ig A%\, (202)

This action is invariant under SU(3); x SU(3)g transformations in the limit of m, = my =
mg = 0. That is,
Qu = "N, Qryp = 7N, (203)
where u, d, s quarks constitute SU(3) group,
¥ = (ud,s)" (204)
and we have the following conserved currents
jg,R = EL,R)‘Q'VMQ/]L,R' (205)
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Here A\* are the Gell-Mann’s 3 x 3 matrices and ¢, (¢'g) are left-handed (right-handed) part
of .

J =i+ IR (206)
Js" = Jr —JR- (207)

So we have the conserved currents and conserved charges @), and 5,. They satisfy the

algebras
[Qaa Qb] - z.fabccgw [Q5a> Qb] - 'éfachE)ca [QSaa QSb] - z.fabcCZO (208)
However, this group is not exact and they are spontaneously broken to

Qal0) =0, @s4]0) # 0. (209)

Thus there appear 8 pseudo Nambu-Goldstone bosons. Pseudo implies that the original

chiral symmetry (@5 transformation) is not exact. It is broken by
Hgp = myau + mgdd + m,3s. (210)
This can be rewritten as

Hsp = (my +mg+my)(Wu + dd +3s)/3
+ (my — mq)(Tu — dd) /2 (211)
+ (2mg — m, — my)(28s — Tu — dd) /6.

Here the first line is an SU(3) invariant, the second breaks isospin SU(2), the third responsible
for the SU(3) symmetry.

M? = (my +mg)B+O(m? Inm,), (212)
Mpe = (my, +my)B+ O(m? In m,), (213)
Mpo = (mq+mg)B+ O(m? In my). (214)

Here B = —f—272r<0\qq|0) with pion decay constant fr = 133MeV, and we have used the chiral
limit
fr = fx. (0[uu|0) = (0]dd|0) = (0[55|0). (215)

Adler-Bell-Jackiw axial vector current anomaly @] and its non-Abelian version is

) ) N - ~
0, = 2i Z mqqq + 8—7:2 (FF + G“G“) . (216)
q=u,d,s
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FIG. 14: Chiral anomaly induces 7 — v via i for F'F interaction.

with the number of flavour Ng. Since

Nt ooz
8—7TJ;G G = 2N;O'K, (217)
with
_ 1 va oa 1 abc b poc
KN = WGNVPUA <0PA + ggf AP A ) . (218)

In the limit of m, = my = m, = 0, the axial current j° gets conserved again by replacing
JOF as

j5u = j5u - 2NfKM~ (219)

Thus quark condensate is essential for chiral symmetry breaking. Nevertheless, anomalous

term is crucial to the presence of 7 — 2v. The neutral axial vector current gives the

modified PCAC relation,

0 2. 0, Y oF
M js, = famom + EFF (220)
We will come back to this problem in the next subsection. U(1) problem concerning QCD

condensate is discussed in Appendix H.

D. Peculiar Property of Diamagnetic Atom

Diamagnetic atom has no unpaired electron, and the main contribution of atomic EDM
comes from the misalignment between charge and the EDM distribution of nucleus. Thus

hadronic part of the atomic EDM manifests itself through the Schiff moment [67][90).

Z
Hatom = electron + Hnucleus + Z(eq)(rz) — €r; - E) — dN : E, (221>

i=1
where r; are the i’th electron coordinates and dp is the nuclear EDM. E means the external

E. It should be remarked for diamagnetic atoms that the Stark term due to electron’
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intrinsic spin term (the first term of (I3H)) is replaced by that of nucleon. &(r) is the

nuclear electrostatic potential given by

[ px)dPx
®(r) —/ x| (222)

where p(x) is the charge density of nucleus.

Here it is important to notice [91]

Tz z
i
. [Zl pi, Hatom] = —¢ Z Vi®(r;) + ZeE, (223)

i=1
where p; are the momentum of atomic electrons, and the first term is the average electric
field induced by atomic electrons. The expectation value of this commutator in the energy

eigenstate vanishes and we may add
1 Z
VIdN~E—£;dN'Viq)(ri) (224)
to Haiom as far as we consider the expectation value. This implies we may change
—dy-E — —(dy — (dy)) - E. (225)

So the expectation value is zero. This is another statement of the Schiff theorem. From the

first term of (223), we should consider the interaction of atomic electrons with the nucleus,

2(r) — . {dy) - V() (226)

as the screened electrostatic potential. Therefore, the atomic EDM reads

dotom = ) <0‘62iz ri‘n> <n\erE(;I> Eri;_ v |0> +he. (227)

n

Using the charge distributions

[reits = Zlel. [ xptdts = ().

/x2p(x)d3x = Zle| (2*), , /(xkxkr - %5kk1x2)p(x)d3x = Zle| (Qrw) etc (228)

(o

1

ed(r) 7

(dy) - V(r)

Ze?
ON = —W+47reSV5(r)+ (229)
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Here ... indicates electric octupole and higher pole contributions, and S is the famous Schiff

moment [92], (The detailed derivation is given in Appendix B)
e & b}
ch 2 2
S = oo ,,; <7’p 14 >ch) r. (230)

The (Qp) vanishes for 1%Hg, 29Xe, 2?°Ra.
There is another Schiff moment S™*“ due to the misalignment between the charge distri-
bution and the EDM distribution of nucleus, whose derivation is given in Appendix I.

Corresponding to these situations, we should consider (230) more generally

S = 1—10; > (<rN o) - §<r2>ch) (tx + 2. (231)

Here ry is a N'th nucleon position and p; is the position of the ith charge inside the N’th

nucleon, and

)

Zei =ep, Zeipi =dy. (232)

Retaining the term up to linear term of p, we have

S = 8 4 grue (233)
with
ch 1 2 2 b 2
ST ; en (rNrN -5l )chrN) : (234)
Snucl _ 1 = 2 2 1 = 1 2
= - %:dN(rN = (r%)en) + & %: (I‘N(rN ~dy) — ngrN) . (235)

Usually S™ is considered to be small compared with S*. The mean value of S is
nonzero only in the presence of P- and T=odd nucleon-nucleon interactions.

For the arguments of hadronic EDM, we must represent hadronic CP violating interac-
tions from those of ([B9) and (40). This will be discussed in the last part of this subsection
(see ([277)). They are described as

LNy = gfr%NNT“NW“ + gS]z,NNNWO + gg,N(NT“NW“ —3N7T*N70). (236)
Here gs])\,N (1 = 1,2,3) are CP odd coupling constants, whereas we denote the CP even

strong TN N coupling constant as Gyn(= 13.5). The Schiff moment due to this coupling
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FIG. 16: One g9 coupling induces dy, which gives rise to S™ul,

is calculated as follows. (236) gives rise to both S¢* and S™*. P- and T-odd NN potential
has the form via Fig[IHl and its effective potential is given by

W(r, —1p) = L”Nngr{[g(o)(T “Tp) — Q(T'Z + 1)+ g P B — 1 - )] (q — oy)
a b 87TmN a b 9 a b g alb a b a b
(1) — —_
97 exp(—ma|ra — 13)) 1
T (E . (1, — 1 : 237
g o —meat o) e )= e Y ) 257
Here we have suppressed the subscript 7NN in ¢®. d; is via Figlltl and
d — eGrnN ln@(g(o) — N7, (238)
T Ay m, 773
Given T and P-odd perturbation, let us calculate Schiff moment @] in
H = Hy+ H,es. (239)
Here
Hoy=T+ Voo + Via (240)
is unperturbative one-particle Hamiltonian and exactly solvable and
Hyes = W + Vog + Vig + Va1 + Vou + Vio. (241)

W is the pseudoscalar interaction ([237)) and V' the Skyrme interaction M] Subscripts (i7)

refer to the final and initial numbers of quasiparticles.
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FIG. 17:  First-order quasiparticle diagrams contributing to the Schiff moment @] . The broken
line represents the action of the Schiff operator, the zig-zag line represents the P- and T-odd

interaction. The looped line in higher order diagram represents a generic Skyrme interaction.

