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1. Introduction: the Muon

1.1. The muon: an elementary particle

The muon (µ) is one of the few an elementary particles, possessing a unit electric charge and
a spin 1/2. It is a charged lepton, that is an elementary particle which does not participate
in the strong interaction. Note that the muon particle has a negative charge, whereas the
antimuon (µ+) has a positive charge. In the following we will simply speak about negative
and positive muons.

Figure 1.1.: Standard model of elementary particles: the 12 fundamen-
tal fermions (half-integer spin 1/2) and 4 fundamental bosons (integer spin).
Brown loops indicate which bosons (red) couple to which fermions (purple
and green). Note that the gauge boson Graviton is still a hypothetical ele-
mentary particle (i.e. not shown) that mediates the force of gravitation in
the framework of quantum field theory. Note also that the term elemen-
tary particle just indicate that the substructure of this particle is unknown,
thus it is unknown whether it is composed of other particles. (Taken from
https://en.wikipedia.org/wiki/Elementary_particle.)
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1.2. Muon discovery

1785 Charles Augustin de Coulomb found that electroscopes can spontaneously discharge
by the action of the air and not by defective insulation.

1850 In 1850, Italian physicist Cano Matteucci and later British physicist William Crookes
in 1879 showed that the rate of spontaneous discharge decreased at lower atmospheric
pressures.

1896 Becquerel discovered natural radioactivity. The discovery of radioactivity triggered
interest about the origin of the spontaneous electrical discharge observed earlier in
the air. The obvioust hypothesis was that the discharge was caused by the radioactive
materials on Earth, though this was difficult to prove.

1899 Elster and Geitel found that surrounding a gold leaf electroscope with a thick metal box
would decrease its spontaneous discharge. From this observation, they concluded that
the discharge was due to highly penetrating ionizing agents outside of the container.

1909-1910 Theodor Wulf performed experiments with precise electrometers, which detected na-
tural radiation sources on the ground. Wulf took his electroscope to the top of the
Eiffel tower. Actually he wanted to test whether the radiation was coming from the
Earth. He found that the intensity of radiation decreases at nearly 300 m [altitude to]
not even to half of its ground value, but the results were not really conclusive.

1910 Albert Gockel (Uni. Fribourg) arranged the first balloon flights with the purpose of
studying the properties of penetrating radiation.1 Albert Gockel, measured the levels
of ionizing radiation up to a height of 3000 meters. He concluded that the ionization
did not decrease with height and consequently could not have a purely terrestrial origin.
He also introduced the term “kosmische Strahlung” (cosmic radiation).

1907-1911 Domenico Pacini observed that ionization underwater was significantly lower than on
the sea surface. For these measurements he immersed an electroscope 3 m deep in
the sea at Livorno. This demonstrates that part of the ionization itself must be due
to sources other than the radioactivity of the Earth. Pacini concluded that “...sizable
cause of ionization exists in the atmosphere, originating from penetrating radiation,
independent of the direct action of radioactive substances in the ground” [1].

1See for example
http://www.sps.ch/artikel/geschichte-der-physik/albert-gockel-from-atmospheric-electricity-to-cosmic-
radiation-5/

10



Figure 1.2.: Domenico Pacini.
Taken from https://commons.wikimedia.org/wiki/File%3APacini_measurement.jpg

1911-1912 Victor Hess makes measurements from balloons up to an altitude of 5.2 km. He mea-
sures an increasing charge with increasing altitude.

Figure 1.3.: Victor F. Hess, center, departing from Vienna about 1911.

1913 The results by Hess were confirmed by the young Werner Kolhörster during different
flights up to 9.2 km.

1924-1926 Millikan first questioned the existence of cosmic rays after flight above Texas up to
15 km (the results were blured by the latitude geomagnetic effect, see below). “We
conclude, therefore, that there exists no such penetrating radiation as we have assu-
med” [2].
By using unmanned balloons to perform experiments at even higher altitude, Millikan
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completely changed his mind and coins the expression ‘cosmic rays’. “... all this con-
stitutes pretty unambiguous evidence that the high altitude rays do not originate in our
atmosphere, very certainly not in the lower nine-tenhs of it, and justify the designation
‘cosmic rays’ ” [3].
Backed by US media, Millikan moved to take the glory of the discovery, which trig-
gered an angry answer by Hess [4]: “...The recent determination by Millikan and his
colleagues of the high penetrating power of high-altitude radiation has been an oc-
casion for American scientific journals such as ‘Science’ and ‘Scientific Monthly’ to
propose to name the name ‘Millikan Rays’. As his work is merely a confirmation and
extension of the results obtained by Gockel, myself and Kolhörster from 1910 to 1913
using balloon borne measurements of the rays, this appellation should be rejected as
it is misleading and unjustified....

1927 The geomagnetic effect on the cosmic rays was discovered by J. Clay [5]. As the
interstellar charged particles that approach at the level of the equator have to travel in
a direction perpendicular to the earth magnetic field, they are deflected away through
the Lorentz force and only very energetic particles reach the earth. Near the poles,
incoming particles have a higher probability that their trajectory is along the magnetic
lines and therefore will not sense the Lorentz force.

Figure 1.4.: Change of cosmic radiation as a function of the latitude [5].
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Figure 1.5.: Same experiment performed during an aircraft flight in 1988
from Melbourne to Frankfurt [6]. Note that the radiation does not disappear
near the magnetic equator, as the geomagnetic effect has a larger impact on
the part of the cosmic ray with relatively low energy, i.e. the plasma coming
from the sun.

1933 First muon picture (but not correctly identified) in a Wilson cloud chamber by Kunze
[7].

Figure 1.6.: First observation of a muon (not identified) [7]. The original
figure caption is also reported.
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1936 V. Hess receives the Nobel Prize for the discovery of cosmic radiation.