Let us assume that in the 0’th order approximation, the state is ®, = |«), and define @
by
Q= 15 (242)

B#a
Then perturbed wave function is given by

Q
Ea—HQ EQ_HO 6(1_[—[0

U, = (1 + H,.s + ) d,. (243)

This is the Brillouin-Wigner expansion and ¢, is the single quasiparticle energy of the valence
nucleon.

So in the first order perturbation of S*, we obtain

(Wo]S7|W,) = N™HD|[1 + Hyes < ¢ ) +..] 871+ < QH ) Hyes + ... |@a). (244)

Ea_HO €q — 0

The first-order quasiparticle (Goldstone) diagram is given in Fig[IT @]
Here the Goldstone diagram implies that

) (| — ufa)

= /N1 = B0 (245)

€q — €




TABLE I: Calculated coefficients a; and b for **Hg. The units are e fm3. The last two references
include the Skyrme interaction SkO’. Five results of Ban et.al. are due to Hartee-Fock and

Hartree-Fock-Bogoliubov approximations. SLy4, SIII et al. indicate several Skyrme interactions.

ag aq as b

Dmitriev-Sen’kov 2003 [96] —0.0004 —0.055 0.009 -
de Jesus-Engels (averaged) [95] 0.007  0.071 0.018 —

Ban et al [97]

SLy4(HF) -0.013 0.006 0.022 -0.003
SIII(HF) -0.012  -0.005 0.016 -0.004
SV(HF) -0.009 0.0001 0.016 -0.002
SLy(HFB) -0.013  0.006 0.024 -0.007
SkM*(HFB) -0.041  0.027 0.069 -0.013

}‘iger order quasiparticle calculations need some elaborate code and should be referred to
|

, and we simply list the final results
(W,|S7|W,) = S = (a0 + b)Grnng® + a1Ganng! + (a2 — b)Grnng®, (246)

where the coefficients a; specify S* and b does S™“ defined by (233]). The numerical results
of a; and b for "Hg are given in Table [

In this Table, the first two groups considered that EDM of nucleons dy is independent
on L,nn, whereas Ban considered dy is related as ([239).

In the former approach, nucleon polarization effects must be added to a; contributions

|. Thus the results are not affirmative yet. The results are divergent not only among
different groups but also in the same group due to different approximation methods. Thus
it is difficult task to estimate the nucleon EDM from that of diamagnetic atom. Let us

consider some cases. For *"Hg, Numerical calculation is [99]

d("Hg) = —2.8 x 10717 (e me) e cm. (247)

The value of of the Schiff moment of d(***Hg) can be presented as a sum of proton and

neutron EDMs [100]

S = spd, + spd, (248)
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with s, = 0.20 + 0.02 fm? and s, = 1.895 4+ 0.035 fm?.

Combining the experimental value [101] (see more up-to-date data in ﬂﬂ])

d(*Hg) < 2.1 x 107%®¢ cm (249)
with (248)), we obtain

|d,| <3.8x107** e cm |d,| < 4.0 x 107** e cm. (250)

For '?9Xe case, numerical calculation is [102]

S
129 _ -17
d(*"Xe) =0.38 x 10 (e fm3) e cm (251)

The measurement is [103]

d(*Xe) = (—0.3 4+ 1.1) x 10™*%c em. (252)

From (252) value, [104] obtained

d,| <4 x107*'e cm |d,| <1 x 107*'e cm. (253)

General arguments of CP violating four Fermi coupling are given at Appendices C and D.

1. cEDM and parity odd nuclear interaction

In this subsection we give a very short review of chiral symmetry and its breaking in
strong interactions since it has many problems. Let us start with the conserved axial-vector

current (CAC) hypothesis [105],

Ol () = 0. (254)

Of course CAC requires m, = f, = 0 and is not realistic. However, it makes clear to

understand how to break chiral symmetry. ([254)) leads us to

N N = o) TN oy lims Dot 2y s T 2
< |.]5;,L| >_ EE' A(t> Zufyluf}%?u—'_ mN?uf}%_u . (55>

2

Nambu aserted [106] that 1/¢? in the second term of ([255) should be interpreted as

1 1
= = lim ———. (256)

q ma—0 ¢ — m?2

™
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FIG. 18: Nambu’s interpretation of pion dominance.

This corresponds to the diagram (Fig. (I8)) ), which can be written as
fxq"

2 —m2

Comparing ([257) with ([255) where (256) is inserted, we get

ga
fﬂGnNN = —mny.
gv

—/
GxNNT 757'au

This is the Goldberger-Treiman’s relation [107]. Here use has been made of

i
Vaw'

(0175, (0)[x%) =i

N9 i Ny — . m?\, F _ T q2 -, T
(V] uJ5 IN) = —i EE A(t) |[—2myu 753“ - QWNMU 753“
m2 mngr . a
= Eg/FA(t) (q2 — m2) iUy T U
Substituting the equation of motion of 7,
(O +m)r® = j*,
into (260), we obtain
N'|7*|N) [ m2% GnnNU V57U
Nl ANy — _< ~ i N 7" )
Assuming the matrix elements vary little between t = 0 and t = m?2, we obtain
e ga My a
(V10,557 (0)|N) &~ == =—m (N'|n"|N)
gv GaNN

= famZ(N'|7%|N).
Thus we obtain the PCAC condition
0, J8* = frmZm®

o1

(257)

(258)

(259)

(260)

(261)

(262)

(263)

(264)



and (220) with chiral anomaly.

Next, we proceed to discuss the path from the presence of the strong EDM of dimension

5 (cEDM and 6 term) to the effective CP-odd g

Let us write the operator defined by (40) as O and consider the following amplitude

M, = g, / dhwe i (N|T (j2,()0(0)) |N').

From the definition of time ordered product, the right-handed side is rewritten

M, = / dze 0 [(N|T (9,2, ()0(0)) |N)
—i8(0) (V] [j3, O(0)]|N')}.

Using (264)), we obtain [108]
@My = =[x (7" N|O(0)|N') — i(N[[@5(0), O(0)]|N')

or equivalently

lim /2w {* N|O(0)|N") = 7 (N1[@s(0), OO)]IN")
~tim 2 [ dtae (N7 (s, (2)0(0)IN).

Substituting the concrete form of O(0) as ({0) into the above equation, we obtain

RHS of ([268) = (N|d (uGou — miuu) — dy(dGod — m2dd)|N)

+ 0 1 9g 4 2 d— + du + s (N|uu — dd|N)
fx My Mg M
with
MMy 2 (0]gsqGoq|0)
my = ) mO - — :
My + My (qq)

(265)

(266)

(267)

(268)

(269)

(270)

Here if we use the Peccei-Quinn mechanism [109], the second term of (269]) vanishes in the

following way [110].

L= g—saGG’,

(271)

where « is axion field and GG = ’“’O‘B Gb G . When there exists cEDM, axion potential

becomes

1
‘/eff(a) = Kla + §KCI,2.
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Here

1 4, ika Qs ~ Ay Vs ~A
K = ~lim [ d'e <0\T< - GG(w) 8ﬂGG(0)> 10,
. ikx g o~ J —
K, = —]lgg% d*xze™(0|T <8—7TGG(I)ZZ§[1%QGU%Q(O)) |0).

Due to [110]

1 dy

K, = —g5 7 Z —(0igsgGo54|0).
q=u,d,s Mq

So

Wers _ g, 4 a=0

da

leads to vanishing of the second term of (269).

Finally we obtain |108§]

dy + dg

9%n = 7 (NIH, = HalN)
4, —d

9y = > Y(N|H, + Hy|N).

Here

H, = 9;qGoq — mgqq.

(273)

(274)

(275)

(276)

(277)

(278)

Thus gff]z,N vanishes if we impose Pecei-Quinn symmetry. In the absence of Pecei-Quinn

symmetry, there appears gf},N [111]. The contribution of mixing of n with 7 was also

considered in [111].

VI. THE EDMS OF MOLECULES

In this section we consider heteronuclear diatomic molecule which has permanent dipole

moment. Polar paramagnetic molecules have stronger enhancement factors than param-

agnetic atoms. Diamagnetic molecules are more sensitive to nuclear P, T violation than

diamagnetic atoms.

There are many advantageous points in molecule [112]. Firstly, the polar molecule is

polarized by a modest laboratory electric field Ej,, but has a vast internal electric field F;,;.
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This implies the hugely enhanced stark effect and small fake magnetic field of %E’“b in
comparison with atomic case. Secondly, there appears very small energy interval between
nuclear rotation levels of opposite parity, which is roughly 10~3Ry as will be discussed. Also
g-factor can be very small etc.

In general the electric dipole moment D is defined by

D=¢ (Z ZR; -y rj> : (279)

where R,; and r; are coordinates of nucleons and electrons composing molecule. For hetero-

nuclear molecule

D, =< a|Dla >#0 (280)

and D has the permanent electric dipole moment.

So the behaviours of heteronuclear molecule and homonuclear molecule are different.

First we begin with diatomic molecule with total spin S = 0 case.

We first give the general rules of diatomic molecule.

In diatomic molecule, the field has axial symmetry along the two nuclei. Hence the
projection of L (total orbital angular momentum of electrons) on this axis which is denoted
by A is conserved.

The motion of molecule is composed of the orbital motion of electrons, vibrations and
rotation of nucleus, They interact complicatedly but their interactions are approximated as

independent motions as the 0’th approximation (Born-Oppenheimer approximation)

Y = Yty (281)

and total energy is, therefore,

E=E.+E,+E,. (282)

They are electronic energy (=~ Ry), and vibration and rotation energies of nucleus, respec-
tively. Let us consider the nuclear motions of diatomic molecule. First we begin with the
case of total spin (mainly of electrons) S = 0. E, is considered as a harmonic oscillator and

its energy are estimated from

h
Mw3a* ~ — =k (283)
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FIG. 19: The vibration (v,v”) and rotation (J', J”) terms of electron states A and B [112].

Here a is the distance between nucleus. M and m are the reduced mass of nuclei and electron

mass, respectively. Therefore
1/2
B, = hwy ~ <ﬁ> E.. (284)

Whereas the rotation energy is

E, = B(K — L)?, (285)

where K and L are total angular momentum of molecule and electron angular momentum,

respectively, and

h? h?
K and the axial component of L are conserved.
h? m

This is much less than the atomic energy interval in general. We show in Fig. [I9 the typical

spectroscopies.
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TABLE II: Angular momenta of diatomic molecule and their projections to molecular axis. n is

the unit vector of molecular axis.

angular momentum notation |z component
electron spin S
electron orbital angular momentum L A
nucleus orbital angular momentum N 0
total angular momentum (without spin)|K = An+ N A
total angular momentum (with spin) | J=Q+ N Q

A-doubling:
In 287) K? and L? terms depend on |A|, and K - L o< B** ~ (m/M)* [113].

Hence off diagonal parts are neglected, and +A and —A states are degenerate.

When we take the relativistic effect into consideration we have another coupling of Spin
of electrons S (usually nucleon spin can be neglected) with orbital angular momentum of
electrons L, and of nucleons Ly. The most important energy shift is A(r)L, - S.

Selection rule in the electric dipole transition:

I —J <1< J+J (288)

+ - — =+ (289)

To obtain molecular spectra, we must consider the interactions among the above three terms;
electron term E., nuclear vibration F,, and rotation E,.

The interaction between E. and E,. is especially important.

First we consider E, for static nucleus. Unlike atomic case, conserved are not total orbital

angular moment L and spin S of electrons but their projection to molecular axis
J.=A+3Y=0Q (290)

which takes the values over A+S,A+S—1,....., A—S. These states are described as 27! Aq,.
For example, 21_[1/2, 2H3/2 for the states with A = 1,5 =1/2.
For atomic fine structure is given by (I57), whereas the fine structure for diatomic

molecule

AE = dj;l% = AN\ = const. (291)
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We call this relativistic interactions spin-axis interaction, which is composed of spin-orbit,
spin-spin interactions, as well as the spin and orbital interactions with the rotation of

molecule. Corresponding to the relative magnitudes of these interactions, we can classify

molecule energy levels as follows [113] [114]. We define the magnitudes of interactions as

follows.

LA: the coupling of orbital angular momentum with the axis (the electric interaction
between the two atoms in the molecule).

SA: the coupling of spin angular momentum with the axis.

AFE,: the intervals between rotational levels.

If the distances between terms with different A are larger than both the intervals of fine

structures (25 4 1) and rotational structures, they are further classified into

e Hund'scase a LA > SA> AE,

In this case, A, ¥,  are well defined and electron state is expressed as >**'Aq. For

the a — a transition,

¥—-¥X=0 Q-Q=0, +1 (292)

oT
I/LIAT>>VS:8—EIAE>>I/J:BU(2J+1) (293)
Usiry=U(r)+ A(r)Q+ B(r)(J — L — S)% (294)

Here the third term is a perturbation.

L and S precess around the internuclear axis z implying that A and > are conserved

quantum numbers. The total energy is described as

E=FE, +AQ+ho(v+1/2)+ BAJ(J +1) — 20} (295)

In this review we are interested in the transition between parity odd rotation levels of

the same electron term.

e Hund'scase b LA > AE, > SA

> is not defined. Here the effect of the rotation of the molecule predominates over
the multiple splitting and total angular momentum J and the sum K = L + N are
conserved. In this case, S is almost free from molecule (the vector K + S) precessing

around J, and ¥ is not conserved)
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Vg > Vs,
|[K' - K| <1< K+ K,
Hy = H, + BK?
with K=AZ+Nand J=K+S.

(J=S)(J+S+1)
2K (K +1)

Uk(r)=U(r)+ B(r)K(K + 1) + A(r)A

with
K=AA+1,..

Here the third term is perturbation. The total energy is

(=S +5+1)

1
E—Ue+m6<§>+BeK(K+1)+A6A 2K(K+1)

e Hund’s case ¢ SA> LA > AF,

(296)
(297)

(298)

(299)

(300)

(301)

Only Q is well defined. This is the case where the coupling of L with the axis is small

compared with the spin-orbit coupling.