1936-1937 Discovery of the muon by C. Anderson and S. Neddermeyer using a cloud chamber to
an altitude of 4300 m on Pike’s Peak [8]. The gave it the name ‘mesotron’. The muon
however was first misinterpreted as the so-called H. Yukawa’s particle [9] mediating
the nuclear force (residual strong interaction between hadrons).

1941 B. Rossi and D.B. Hall [10] determine the muon life time to be τµ = (2.4 ± 0.3) ×
10−6 s.

1945-1947 Conversi et al. [11] measure the lifetime of positive and negative muons. The lifetime
is too long for strongly interacting particles. It turns out that the Yukawa’s particle is
actually the pion.

1946 Discovery of the pion by C.F. Powell et al. [12] studying the cosmic rays using spe-
cialized photographic emulsions at high-altitude. The pion, which proved to be the
Yukawa’s particle, primary decays into a muon and a muon neutrino (see Section
1.3.1).

1946 T.D. Lee and C.N. Yang [13] predicted that any process governed by the weak in-
teraction should lead to a violation of parity. The Nobel Prize in Physics 1957 was
awarded jointly to them.
Between Christmas of 1946 and New Year’s, National Bureau of Standards (NBS)
scientists led by Columbia Prof. C.S. Wu. [14] confirmed that the emission of beta
particles is asymmetric for cobalt-60 nuclei oriented with a strong magnetic field.

1957 R. Garwin et al. [15] measure the parity violation in weak decay of the muon [16].
This work was followed by the one of Friedman et al. few months later [15].
Garwin et al. made the following remark: It seems possible that polarized positive and
negative muons will become a powerful tool for exploring magnetic fields in nuclei
[...], atoms, and interatomic regions, hence predicting the later us of muons by solid
state physicists.
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1.3. The pion: the parent particle

1.3.1. Pion properties

The generic name pion is for any of the particles π−, π+ and π0. The pion is classified
as a meson as it consists of a quark and an antiquark (u and d quark). As proposed by
Hideki Yukawa [9], the exchange of virtual pions provides an explanation for the residual
strong force between nucleons. Pions are produced in high energy accelerators in collisions
between hadrons (see Section 1.3.2). Pions are also produced in nature when high energy
cosmic rays enter in the Earth’s atmosphere.

Table 1.1.: Main properties of the pion.

π+ π− π0

Lifetime (s) 26.033 ± 0.005 × 10−9 26.033 ± 0.005 × 10−9 8.4 ± 0.6 × 10−17

Spin 0 0 0
Mass (MeV/c2) 139.57018 ± 0.00035 139.57018 ± 0.00035 134.9766 ± 0.0006
Decay → µ+ + νµ → µ− + ν̄µ → γ+ γ

1.3.2. Pion production reactions

Pions are not produced in radioactive decay, but are produced through high energy collisions
between hadrons. These collisions happen either in natural processes, for example when
high energy cosmic ray protons interact with matter in the Earth’s atmosphere, or in high
energy accelerators.

The production of pions occurs through the collision of nucleons with sufficient energy in-
volved, i.e. with an available energy in the center of mass exceeding the rest pion mass (see
Table 1.1). Typical reactions to produce a single positive pion are for example:

p + p→ p + n + π+ (1.1)

p + n→ n + n + π+ (1.2)

Even though the neutral pion mass is 135 MeV/c2 (see Table 1.1) an incoming proton with
135 MeV of kinetic energy will not be able to create a neutral pion in a collision with a
proton of the target. This is due to the conservation of momentum.

The simplest way to figure the necessary energy the incoming proton needs to create a neutral
pion is to calculate in the center of mass frame (see exercise). In this frame the least possible
kinetic energy must be just enough to create the neutral pion with the final state particles at
rest. One finds that the necessary velocity of the proton (in the center mass frame) must be
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0.36c. We need to know the energy necessary in the “lab” frame, i.e. that in which one of
the protons is initially at rest. Using the relativistic addition of velocities formula, we obtain
0.64c. This implies the incoming proton has a kinetic energy around 280 MeV.

Thus to create a pion of rest energy 135 MeV, it is necessary to give the incoming proton at
least 280 MeV of kinetic energy. This is called the “threshold energy” for pion production.
The “inefficiency" arises because momentum is also conserved, so there is still considerable
kinetic energy in the final particles. As shown on Fig. 1.7 the optimum energy for pion
production is above 500 MeV (corresponding to the maximum of the cross section). This
defines the energy of an accelerator needed to produced pion (and muon) beams.

Figure 1.7.: Energy dependence of the cross section2 for pion production in
some nucleon-proton reactions.

Figure 1.8.: Double differential production cross section as a function of the
positive pion energy.

2The cross section can be considered as the effective area for the collision, i.e. it is often used to mean the
probability that two particles will collide and react. The natural unit of the cross section is of course m2,
but the cross section is often given in barn, with 1 b = 10−28 m2 = 100 fm2.
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For a maximum number of single pions the incident proton beams should have energies in the
range 500 MeV to 1000 MeV. At higher energies, it is possible to have reactions producing
a pair of pions. However, the “threshold energy” is here of the orther of 600 MeV with the
cross section reaching a saturation above 1.5 GeV.

1.3.3. The pion decay

In this Section we will concentrate on the decay of the positive pion.

As seen in Table 1.1, the pion life-time is about 26 ns and the primary decay mode, with a
branching fraction of 0.999877, is a leptonic decay into a muon and a muon neutrino:

π+ → µ+ + νµ (1.3)

Figure 1.9.: Schematic of a pion decay. The black arrows represent the flying
paths and the colored arrows represents the particle spins.

Two points are important in this decay process.