Hy = H,+ H;,, + BJ*.

e Hund’s cased AFE, > LA > SA

(302)

This is the case where the coupling of L with the axis is small in comparison with the

intervals in E,.

Hy= H,+ BN? - B(JTI” +J7I").

e Hund’'s case e SA> AE, > LA.

A. Paramagnetic Molecule

(303)

As we will show, there are a variety of paramagnetic atoms, for instnce, HgF,

YbF, TIO whose electrons configurations are Yb=[Xel4f!6s?, *'Hg=[Xe]4f'*5d'%6s?,
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8T1=[Xe]4f15d'"965*6p'. The selection rules of transitions are

S'— 8§ =0, (304)
N—A=0, +1 (305)
St 2t St 5 8t for A =0. (306)

For BiS molecule [115], electron configuration of Bi is [Xe]4f*5d"65*6p® and Bi** has

one unpaired electron. The electric field of S leads to a mixing of parity odd states:

Q) = [1/2) = als1/2, ) + blp1j2, Q) + c|p3ja, ). (307)
Here Q = J, =1/2. So

4(Za)*Ze|d,
(47?2 — 1)ak(NsNpj2)¥2

<%\%> = —2ab (308)

For total J, angular momentum of nuclei takes two values, Ny = J+1/2 and Ny = J+1/2,
so the characteristic energy splitting between P-odd states is

AE, = BNy(Ny + 1) — BNy (Ny + 1) = 2B(J +1/2), (309)

which is, for BiS, four to six orders of magnitude smaller than the case of heavy atom.

d— 2wdy(w|Hglw) — J
B AE;,  J(J+1)

(310)

and

_1)\J+1/2
=9 g D
d. (J+1/2)(J + 1)

The effective electric field on the valence electron is proportional to K FEj;,, for polar

(311)

paramagnetic molecule. So it is very advantageous to measure molecular EDM.

Recently the most stringent upper limit of d, was reported by using YbF ] Yb
belongs to the rare-earth elements and its electron configuration is [Xe]+4f'*6s* and Yb™"
ion constitutes paramagnetic molecule. f electrons’ interaction with the axis of molecule is
weakened by the deep position of the f electrons and classified as Hund’s ¢ class. Their result
is

de = (—2.4 £ 5. 750 & 1.5546) x 107 cm (312)
which sets the upper limit
d.| < 10.5 x 107 e cm. (313)
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The other experiment using ThO [116] is also very interesting since a modest laboratory

electric field FEjy, < 100 V/em fully polarizes a ThO whose internal electric field E,,,; is
100GV /cm. (The electron configuration of Thorium is Th=[Rn]6d*7s?.) This gives another
advantage for polar molecules. Furthermore, the triplet state 2A; of ThO gives the merit of
g-factor cancellation (see Eq. (330])). Also for the other molecules we can expect g-factor
cancellation, where g-factors are defined by the ratio of spin rotation energy Hg and ugB..
Here Hg is given by

Hp=pBJ*+AS -J—Dn-E, (314)

where S’ is the effective spin and S’ = S for Hund’s case b.The detail of meanings of right-

hand side is given in [117]. The expectation value of Hp crosses zero at a specific value of

electric field and the molecule becomes insensitive to magnetic field at that point.
One of the problems for molecular EDM is the difficulty of laser cooling compared with

atomic case. This may be solved by first cooling composite atoms and next combining

them by the Feshbach resonance [118] and optical trap methods [119] [120]. The theoretical

problem is to calculate matrix elements in Dirac-Coulomb + higher order approximation

(see Appendix ().

B. Diamagnetic Molecule

We will consider TIF as an example of diamagnetic molecule. In searching for molecular
EDM, we have two tasks. One is to derive d,,, from CP-odd elementary N-N and/or N-e
interactions. Another is to deduce d, and d,, from the observed d,,,.

The electron configuration of Tl atom is [Xe]4 f1*5d'°6s26p' and T1T has a closed electron

shell. TIT forms also incomplete shell 6s6p instead of 652,

€2) = |65,Q) + 8 <—\2/—%\6p1/27 Q) + \/%6]93/2, Q)) (315)

with
2 Ry  a*r(6s,6p)

B - ﬁ E68 - E6p T%
Here 2 = £1/2, and r(6s,6p) is the radial integral defined by (I80) whose value is 2.3.

= 0.27. (316)
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Usie (@3

Gm?a® Z°R 2+ 7
(s1/2|H|p1y2) = T NP Ry{(Zhiy + Nkin) = 455 (ks Z o, + kan Z o)}
si¥p

(317)

where R is the relativistic factor

4 ap 2=y
_ 318
I'2(2y+1) (2Zr0Al/3) (318)

with ro = 1.2fm. As for the nuclear matrix element,

I
<k2p Xp: Oy + k?n zn: Un> ~ k2p? (319)

since a valence proton in Tl atom is s;/,. Reference ] goes further to get

27
S(TL) = =5 (r2 = 1)y, (320)

where r,, 74 are defined by ([17). From the experimental limit [121],

Seap(T1) < 0.8 x 10~ %e fm? (321)

we obtain

d, < 107*?e cm. (322)

See (250) and (253)) for diamagnetic atom. The numerical calculations were estimated along

the following line of thoughts |[122]: assuming Born-Oppenheimer approximation, total wave

function of TIF is described as

U = b (rn) e (r:)VR(rn, I). (323)

Here 1), (ry,) describes the motion of T1 nucleus,y.(r;) does F nucleus and electrons with
respect to the center of mass of T1 nucleus, and ¥ g(ry, I) the spin and motion of T1 nucleus.

Let us integrate over ¢, and take (B) into account. We obtain

(Hoam) = D(optbala- 3 (qz""‘%) (

n 1

| Z Xiol®, q))wedgn> [Grtn),  (324)

where

Do = (] > dutin). (325)
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For the present approximation (B2), . is given by
Ve = Witpi(re) =10 ) ajrYy, (60:,6:) (326)
1

and so on.

Anyhow, analytical studies are restricted and we may need more elaborate numerical
calculations as was done in the case of atomic structures or much more than that case.
However, it is certain that unknown but very fruitful frontiers are expanding in front of
this field. Many experiments are preparing or ongoing. In these situations, theoretical

developments are strongly awaited.

VII. SUMMARIES AND DISCUSSION

We have explored the EDMs of quarks, leptons, hadrons, atoms, and molecules. First
we studied the SM predictions on the EDM and showed that those are far from the present
experimental upper limits. We have direct signals of new physics beyond the SM from
neutrino oscillations and muon g-2, and many indirect ones like baryon asymmetry, DM etc.

Among them, the CP deficiency in baryon asymmetry n = Z—f ~ 10710 is especially
important for searching for new physics. Namely, we can not reproduce n via CKM CP
violating phase only even if we incorporate CP violation due to a # term and other radiative
corrections in the SM framework like GG etc.

In order to estimate the deviation of phenomena from the SM, we have tried to estimate
them first in the SM precisely, including the effects of the above mentioned extra terms.

Next we have explored many theories beyond the SM by focusing on the EDM of elemen-
tary particles.

The MSSM and two Higgs doublet model, for instance, give rather large values of EDMs.
However, those values are mainly due to the ambiguities of the theories themselves. It is
important to see whether such values are checked to be consistent with the other phenomena
or not. We think those points are still very insufficient. More predictive models like the
renormalizable minimal SO(10) GUT discussed in Section 4.3 often give more stringent
values which are still several orders smaller than the present upper limits.

However, the situation is not so pessimistic. Some hope comes from unprecedented col-

laborations with atomic and molecular physics and elementary particles mainly via brilliant
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developments of laser physics. Most impressive is the new upper limit of the electron EDM
from polarized molecule YbF. As for paramagnetic atoms, theoretical calculations have been
developed and seems to be convergent. Whereas, for diamagnetic atoms there are still large
discrepancies (Table I). Lattice QCD is very promising but it is not convergent in the limit
of m, = 0 (Fig.5). However, it is certain that these situations have been improved rapidly.
The large parts of such progress have been and will be done by the collaboration of a wide
field of physics and chemistry. The mutual close relationships among particle, atomic, and
molecular physics require the wide range of studies over these regions.

We hope that this review gives some help for these difficult tasks.

This review is restricted in theoretical part and we have not discussed many excellent
ideas on the experimental side. The latter is very attractive but is beyond the scope of this
review simply due to the author’s ability. We only briefly explain the mechanism and a list
of experiments though it is not exhaustive.

The procedure for the EDM measurement is as follows. First a static external electric
field E is applied parallel to magnetic field B. The energy splitting is measured as a spin
precession frequency vy4. Next we change E unti-parallel to B whose precession frequency

is denoted by 14,. Namely,

hVTT = 2[,LB+2dE

and
hAv =4d - E. (328)
Its sensitivity is given by
h 11 1
od = ——— (329)

2 K E\/N7T

Here N: number of sample, 7: coherence time, and T: measuring time. K is an enhance factor
for paramagnetic atoms and molecules given in (I79) and K < Z3a% E is a magnitude of
an internal electric field. So experiments try to get larger values of K, £, N, 7, T'. We only
list up ongoing and planned experiments (see Table 3). We have still more species, solids
like GGG, GdyGasO1a, GdsFes015, PbTi0O3, Gd3Gas012, solid He, liquid Xe (see Table
nEDM Collaboration). Please refer to the corresponding sections for the terminologies in the

experimental features. A few comments are in order. + signature at PbO molecule implies
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TABLE III: A list of ongoing and planned experiments searching for EDM. Superscript * indicates

estimated sensitivity.

Species Group name Features
muon
d, FNAL 1072 e em™ (2015)
J-PARC 1072% e cm* (2015) with spin frozen technique
PSI

3-4 orders below current limit* (spin frozen technique)

neutron (all 10728 e cm*)

dn

ILL (Grenoble)
PSI (Zurich)
SNS (Oak Ridge)
KEK-RCNP (Japan)

|dn| < 2.9 x 10726 ecm (90% C.L.) [22]
comagnetometer outside of test material
3He as comagnetometer

129X e as comagnetometer [123]

deuteron

dp

KVI/BNL/COSY

1072 ¢ em*

paramagnetic Atom

Cs

Tl
Fr
Ra

Ambherst College
LBNL
Berkeley
CYRIC(Tohoku Univ.)
KVI (Groningen)

d(Cs)=(—1.8 6.7 + 1.8) x 1072* ecm [124]
highly improved magnetic shielding [125]
de < 1.6 x 10727(90%C.L.) e cm [20]
K(Fr)=895 EDM measurement starts on 2014 [126].

magneto-optical trap [127]

diamagnetic atom

199Hg.
Ra
Xe

Rn/Xe
Rn

Seattle
Argonne/KVI
@nEDM Collaboration
Tokyo Institute of Technology
Princeton
Univ. Mainz
Michgan

Rn EDM Collaboration

d(*P Hg) < 3.1 x 10729 (95% C.L.)[23]
large enhancement d(Ra)/d(Hg) ~ 10273
polarized liquid Xe droplets
artificial feedback mechanism [128]
liquid cell
d(1*Xe) ~ 1073 e cm*
d(1?Xe) = (+0.7 £+ 3.3) x 10727 ecm [129]

octupole enhancement of 400-600

paramagnetic molecule

YbF
ThO
PbO
PbF
HfF T
HgF/BaF
RaF
FrSr

Hinds (Imperial College) et al.
ACME Collaboration
DeMille (Yale) et al.
Shafer-Ray (Oklahoma) et al.

Cornell group

KVI

Aoki (Tokyo) et al.

the most sringent limit of d.[24]
g-factor cancellation at 3A; [116]
g-factor cancellation at metastable *S} [130]

g-factor cancellation at 2H1/2 [131]

trapped molecular ions in rotating electric field [132]

same electron configuration as YbF
high W, parameter [133]

ultra cold molecule/3D optical lattice [134]

diamagnetic molecule

TIF
YbHg

Hinds (Yale) et al.

Takahashi (Kyoto) et al.

the measured Av = (1.4 + 2.4) x 10~% Hz[135]

ultra cold molecule/3D optical lattice
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the parity under the mirror reflction (reflection under arbitrary plane including molecule
axis) (see Eq.([306])). As for g-factor cancellation in molecular EDMs, ThO and the others’

cancellation mechanisms are different: the former is due to
= (A+gX)up ~0for A =2 (330)

and the latters are due to Eq.(314]).

This table is far from being exhaustive but reflects some prospect from a theoretical
physicist.

For more detail see, for instance, ECT* Workshop: Violations of Discrete Symmetries in

Atoms and Nuclei. Nov 15- 19, 2010 |136].
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Appendix A: SU(6) and Dipole moments

Both magnetic dipole moment and electric dipole moment are proportional eQ)o .

So we can obtain the information of the ratio of d,/d, = p,/t, from SU(6) in the light
quark (u,d,s) base ] if CP violation in the EDM does not affect SU(3) symmetry. They
are both represented as

(56]3556) (A1)

Here baryons belong to 56-representation since irreducible representation of qqq = 56 and
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we use that dipole moments are the generator of SU(6).

p,1/2) = % {luud) @[+ +=) = [+ =+) = [ = +4))
Hudu) 2] + —+) — | = +4) — [+ +-)) (A2)

Hduu) 2] = +4) = [+ +-) = [+ =)},

Qaulp1/2) = %2 {Zaud) @1 ++-) — |+ =)+ = +4)
+§\uud> Cl++=)+|+—+) == ++)) (A3)
~luud) (=20 + +=) = [+ —+) = | = ++))

+cyclic permutations},

<p> 1/2|QU3|pa 1/2>

:3%(%(4+1—1)+§(4—1+1)—%(—4+1+1)):1. (A4)

The corresponding neutron dipole moments are given by the exchange of u <> d, resulting

to % > —%. Therefore,

(n,1/2|Qos|n,1/2)

:33—26<—%(4+1—1)—%(4—1+1)+§(—4+1+1)):—g, (A5)

and

dp _ 3
= (A6)

Hn 2
The experimental values of MDM of proton and neutron are ﬂﬂ]
= 2.792847356 £ 0.000000023,  p1,, = —1.91304273 £ 0.00000045 (A7)

and the coincidence with SU(6) prediction is good up to quantum corrections. For the EDM,

compare with the result of lattice calculations Fig[hl

Appendix B: Multipole expansions

We will study the multipole expansions of electromagnetic potential A, = (¢, A) due to

the charged system of finite size. The electric and magnetic fields are defined by

10A
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Let us assume (as as in the experimental environment) that the electromagnetic field is
static, that is, the field is time independent. In such case, E (H) is determined only by
A (¢). Let us consider a stational motion of chaged particles where e, charged particles are

located at r, and study how the obserber at R feels vector potential A,,.
ea ra €aVa l"a
B2
“L R "X R (B2)