1. It is a two-body decay, then the conservation of momentum and energy leads to impor-
tant features. Hence, the muon and neutrino fly in opposite directions in the reference
frame of the pion. Also the decay products have definite energies. The muon has al-
ways the energy 4.1 MeV (→ Exercises) in the reference frame of the pion (assuming
that the neutrino has a mass mν = 0).

2. The pion has a spin S = 0. The total spin is conserved during the decay. As only
left-handed neutrinos are produced in nature, this has as consequence that the muon
has a spin S = 1/2 and is 100% polarized.

The decay proceeds by the weak interaction3. During the decay a parity violation occurs:
this is evidenced by the fact that no neutrino with helicity -1 exist and therefore the parity
operation of the pion decay (see Fig. 1.9) does not exist.

3The weak interaction involves the exchange of the intermediate vector bosons, the W and the Z (in this case
a boson W+). It has a range of about 10−18 meter which is about 0.1% of the diameter of a proton. We
will not treat the weak interaction, which goes beyond the scope of the lecture. A discussion of the weak
interaction can be found in Ref. [17] and on Ref. [18] for the muon decay (pages 29 to 36).
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Figure 1.10.: Feynman diagram of the pion decay. The pion is composed by
the u and d̄ quarks.
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1.4. Muon properties

Table 1.2 provides the main muon properties which will be important to perform muon-spin
spectroscopy experiments. We can identify several crucial points:

Table 1.2.: Main properties of the muon.

Lifetime (s) 2.1969811(22) × 10−6

Charge +e (or -e for the µ−)
Spin Iµ 1/2
Magnetic Moment µµ = 4.836 × 10−3 µB (1 µB = 9.274009994(57) × 10−24 J/T)

3.18 × µp

8.9 × µN

Gyromagnetic ratio γµ 2π × 135.538817 MHz/T
Mass 105.6583745(24) MeV/c2

206.768 ×me

0.1124 ×mp

Principal decay → e+ + νe + ν̄µ

• The muon is a purely magnetic probe.
Classically the electric quadrupole moment of an entity of charge e and charge density
ρ is given by

Q =

∫
(3z2 − r2)ρ(r) d3r . (1.4)

For a spherical distribution of charge, 〈x2〉 = 〈y2〉 = 〈z2〉 = 1/3 × 〈r2〉, and the
quadrupole moment vanishes.4

4 In the quantum mechanics, the approach can be made by noting that

Q = Q20 =

∫
(3z2 − r2)ρ(r) d3r =

√
16π

5

∫
r2 Y0

2 ρ(r) d3r , (1.5)

where Y0
2 is the spherical function with ` = 2 and m = 0.

In the quantum mechanics the quadrupole moment is defined as the expectation value of the quadrupolar
tensor e(16π/5)1/2r2 Y0

2 in the substate |I, M = I〉.
At this point it is useful to use the Wigner-Eckhart Theorem, where:

〈J M|T q
(k)
|J′ M′〉 = 〈J′ M′ k q| j M〉〈J‖T(k)‖J

′〉 , (1.6)

where T q
(k)

is the q-th component of the spherical tensor operator T(k) of rank k (in our case k = 2),
〈J′M′kq|JM〉 is the “Clebsch-Gordan” coefficient for coupling J′ with k to get J, and K = 〈J ‖ T(k) ‖ J′〉
is a value that is called the “reduced matrix element”. This means that the matrix element of a tensor
operator can be factored into a part which is independent of the tensor itself, but involves the projection
quantum numbers (“Clebsch-Gordan” coefficient), and a part not involving the projection quantum numbers
(“reduced matrix element”). Since the reduced matrix element is common to all the states differing only by
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• The muon magnetic moment (or in other words the gyromagnetic ratio) is large making
the muon a very sensitive magnetic probe.

• The muon life time is short but still easily accessible with modern detector and timing
techniques.

• The decay into a positron and neutrinos represents a branching fraction of basically
100%. Other possible decays involve either a positron and a gamma (→ e+ + νe +
ν̄µ + γ) or 2 positrons and an electron (→ e+ + νe + ν̄µ + e+ + e−).

their M and q-values, there is only one single independent quantity characterizing multipole coefficients of
order k for all 2J + 1 magnetic substates. It is therefore convenient to define the multipole moment as the
expectation value in the state of maximum M (i.e. M = I).

We have therefore:

Q = e

√
16π

5
〈I, M = I|r2 Y0

2 |I, M = I〉 ∝ 〈I, M = I 2 0|I, M = I〉 × K ∝
√

I(2I − 1) , (1.7)

where 〈I, M = I 2 0|I, M = I〉 is the appropriate Clebsch-Gordan coefficient and K the reduced matrix
coefficient independent of M. Therefore, for either I = 0 and I = 1/2 (for example the muon) the
quadrupolar interaction vanishes.
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1.5. The muon decay

1.5.1. Generalities

As said, muons is an unstable particle and decays with a mean lifetime of τµ ' 2.197 µs as
follows

µ+ → e+ + νe + ν̄µ

µ− → e− + ν̄e + νµ . (1.8)

As this is a three-body decay, the kinetic energy of the emerging positron5 may take values
varying continuously from zero up to a maximum value Ee+, max.
The case of zero kinetic energy represents the situation where the neutrino and antineutrino
emerge antiparallel and carry away all the available kinetic energy. On the other hand side,
the kinetic energy of the positron is maximum when the neutrino and antineutrino travel
together in the direction opposed to the one of the positron.

Figure 1.11.: Schematic of a positive muon decay. The black arrows repre-
sent the flying paths and the colored arrows represents the particle spins. the
situation represents a decay producing a positron of maximum energy.