Here we have neglected the retarded effect of fast particles. If we included it, charged

distribution has the retarded time dependence and we should replace the arguments as,

t—>t—|R;r“|, |R—ra|—>\R—ra|—M. (B3)
If the scale R > r,, (B2)) is expanded around R,
¢:%—Z€a (ro- —i—Zeaebrrb&@ + ..
= ¢O 4 M 4 6@ 4 . (B4)
Then ¢ is given by .
80 = - Z_l Qi (0,9), (85)

where

Qi) = Zea \/21 = Yim (6, 00). (B6)

gives electric 2-pole moment. The superscript (e) indicates electric moment distinguishing

magnetic counterpart (see (B23)). Its continuous representation is

Q) =[5 [ oo Yin). (B7)

o0 l
1 -
|R—I‘| B ;mz:;l Rl+1 2l—|—1 lm(® (I)) (9 ¢) (BS)

First few normalized spherical harmonics Y}, are

This comes from

Yoo = 1/V4m,

Yio = i\/3/(4m)cosh, Yii = Ti\/3/(8)sinfe™™®,

Yy = +/5/(167)(1 — 3cos®d), (B9)
Vo1 = £4/15/(87)coshsinfe™™ | Yy 1y = —+/15/(327)sin?het?® etc.
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For instance ng,)l constitute electric dipole moment

QL) = id-, iilzq:ﬁ(dxizdy). (B10)

Analogously, vector potential A is expanded as

&GUz/ﬁﬁiﬁ%zA@+A?+A@+m (B11)
For instance AZ@) is
1
AP = (vkvlﬁ) Tkt (B12)
where
1
Tz’kl = §/d37’7“k7“l<]i(7“). (B13)
The identity
/dgrvm(nrkrﬂm) =0 (B14)
leads us to
/dgr(rkrlJi + rirJe + TiTle) =0, (B15)

where use has been made

O T = 0. (B16)

This identity gives 10 constrains. Since Tj; has 6 x 3 freedoms and 18 — 10 = 8 physical
freedoms are remained. We will show that five of eight freedoms constitute M2 moment and

the remaining three do anapole moment. It goes from subtracting (BI3) from (B13) that

1 1
Tigt = =3 €ikmemnr / dErrgnJ, = —3Cibm / d*rriM,,, (B17)

where

Mm - Emnrrnjr- (Blg)

Dividing the Tjj; of (BIT) into symmetric and antisymmetric parts w.r.t. I, m, we obtain

1
Symmetric part of (BIT) = —geiklim (B19)
with
M, = /d?’r(rlemm + "€ )Ty (B20)
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This gives magnetic quadrupole moment. Whereas,

Anti-symmetric part of (B17) = é /d37’ [511 (rk(rme) — erk) + Ou (Jir2 — ri(rme))} )

(B21)
Here we use the identity obtained from contracting (B13) w.r.t. k£ and [
/d37’(7”2e]2' + 27’i7’me) =0 (B22)
Then the anti-symmetric part becomes
1
Anti-symmetric part of (BI1T) = —(dyar — 0xa;), (B23)
47
where
a; = —7T/d37‘7”2ji (B24)

is called anapole moment.

General expression for magnetic photon corresponding to electric counterpart (BT is

47
QIm = Hl,/%“/d?’rxl V(' Yim) (B25)

and called 2'-pole magnetic moment (For relativistic case [ is replaced by j = [L + s|).

Appendix C: C,P,T-transformations of Fermi coupling

We consider the four fermions (current-current) coupling. Here it is concerned with the
transformation property of Fermion and not with the detailed dynamics, we consider it as
NONLO' L, where N, L are spinors and O and O’ are a combinations of gamma matrices.

The most general form are
GsNNLL + GpN~sLN~sL
+GyNY, NLVWL + GANv,vsNLy"ysL + GrNo,, NLo" L
+Gvi Ny NLy*ys L + G o' Ny, s NLy* L (C1)
+iGg NN Ly L + iGp NYysNLL + iGrp e“"”"NJWNfUpoL.

The first two lines costitute Lorentz scalars, the third line P-odd and the fourth line P,T-odd

terms. Imaginar ¢ in the last line comes from the Hermiticity of action. The last term of

the fourth line are also expressed as
No,,NLo"'~vsL or No,,ysNLo"' L (C2)
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since
nvpo _ . VPO
€ Y = —VVsY VY-

C,P,T conjugations are defined by

C¢(t’ I‘) = 72¢* (t’ I‘),
Plﬁ(ﬂ I') = i70¢(t7 —I'),
TU(t,x) = iy o (1),

The fourth line of (C1]) is T-odd since
NN — —NN, Z’}/g,L — Z’}/g,L etc.

under T-transformation.

Appendix D: CP phases in general L-R model and generation number

(C7)

Type I (canonical) seesaw is composed of N left-handed and N right-handed neutrino.

Right-handed neutrino has heavy Majorana mass term.

1 .
Lyukawa = —VrRMpr, — 5{(VL)CMLVL + (vr)*Mgvr} + h.c. (D1)
This is described in terms of mass eigen vectors,
1) (2) ! T 1 (2 1)
_ U U My, M U U N
Ly = (NO, N@) b + hc. (D2)
(W 1 2)x Mp Mp V(D 1 (2)x N@)
2N 2N
v, = Z UijNjL, vigr= Z ViiNjg, (D3)
j=1 j=1
where [ =1, ..., N.
So N x 2N unitary maqtrices U and V' are decomposed into N x N matrices,
— (v _gen® — (v y@
U= (UDu®) v=(voye) (D4)
In the SM m,, = 0 and there is no mixing in neutrino sector.
For Dirac neutrino case, U® = V® = 0. As we mentioned above, there exist (N —

1)(N — 2)/2 phases in this case.
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For Majorana neutrino case, U® = V1) = 0 when there exist both left-handed (L-type
Ny, ..., Ny) and right- handed neutrino (R-type Ny.i1, ..., Non). In this case 2N X 2N unitary

V(@) =0 is added for only left-handed Majorana neutrino case.

G 14 . 4 a 4w
Hyy = % [JLJL + )\.];%a.]]{ + K (jzajR +~];r%ajL>} , (D5)

where
Jra = > _Ux)7a(l = y5)vin (), (D6)
!

Jra = ) Ua)va(l+75)vir(2) (D7)

with [ = e, u,... Mass matrices has rebasing and rephasing symmetries, which does not
change physics.

We start with N generation of quarks (Dirac fermions). N x N unitary matrix has
N? real numbers. Of these, 2N-1 is absorved by rephasing of 2N left-handed and right-
handed quarks. An orthogonal N x N orthogonal matrix has N(N — 1)/2 Euler angles.
The remaining (N — 1)(N — 2)/2 is the number of phase parameters. Kobayashi-Maskawa

redicted that there must at least three generations to incorporate CP phase in mass matrix
IE] If we relax this arguments to include Majorana neutrino we can use only rephasing of
charged lepton in MNS mixing matrix whose freedom is N. Therefore, the number of phases

in MNS matrix is N> = N(N —1)/2— N = N(N —1)/2.
If we furthermore generalize the above arguments to include heavy right-handed neutrino

@]’ 9N 2N
v, = Z UijNjr, vir= Z ViiN;R, (D8)
j=1 j=1

where [ =1,..., N.