The maximum and mean positron energies resulting from the three body decay are given by
(see Exercices):

Ee+, max =
m2
µ + m2

e

2m2
µ

c2 = 52.82 MeV and (1.9)

Ēe+ = 36.9 MeV . (1.10)

1.5.2. Differential positron emission

The quantitative treatment of the muon decay is based on the weak interaction and we are
interested by the differential positron emission probability per unit of time as function of the

5We concentrate the discussion on the positive muons, but the considerations are analog for the negative ones.
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energy and solid angle, which is given by [19]

dΓ = W(ε, θ) dε dΩ =
1

4πτµ
2ε2(3 − 2ε)

[
1 +

2ε − 1
3 − 2ε

cos θ
]

dε dΩ , (1.11)

where we have ε = Ee+/Ee+, max, and dΩ = sin θ dθ dφ is the solid angle (with here θ is
the polar angle and φ is the azimuthal one). We see that dΓ is independent of φ.

The important point in Eq. 1.11 is the energy dependent asymmetry term

a(ε) =
2ε − 1
3 − 2ε

, (1.12)

which is a direct consequence that the muon decay is governed by the weak interaction.
Therefore the positrons are emitted asymmetrically around the muons. As we will see in
Section 3 this asymmetric positron emission is the key feature at the base of the µSR techni-
que.

With this definition, we can rewrite the Eq. 1.11

dΓ = W(ε, θ) dε dΩ =
1

4πτµ
2ε2(3 − 2ε) [1 + a(ε) cos θ] dε dΩ

=
1

4πτµ
E(ε) [1 + a(ε) cos θ] dε dΩ . (1.13)

We can understand this asymmetry term, by considering the situation for positrons emitted
with kinetic energies of the order of Ee+, max. Those positrons can be considered as ultra-
relativistic antiparticles (recall that the mass of the positron is 0.511 MeV/c2) for which the
Dirac theory tells us that these antiparticles behave as antineutrinos with helicity h = 1,
i.e. with a spin pointing in the propagation direction (see Fig. 1.11). Therefore, we see
that for high energy positron, in order to conserve the spin during the muon decay process,
the positron emission direction will be preferentially along the muon spin direction (i.e.
asymmetric). We see that for ε → 1 then a(ε) → 1, i.e. we have a maximum asymmetry.
On the other hand side, the asymmetry disappears for ε = 1/2 and becomes even negative
for lower positron energies.

We can see first that if we integrate Eq. 1.11 over the energy and the solid angle (i.e. the
angles θ and φ) we get the total decay rate

Γ =

2π∫
0

π∫
0

1∫
0

W(ε, θ) dε sin(θ) dθ dφ =
1
τµ

, (1.14)

as we should.

We can now look at the rate as a function of the energy, i.e. the energy spectrum of the
positrons independent of the emission angle. This is of course obtained from Eq. 1.11 by
integrating over the angles θ and φ (see Fig. 1.12)

dΓ = W(ε) dε =
1
τµ

2ε2(3 − 2ε)dε =
1
τµ

E(ε)dε . (1.15)
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Figure 1.12.: Normalized energy spectrum of the emitted positrons (red
curve). Normalized energy dependence of the asymmetry positron emission
(blue curve). Dashed line: weighted positron emission asymmetry E(ε)a(ε).
Note that for negative muons a(ε) has the opposite sign.

Since both the number of positrons and their decay asymmetry rise with energy, the asym-
metry of the total angular distribution is mainly due to the high energy positrons.

If we integrate over all the energies (i.e. the ideal case where all the positrons are detected
with similar efficiency), the average asymmetry is obtained with

Ā =

1∫
0

a(ε)E(ε) dε =
1
3

, (1.16)

and we can write the angular distribution

dΓ = W(θ) dΩ =
1

4πτµ

(
1 +

1
3

cos θ
)

dΩ . (1.17)
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Figure 1.13.: Sketch of the anisotropic rate of positron emission as a function
of the angle with the direction of the muon spin at decay time (cardioid cur-
ves). Energies between ε = 0.5 and ε = 1.0 are shown. For lower positron
energies, the asymmetric rate becomes negative (see Fig 1.12).

1.5.3. Decay of a muon ensemble

µSR experiments are based on the observation of the decay of an ensemble of say N0. As
said, the decay is monitored through the observation of the emitted positrons. The number
of positrons Ne+(t) which are emitted at time t is of course related to the number of muons
decaying in the interval dt at time t. By looking at the full solid angle around the muons
(assumed all located at the same place), we have:

Ne+(t) = −
dNµ

dt
= ΓNµ(t) =

1
τµ

Nµ(t) =
1
τµ

Nµ,0 e
−

t
τµ . (1.18)

Ne+(t) can be associated to the time evolution of the total activity during the “radioactive”
decay of the implanted muons.6

If we know restrict ourselves to one direction of space, sustaining a solid angle dΩ, we have
(see Eq. 1.13):

Ne+(t) = Nµ(t)dΓ =
Nµ,0

4πτµ
e
−

t
τµ E(ε) [1 + a(ε) cos θ] dε dΩ . (1.19)

We have here assumed that the muon ensemble is and remains completely polarized, i.e.
|P(t)| = 1. This is of course not the case in real life and the time evolution of P(t) is
precisely what the µSR technique is tracking (see Section 3). To obtain the real number of
positrons observed by a detector, we have also to consider its energy efficiency and the solid
angle ∆Ω that it covers. A reduced energy efficiency will both reduce the number and the
asymmetry of the observed positrons (a(ε) and E(ε) will be reduced), whereas a large solid
angle will decrease the asymmetry (reducing Ā, see Section 3) but will increase the number
of the observed positrons by increasing the ratio ∆Ω/(4π).

6This should not be mixed with the total number of remaining muons which is Nµ(t).
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1.6. Muon magnetic moment and spin precession

1.6.1. Muon magnetic moment

Muons, as electrons and different elementary particles, have an intrinsic magnetic moment
related to their spin (i.e. their intrinsic angular momentum)

The magnetic moment of the muon is

mµ = γµIµ = gµ
e

2mµ
Iµ (1.20)

The gyromagnetic ratio γµ is the ratio of its magnetic moment (µ) to its spin (Iµ) and is given
as

γµ = gµ
e

2mµ
. (1.21)

The g-factor (which can be considered as the quantum mechanical correction with respect to
the classical case) for the muon is predicted to be gµ = 2 by the Dirac equation, which descri-
bes spin-1/2 massive particles. In reality the present admitted value is gµ = 2.0023318418.7

By taking into account the value of the spin (1
2 h̄) we obtain for the muon magnetic moment

µ = gµ
e

2mµ

1
2

h̄ = 4.490448 × 10−26 J T−1 or Am2 which is better expressed as

= 8.890597 × µN

= g∗µ × µN (1.22)

Here µN = eh̄/(2mp) represents the magnetic moment of a Dirac particle possessing the
mass and charge of the proton. It is the natural magnetic moment unit for particles like
hadrons.8 Note that the g-factor gµ is defined by calculating the magnetic moment with the
real mass of the muon mµ, whereas g∗µ gives the value of the muon magnetic moment in µN.
This is quite often mixed-up in literature (and probably in this script...).

The muon magnetic moment value is large (actually larger than the values observed for the
nuclei) and therefore makes the muon a very sensitive probe to magnetic fields (in other
words the interaction between a field and the moment will be large; se Eq. 1.27 in the next
section).

7The very slight difference between the real value of gµ and 2 (difference of the order of 0.1%) tells us that
indeed the muon is an elementary particle. This difference is called the anomalous magnetic dipole moment
and its value is important in precision tests of the QED theory (quantum electrodynamics) and for looking
at effects beyond the Standard Model.

8Note that even though µN is expressed with the charge and mass of the proton, the real magnetic moment
of the proton is much larger (µp = 2.792847 × µN) reflecting the fact that the proton is not an elementary
particle but is composed by 3 quarks.
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1.6.2. Muon spin precession

When a magnetic field is sensed by the muon, its spin (or in other words, its magnetic mo-
ment) will precess due to the Larmor precession. We can understand the Larmor precession
of the muon spin either classically or from a quantum mechanics point of view.

1.6.2.1. Classical view

Classically, a magnetic field Bµ
9 will create a torque on the magnetic moment of the muon

τ = µ ×Bµ = γµ Iµ ×Bµ , (1.23)

where as we have seen γµ is the gyromagnetic ratio of the muon, i.e. the ratio of its magnetic
moment (µ) to its spin (Iµ). The torque can be expressed as the rate of change of the muon
spin

τ =
dIµ
dt

, (1.24)

and therefore

τ =
∆Iµ
∆t

=
Iµ sin θ∆φ

∆t
= γµIµBµ sin θ , (1.25)

and by taking the derivative form we get the Larmor precession angular velocity

ωL = γµBµ . (1.26)

Figure 1.14.: Classical view of the Larmor precession.

9Per convention we will try to always call Bµ the magnetic field sensed by the muon
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1.6.2.2. Quantum mechanics view

For the quantum mechanics treatment we start from the Hamiltonian describing the inte-
raction of the spin with the field

H = −µ ·Bµ = −γ Bµ · Iµ = −γ (BxIµ,x + ByIµ,y + BzIµ,z) . (1.27)

For example, if the field is along the z-axis we have the Hamiltonian

H = −γ BzIµ,z . (1.28)

When looking at the time evolution of the spin state, we have to use the unitary operator10

U(t, 0) = exp
(
−

iH t
h̄

)
, (1.29)

which represents, when acting on a spin, a rotation by an angle γBµt about the z-axis (given
by the direction of the field). This can be seen when considering a muon spin pointing at
t = 0 along the direction given by the angles (θ, φ). Considering the quantization axis given
by the field we can write11

Ψ(r, 0) = cos
θ

2
|+〉+ sin

θ

2
eiφ|−〉 . (1.30)

The eigenvalues of the Hamiltonian acting on the states |+〉 and |−〉 are −γµBµh̄/2 and
γµBµh̄/2, respectively.
We can write therefore

Ψ(r, t) = U(t, 0)Ψ(r, 0)

= e−iH t/h̄
(
cos

θ

2
|+〉+ sin

θ

2
eiφ|−〉

)
= cos

θ

2
e+iγµBµt/2|+〉+ sin

θ

2
eiφe−iγµBµt/2|−〉

= e+iγµBµt/2
(
cos

θ

2
|+〉+ sin

θ

2
ei(φ−γµBµt)|−〉

)
(1.31)

Comparing with the state at time t = 0 (and recalling that an overall phase is not relevant in
quantum mechanics), we see that the new spin state corresponds to change of the azimuthal
angle of γµBµt, corresponding to a Larmor angle velocity of

ωL = γµBµ , (1.32)

as in the classical case.

As already seen, the value of the muon magnetic moment, and therefore of the gyro-
magnetic ratio, is large. This leads to large Larmor frequencies of the muon of νµ =
135.538817 MHz/T (see Table 1.2).
10See the nonrelativistic time-dependent Schrödinger equation

ih̄
∂

∂t
Ψ(r, t) = HΨ(r, t)

11Remember that the muon is a spin 1/2 particle. General superposition state→ see Bloch sphere.
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1.7. Atmospheric muons

Most muons observed at the surface of the Earth are produced by primary cosmic rays in the
upper atmosphere. They are the most numerous energetic particles arriving at sea level, with
a flux of about 1 muon per square centimeter per second. This can be compared to a solar
neutrino flux of about 5 × 106 cm−2s−1.