So N x 2N unitary maqtrices U and V' are decomposed into N x N matrices,
U= (U, U@))T, V= (v, V(2>)T‘ (DY)

In the SM m,, = 0 and there is no mixing in neutrino sector.
For Dirac neutrino case, U® = V@ = 0. As we mentioned above, there exist (N —

1)(N — 2)/2 phases in this case.
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Appendix E: Expanion in power of 1/c¢

Relativistic equation of Fermion in an external electromagnetic foeld is

(v(p —eA) +m) ¢ =0. (E1)

Let us study the relativistic effect as the deviation from the Schroedinger prescription which
is obtained by expanding ([EI) in power of 1/c. For that purpose we must exclude mc? from

energy, which implies to replace v to ¢/

'l/) _ ’l/),e_imCZt/h (E2)
and
0 2 r_ € 2 /
(zhaijc)w_[ca-(p—EA)jtﬁmc +ed| Y. (E3)
Substituting
Y
= (E4)
X

into (E3]), Dirac spinor is reduced to two component Weyl spinors |

L0 r € /

(Zha—e@)gb = co - <p_EA>X’ (E5)
L0 2 ;o € /
(Zha—e¢+2m0)x —ca-(p—gA)X. (E6)

Retaining only the term 2mc?y’ in the second equation, we obtain

X = ﬁa - (p - §A> ¢. (E7)

Substituting this into the first equation, we finally obtain the famous Pauli equation,

ih% = {i (p - EA>2 +ed — 2L0' : H] @. (E8)

ot 2m c me

The current density is
J=c o) = c(d'ox + X 09). (E9)

Substituting y of (E7) into it, we obtain

j=5 (V" = ¢"Vo) = — A9+ 5 -V x (¢"09). (E10)
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In the presence of the EDM (see ([30))), j includes pseudo-vector part,

ja = 1dyV x (Y ), (E11)
which in two components approximation is reduced to

i = 5V x [¢or x (B + B (©12)

where p and p’ are the momenta of ¢ and ¢', respectively.

Appendix F: Nonrelativistic approximation

In the heavy nucleon limit, nucleon bilinear forms are approximated as

N(@)wN (@) = 8(r), N(a)yN(z) =0,
N(@)103sN(@) = 0, Na)yysN(z) = —ond(r). (F1)

We are interested in P-odd and T-odd weak interaction in the Fermi coupling between
electron and nucleons. In the heavy nucleon limit (ET) these interactions are limited in the
following forms,

G

_ 1 _
H=— |k NNe: ko—=€wNoNeo,e | . F2
\/§< 1 €iyse + 25 Enru N O o, e) (F2)

In the nonrelativistic (heavy nucleon mass) limit it reduces to

H = i%é(r)(/ﬁ%% + 4koo - 7). (F3)

Here you should consider H is sandwiched by electron wave functions. For the case of a

nucleus of charge Z and mass number A, it gives [9]

G
H = zﬁé(r)

(Zkwp + Nkn)yoys +4 (kzp Dotk Un) : ’Y] : (F4)

p

Z°R
(s12] H |p1j2) = (NN )3/2R

+8 = ) 3 (mlon,) - o) +k2nz(nn<ann>—§an)>], (¥5)

p n

’}/(Zk‘lp—l—Nk‘ln) — 8J— kngap—l—k:gnZan
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The above arguments can be applied for both paramagnetic and diamagnetic atoms. Let us

apply the above arguments to Cs, T1, and Xe* atoms E], corresponding to the arguments in

Section 5.2 in the presence of (E2)), The wave function for Cs is described as

651/2, F) = [681/2, F) — 3.7 x 107" [0.41k1, + 0.59k1,,

33
+ 0.74 x 1072 (F(F +1) — 5) kzp} 612, F),

and, therefore,

d(Cs) = e(6s1/2, F|2]6819, F) = —eap x 1.34 x 107"

X [0.41ky, + 0.59%k1, + 0.74 x 1072 (F(F +1)— §) kop | -

2

Here F'is the total angular momentum of the atom. The observed value
d(Cs) = (—1.8£6.7+1.8) x 1072* |e|em.

For Tl

d(T1) = eap - 0.96 x 1077(0.4k, + 0.6k, — 2 - 10" %ky,).

For Xe*
d(Xe*) = —1.3 - 10" %eap(0.41ky, + 0.59%1,).

Appendix G: Strong CP violation

In the QCD world, the true vacuum is described by the ¢ vacuum,

10) = Z e |n), (n = integer).

<9/|6—th|9> _ Z eime’e—in6<m|6—th|n>
_ Z e—i(n—m)eeim(ﬂ’—e) /[dA]n_meide4x

_ Ze—iue /[dA]Veide4x

Using that A, gives

n

- 1617r2 / d'aTr (Gu G
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(F6)

(F8)

(F9)

(F10)

(G2)

(G3)



and substituting (G3) into (G2)) we obtain
<‘9/|€—th‘9> — Z/[dA]VeifLeff diz (G4)

with

- 0 4 aIn
Loy = L+ 15 /d i Tr (GG (G5)

Appendix H: U(1) problem

0 term in (20I) comes from the fact that the vacuum in QCD is 6), whereas GG term in
([21I6]) does from quantum anomaly, occurring irrelevant to Abelian and non Abelian. In this
appendix we will show that these two terms are closely related and lead us to solve U(1)
problem.

In the following discussions we consider mass zero quark limit, and Ny = 3, up, down,
strange quarks. Chiral invariant action has originally Uy (3) ® Ug(3) symmetry. If, as we

have considered, QCD vacuum is quark condensate
(@u) = (dd) = (3s), (H1)

action symmetry is reduced to the flavor symmetry U(3) and generates 32 NG bosons. They
are 7+, 0, K+, K9 KO, ns, and 1. Here the first eight particles constitute octet and the
last a singlet. The observed mass eigen states, n and 7 particles, are the linear combinations

of ng and 79, and their masses are m,, = 550MeV, m,, = 958 MeV. Weinberg showed [13§]

that the observed m,y is too heavy for predicted NG boson,
mn/ S \/gmﬂ. (HQ)

This is one of the U(1) problems. Another is concerned with n — 777~ 7% process.

Let us explain these problems [139]: The octet axial vector currents satisfy

Mg, = famid® (a=1,...8) (H3)
and
22_~ml%_k2~ 4 . —ikx L Ta v 7b
dapmis fo = = ik, [ d*ze”"*(0|T (0 J5,(0)0 Jz,(x)) |0)
m? —b k2 -
= bm2 {ik:,, / d*ze=™(0|T (9" J¢,(0)J2,(x)) |0) (H4)
b

+ /d4xe_ikx<0|5(ato) [8”J§“(O), JEo(2)] |0)}
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In the low energy limit, if there is no massless pole, this reduces to

Sapmi fa = 1 / d*z (016 ()50 (x), 0" Ty, ()]]0) (H5)

Whereas, isosinglet axial vector current constitute ABJ anomaly (2I6]). The isosinglet

can be described as a sum of SU(3) octet and singlet,

1 2
Tou= \/g JO (H6)

with
(8) Lo — _
o = %(u%ﬂ/su + mqdry,y5d — 257,755). (HT7)
2 _
T = \/; (Wyuy5u + Mady,5d + 57,755) (HS)

Taking (216]), (218), and (219) into considerations, we obtain the same equation for isosinglet
case as ([H3l) by replacing J5, with j5u>

m2—k (. e —
mify = i {sz/d4ate ke (0| T (awg(owf(x)) 10)