The mean energy of muons reaching sea level is about 4 GeV. Muons, being charged parti-
cles, interact with matter by ionizing it. The loss of energy by muons passing through the
atmosphere is proportional to the amount of matter they traverse. The medium is usually
characterized by its density (g/cm3) times the distance traveled in centimeters. This is so-
metimes called the “interaction length” and is measured in g/cm2. The energy loss for muons
is about 2 MeV per g/cm2 (see Fig. 2.5). The interaction depth of the atmosphere is about
1000 g/cm2, so muons lose about 2 GeV in passing through the atmosphere (see Exercises
for a slightly better approximation of the interaction length). With the sea level mean energy
of muons detected at the surface equal to 4 GeV, this suggests an original muon energy in
the neighborhood of 6 GeV.

Most muons are thought to be created at altitudes of about 15000 meters and travel with
other particles to the Earth in conical showers within about 1 degree of the trajectory of the
primary particle which creates them. Measurement of muon flux at different altitudes is a
useful example of relativistic time dilation. With an energy of 4 GeV, the time dilation factor
is γ = 38.8.
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Figure 1.15.: Schematic view of the particle shower produced by cosmic rays.
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Figure 1.16.: Cosmic rays flux.

Even though atmospheric muons cannot be used to performed muon-spin spectroscopy ex-
periments, they can be used to make radiography from large massive objects. Some projects
in Japan were dedicated to the observation of the magma inside of a spent volcano. Anot-
her very recent and very much publicized example is the discovery of a large cavity in the
Cheops’s (Khufu’s) pyramid [20]. In this experiment huge muon detectors were installed at
the base of the pyramid. Absorption measurements were performed. In such measurements,
a variation of muon counts would reveal a change in the pyramid density, in other word an
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excess of muons would reveal the presence of a cavity in the pyramid.

Figure 1.17.: Sketch of the muon detector. On the two cones excess of muons
were observed (see also Fig. 1.18 and 1.19).

Figure 1.18.: Two regions with excess of muons were observed. The lo-
wer one represents the known Grand Gallery. The upper one represents an
unknown cavity (see also Fig. 1.19).
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Figure 1.19.: Schematics of the position of the unknown cavity.
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Recently, TEPCO (Tokyo Electric Power Company) has begun to investigated its damaged
nuclear reactor in Fukushima using cosmic rays. Here a combination of absorption and
scattering experiments are being followed.

Figure 1.20.: Schematics of one Fukushima reactor with muon detectors.

Figure 1.21.: Comparisons between measurements performed for the Reac-
tors 2 and 3. Whereas indications are present that fuel is located in the Reactor
Pressure Vessel (RPV) for the unit 2, no indication of spent fuel is so far ob-
served for the unit 3.
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1.8. “Man-made” muons

The muons created in the high atmosphere have too high energy and are too few to be rea-
sonably used for condensed matter experiments. Therefore, muon spin-spectroscopy expe-
riments are solely possible using high-energy accelerators where polarized muon beams of
high intensity are available.

In the next Sections we will first describe different types of accelerators to produce pions,
the parent particle of the muon. We will then see different muon beams characterized by
different energies. Note that the production description of the so-called Low-Energy Muons
(with energies of the order keV) will be presented in the Section 7.
Here, in addition to the high-energy and surface muon beams, we will also look at the typical
devices located on a beamline which will transport the beam to the experiment.

1.8.1. Pion production: 3 different possible accelerators

In addition to the pions produced in the atmosphere, linear accelerators (linacs), cyclotrons,
and synchrotrons are three ways to accelerate protons to eventually produce pions.

As their name suggests, linacs accelerate particles in a straight line. The particles travel in a
pipe-shaped vacuum chamber. Electrodes inside the pipe are spaced so that a driving radio
frequency can be timed to energize them as particles are in the gap between electrodes, and
thereby accelerate them as they travel from one gap to another.

Figure 1.22.: Schema of a linear accelerator.
(Taken from https://en.wikipedia.org/wiki/Linear_particle_accelerator).

Cyclotrons accelerate particles along a spiral path and are held in that path by a static elec-
tromagnetic field perpendicular to the spiral path. The protons are injected into the center of
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the cyclotron into a vacuum chamber between two hollow metal electrodes (because of the
resemblance of this semicircular structure with the capital D, the electrodes have been called
“dees”). An alternating RF voltage is applied to one dee and then the other. The timing of the
RF voltage is switched between dees, accelerating the particles and increasing the diameter
of their circular path with every revolution, turning it into a spiral. The RF frequency is of
the order of tens of MHz and therefore finally leading to quasi-continuous muon beams (see
below).

A cyclotron can accelerate protons to energies no greater than 25 MeV. This limitation is
imposed by the relativistic increase in the proton mass as its speed approaches that of light.
As the mass increases, the orbital frequency decreases, and the particles cross the gap at
times when the electric field decelerates them. To overcome this limitation, a technique is
to strengthen the magnetic field near the periphery of the dees, hence keeping the angular
velocity ωc = eB/γm constant12. Cyclotrons operated in this way are called isochronous.
Such isochronus cyclotrons can produce beams with energy up to about 1 GeV. The limitation
is due to the magnetic field limitation (saturation field of about 2 T). Another technique is to
effectively change the frequency of the RF voltage (reducing the frequency when the mass of
the proton increases with energy at large radius). Cyclotrons operated in this way are called
synchrocyclotron. However the disadvantage of a synchrocyclotron is the production of a
pulsed beam with relatively low intensity.

Figure 1.23.: Cyclotron: operation principle.
(Taken from http://hyperphysics.phy-astr.gsu.edu/hbase/magnetic/cyclot.html).

Finally, synchrotrons, like cyclotrons, are cyclic accelerators and send particles into a closed-
loop path. Acceleration is achieved by the application of radio frequency electric fields
at RF cavities along the circumference of the ring. Unlike cyclotrons, the synchrotron’s
loop is not a spiral and therefore the magnetic fields bending the proton trajectory must be
increased synchronously with the acceleration in order to keep the particles on the constant
radius path. The path can be a circle, oval or a polygon with rounded corners. Synchrotrons
produce pulsed proton beams which can reach very high energy (up to TeV). The typical

12In the classical limit the principle of a cyclotron is expressed by equating the centrifugal force to the Lorentz
force, i.e.: evB = mv2/r, and therefore ωc = v/r = eB/m.
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pulse frequency is 50 Hz. Due to the closed-path shape, a synchrotron needs an injection
accelerator (usually a linac system).

1.8.2. Pion production: for example at the Paul Scherrer Institute

At the Paul Scherrer Institute (PSI, Villigen, Switzerland), protons are first extracted from a
source made up of hydrogen atoms and then accelerated in three steps.

Figure 1.24.: Sketch of the High Energy Proton Accelerator (HIPA) at PSI
(Courtesy PSI).
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• A Cockcroft-Walton accelerator, which actually also contains the proton source, is
used as the first stage from which protons are fed into Injector II (both not shown on
Fig. 1.24).

Figure 1.25.: PSI Cockcroft-Walton accelerator.

• The Injector II is a first pre-accelerator, actually a small ring cyclotron. It accelerates
protons to a speed of approximately 37% of the speed of light (72 MeV) before feeding
them to the center of the large ring cyclotron.

• The core of this facility is the large ring isochronus cyclotron with a diameter of ap-
proximately 15 meters, in which protons are accelerated to their terminal speed of
almost 80% of the speed of light over 186 revolutions (equivalent to a kinetic energy
of 590 MeV).
As mentioned above, in a cyclotron the protons are accelerated in stages, with the
electrical fields building up every time particles pass through an accelerator cavity and
giving them an additional impulse. At PSI, several accelerator cavities of this kind are
positioned between the magnets in the path of the beam. The principle components of
the large PSI ring cyclotron are eight sector magnets and four accelerator cavities.
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Figure 1.26.: The PSI 590 MeV cyclotron.

After the acceleration, the proton are transported in the so-called proton-channel toward two
graphite production targets into which the pions are produced:

• The first target is rather thin with a thickness of 5 mm. It is called the target M:
(“Mince” – in French),

• The second one is rather thick and is available in two versions with a thickness of
either 4 or 6 cm. It is called the target E: ‘(‘Epaisse” – in French). Figures 1.27 and
Figures 1.28 represent the target E and the proton beam trajectory.
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Figure 1.27.: Photograph of the PSI E graphite target.

Figure 1.28.: Schematic of the PSI E target (top-view). The red arrow indica-
tes the direction of the proton beam. After the target, the beam is transported
to the neutron spallation source SINQ or to the beam dump.

Rough estimate of the number of pions produced in the E target:

• PSI cyclotron current: I = 2200 µA = 1.373 × 1016 protons/s
(as +e = 1.602 × 10−19 C).

• The cross section is roughly 2 fm2 = 2 × 10−30 m2 (see Fig. 1.7).

• The number of mole of graphite per cm3 is given by n = ρ/(4 A), where ρ =
2.23 g/cm3 is the graphite density and A = 12 is the mass number of carbon. The
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factor 4 arises as 4 C atoms are in the unit cell.
The number of carbon atoms per cm3 is given by nC = n 4 NAv, where NAv is the
Avogadro number. Here again the factor 4 arises as 4 carbon atoms are in the unit cell.

• Assuming a constant cross section σ of the reaction proton-nucleon through the target,
the total cross section as seen by a proton will be σtot = nC V σ = nC S tot dσ, where
V = S tot d is the volume of the target (with S tot the surface of the target and d the
length of the target, say 4 cm). For one proton, the probability to have a collision with
a nucleon is σtot/S tot = nC σ d.

• Therefore the number of pions produced will be I nC σ d ' 1.2× 1014 pions/s over the
entire 4π solid angle.

1.8.3. Muon beams for condensed matter

1.8.3.1. “High-energy” muons

For some experiments, one needs muons with a high energy (i.e. bigger than the 4.1 MeV
that they have in the pion reference frame). This can be necessary if the sample is placed in
a container with thick walls (for example in the case of a liquid or for a sample place inside a
clamp pressure cell). The solution to obtain high-energy muons is to first extract high energy
pions from the production target. These pions are first selected by a bending magnet (where
pion of a given momentum will have the correct trajectory) and are transported to a long
superconducting solenoid (“decay muon channel”) where the pions decay in flight.

40



Figure 1.29.: Schematic view of the µE1 high energy beamline at PSI.

Depending on the muon direction emission, resulting muons beams with different polariza-
tion can be obtained.

In practice, two extreme conditions are used:

1. The muon is emitted in the direction of the pion momentum, i.e. “forward” direction.
The momenta p0

µ (corresponding to the muon momentum in the pion reference frame)
and pπ are additive and the final muon momentum pµ is greater than than the one of
the pion. The muon has a spin pointing in the opposite direction of its propagation.
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Figure 1.30.: Schematic view of the creation of “forward” muons in the muon
decay channel.

2. The muon is emitted in the direction of the pion momentum, i.e. “backward” direction.
The momenta p0

µ (corresponding to the muon momentum in the pion reference frame)
and pπ are pointing in opposite directions and the final muon momentum pµ is smaller
than than the one of the pion. The muon has a spin pointing in the direction of its
propagation.

Figure 1.31.: Schematic view of the creation of “backward” muons in the
muon decay channel.