0

+ / dize=% (0[5 (x0) [aﬂjj(c)), j{;’(x)] \0>} . (H9)

Here fj is the isoscalar meson decay constant. If there is no zero mass pole like the octet
cases, this relation is same as the octet case (H3l) except for Js, replaced by j@ , and we
obtain

mofo = mzfz. (H10)
So, if SU(3) is good symmetry, it goes from (HE) and (HIQ) that

fo> %fm (H11)

which directly leads to (H2)). However if any massless particle couples to jﬁ, then first term

of ([H3) does not vanish and we can evade (HIQ) [140]. 't Hooft showed that this is indeed

the case if we take € vacuum into consideration correctly [141]. Also Witten proposed a

solution compatible with quark condensate |142]:

4N} (O’E
my = —1L ( ") : (H12)
T e 082 ),
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where

(882:;6)9:0: % (1617T2)2 / da (T (Tr(G) @) Tr(E0)G0)))) (H13)

My, — My . _
miﬂ(ﬂrﬂ 0" Js,u(K)|m).- (H14)

(mtaxlln) =

The right-hand side vanishes due to momentum conservation. However, it is experimentally
observed as I'(n — 777~ 7%) ~ 200eV. This process is occurred via SU(2) violating operator

[143]

C— %(mu — mg) (T — dd) (H15)
and
(my —mg)A
(3rll) = (H16)
where
A = (r7|(m s 4+ madysd)|n)
_ %(maujg(o)m (H17)

So this process is suppressed by axial vector current conservation even if mu # my. This is
another U(1) problem.
LQCD — LQCD + 2Nf<p8“Ku (ng)

under the chiral transformation

Y = e, (H19)

Appendix I: Schiff moment

There are several origins for the Schiff moment. Here we discuss the Schiff moment
induced by the nuclear EDM when the charge and the EDM distributions (p, and p4, re-
spectively) in the nucleus are different ]

The interaction of the electron with the dipole moment of finite size nucleus is

/ / / ;. €
V, = /d37’ [pa(r") — pg(r]dy - V 1] (I1)
1 3 7 / / ro 1
Vi=ge [ dr'lpa(t’) = py(c'ldn 17, ViV in Vi (12)

Here we may assume [144]:

7



pq 1s spherically symmetric.

dn coincides with the EDM of valence nucleon, dy = d,,,0.
pq is due to the valence nucleon.

Then

1 1 1 1
Vi=sedyn / 43 drr? [pd(r')<ammnn) - pq(r')g%n(m) ViV Vi, (13)

where n = r'/r’. Let us divide V,V,,V,, as

1 -
[Vlvmvn - g(dlmvn + 5mnvl + 5nlvm)A

1
+g(5lmvn + 0,n Vi + 5nlvm)A. (14)

The first term corresponds to the electron interaction with the 23-pole moment of the nucleus.

The second term = |ipd<0-lnmnn> - pq%(smn<0-l>:| %(&mvn + 5mnvl + 5nlvm)
1 1
= — {gpqw) — gpd(2a -mn + a>} -V (I5)

Here we use 6 [144]

1 V8T

o = 47T[YE] X 0'](1) (16)
5 2v/2
20-mn+o = Vir <§ Yo ® o]y — T\/_ Yo ® 0'](1)>
where
1 .
Y@ xljm = Y (s 5l ) Yin, (6, 6)Xm, (I7)
mp,ms

with the Clebsch-Gordan coefficient (1, my; %, ms|j, m) related with 3j-symbol

kv ky K
<k17q17k27q2‘K7 Q) = (_1)k1_k2+Q\/ 2K +1 b . (IS)

G @ —Q

The following equation is the Wigner-Eckart theorem (the definition of reduced matrix

element) (|| ][ ),

(km|Oy|m’) = (gmJ M| jm’) (k[0 k) (19)

1
V2i+1

6 The following arguments are indebted to discussions with T. Sato
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where r is defined by (I83) and

k) = [[Yi(n) @ X)) (110)

It should be noted that the reduced matrix has no dependence on m, m'. M.

For J =1 case .
= = (&[|O]]K)
k|O|k) = (k|J|K) ——=—F. 111
(k|Or) <||><I<L||J||I<L> (I11)

(k|| J]|K) = /J(J +1)(2J + 1) (112)

(sl11YE @ ol s} = 2Al(-1) (-1, 525, —511,0)

2
! ;;“ for [ =0
X (I13)
2R
6
' 1—2k for [ =0
Y R o (114)
2\ 0 +1) —V2(1 + &) forl=2
Thus we obtain
1 1
{pd(glnmnn> pq35mn <Ul>} g [5lmvm + 6mnvl + 6nlvm]
1 1.1 3] §)-v
- —=)—= — = I1
s =) - poutn = 3] LT (1)
So
ed 1 1 1 3 j-V
V,=—22 92— (k—=)—r2=(k— = 476 116
2 {Tq:s(“ p) ~rag s 2)} G 1) ), (116)
where the mean squared radii was defined by
r§7d = /dgr’ 72 pg.a(r). (117)

In this derivation we assumed that the nuclear charge is uniformly distributed over a sphere

of radius 7o = 1.2 x 107" A2 ¢m, and r2 = 27§ Also we may assume r3 = r2 [9]. Then we

get the final expression for the Schiff moment.

p4m (K +1)j

S=d, ri—r .
Pnl095 50 + 1)

(118)
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Appendix J: Effective Hamiltonian in molecule

We have said that there appears huge internal electric field E;,; in polar molecule. Here

we consider how to estimate E;,,;. The Dirac-Coulomb Hamiltonian is

Ho = S feaq - pi+ Bimc + Vialri)} + 3 — (11)

I‘..
i<j Y

and P, T-odd perturbation (the intrinsic part of Hppy) is
H =—d.» o -E" (J2)

with

2

i>j Y

Here electric field is given by Eq.(BI) with ¢ = Y {Viua(ri)}+>,_; = }. We are considering

1<j rij

a static field, %%—? =0, and H' is represented as

H =d.Y [pio;- Vi, H-T] (J4)
Here T is kinetic term of electron
T = Z{cai - pi + Bimc?}. (J5)
The expectation value w.r.t. the eigen function of Hy gives
(V] Z [Gioi - Vi, H]|¥) =0 (J6)

Whereas,

7

Z Bio; -V, T| = iZZ{[ﬁidi “Pi, o - Pj] + [Bios - P, (ﬁj - 1)mjc]}
i g
Here the second term vanishes and the first term gives

E 25i75p? for ¢ = j.
[ E E {[ﬁﬂi'Puag"Pj] = (
i J

0 for ¢ # j.

So



Thus H’' of ((J4)) is rewritten as [145]

éff = 2’iCde Z 51’751322 (JS)

and we obtain finally
2ic(io| Bysp?[tbo) = —4ep”S(p'x). (J9)
Thee enhancement factor is given by

K — Z <w|2i0ﬁﬂsp2¢j>éin| ZZ ez;|Y)

+ h.c. (J10)

So the detailed calculations are reduced to the electron wave functions in atoms and

molecules.  For molecular case, unfortunately, only H, can be solved in the Born-

Oppenheimer approximation [146]. However, its perturvation expansion around atomic level

is also interesting since this method is applicable to the other diatomic molecule [147]. For

more detailed explanation for diatomic case, see |148].
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