The choice between these two extreme cases is performed by tuning the first bending magnet
(momentum selection) after the decay channel (magnet ASK81 shown in Fig. 1.29).
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Figure 1.32.: Decay kinematics of the pion decay. The red curve would cor-
respond to muons with a momentum equal to the one of the pions. The allowed
region is located in-between the “forward” muons (light blue) and the “bac-
kward” muons (dark blue).

Figure 1.33.: Principle of a high energy beamline (as µE1 at PSI). In practice
“backward” muon beams are used which are less energetics but are much less
contaminated by other particles. For high-pressure experiments, one usually
use momentum up to 110 MeV/c.
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1.8.3.2. “Surface” muons

The large majority of the muon beamlines around the world are so-called “surface” or “Ari-
zona” beam (recalling the pioneer works of Pifer et al. from the University of Arizona [21]).
The fundamental difference with a high-energy beam is that here muons are extracted from
the production target. These muons arise from pion decaying at rest still inside, but near the
surface, of the production target.13 As already seen, the muons arising from pions decaying
at rest are 100% polarized, ideally monochromatic and have a low momentum of 29.8 MeV/c
and have a range width in matter of the order of 130 mg/cm2 (see Section 2.2.1). Hence the
paramount advantage of this type of beam is the possibility to use relatively thin samples.

Another advantage is that they are rather easy to be manipulated, as for example concerning
their polarization or their detection.

Figure 1.34.: Principle of a surface muon beamline (as πE3 or πM3 at PSI).

13Pions decaying deep inside the target will produce muons which will not have enough energy to escape the
target (see Section 2).
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Figure 1.35.: Picture of the surface muon beamline πM3 at PSI.
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1.8.3.3. Few words about a typical beamline and beam optics

The beam optics can be defined as the whole process of guiding a charged particle beam
from A to B. This is usually done with magnets. The point A is usually the source and B the
experiment.

As seen in Section 1.3.3, after a pion decay, the muon has a well defined spin polarization
with respect to its velocity. However, the velocity direction is changed (through bending
magnets) in a beamline. One can therefore ask himself how come the polarization is main-
tained during the muon transport?

As seen above (Section 1.8.1), the muon cyclotron angular velocityωc (describing the change
of the trajectory in field) is given by:

ωc =
eB
m

. (1.33)

On the other hand the Larmor angular velocity ωL is given by (see Sections1.6.2 and 3.2.2):

ωL = γµB = gµ
e

2mµ
B '

eB
m

. (1.34)

This results to the fact that the cyclotron frequency is identical to the Larmor frequency and
therefore a bending of the muon trajectory by a magnetic field will be accompanied by a spin
direction rotation such that the muon-spin direction will always stay exactly opposite to the
muon momentum. This is of paramount importance when transporting the muons from the
production target to the experimental area.

Two types of magnets are used for the transport: bending magnets (dipoles) and focusing
magnets (quadrupoles).

Figure 1.36.: Schematic view of the typical elements on a beamline.
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1.8.3.3.1. Dipole magnets A dipole magnet provides a constant field B. The field lines
in a magnet run from North to South pole (see Fig. 1.37).

Figure 1.37.: Schematic view of the field in a dipole magnet. The force acting
on muons flying into the paper is shown.

Recall the Lorentz Force on a particle:

F = ma = e |(E + v ×B)| =
mv2

r
, (1.35)

where m = γm0 is the relativistic mass and r is the bending radius. In the absence of an
electrical field and considering that B and v are perpendicular (particles flying into the page
at the point × in Fig. 1.37), one obtains

1
r
=

e B
p

. (1.36)

And numerically:

1
r

[m−1] = 0.2998
B [T]

p [GeV/c]
. (1.37)

Therefore, for a given bending radius (given by the geometry of the beamline), by tuning the
field one tunes the momentum of the particle flying with the correct trajectory. Therefore the
first bending magnet along a beamline will select the momentum of the beam.14

14Keep in mind that here solely the momentum is selected and that different particles (with obviously different
velocities) can possess the same momentum. To “clean” the beam a Wien filter is required (see below).
A sector mass spectrometer uses the same principle but, prior to the bending by the main field, a velo-
city selection is performed by the combined action of perpendicular electric and magnetic fields i.e. this
corresponds to the Wien filter that we apply here after the bending.

47



1.8.3.3.2. Quadrupole magnets To focus the beam, so-called “quadrupole magnets” are
used. They consist of groups of four magnets designed is such a way that the lowest signi-
ficant terms in the field equations are quadrupole. They produce a magnetic field whose
magnitude grows as a function of the distance from beam center axis.

Figure 1.38.: Typical quadrupole magnet.

Figure 1.39.: Schematic of the magnetic fields in a quadrupole magnets
(orange lines). The pole shoes have the shape of hyperbolas. The forces are
represented for muons flying into the paper.
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Between the pole shoes, we do not have any electrical currents and one can write using the
Maxwell equations:

∇ ·B = 0 (1.38)
∇×B = 0 (1.39)

From the first equation, there exists a vector potential A, such that B = ∇ ×A and from the
second one, there exists a scalar potential B = −∇Φ. By taking the long cylinder approxima-
tion, the component of the field along the beam is vanishing, i.e. Bz = 0 and A = (0, 0, A).
One can therefore write that:

Bx =
∂A
∂y

= −
∂Φ
∂x

(1.40)

By = −
∂A
∂x

= −
∂Φ
∂y

(1.41)

One can show that a magnetic field B = (Bx, By, Bz) with Bz constant (in our case equal to
zero) and Bx, By given by

By + i Bx = Cn(x + i y)n−1 , (1.42)

(where Cn is a complex constant) satisfies Eqs 1.38 and 1.39.15

Fields of the form given by Eq. 1.42 are known as “multipole” fields, with the index n
indicating the order of the multipole.16

One can use the principle of superposition and add a set of multipole fields to obtain a general
magnetic field:

By + i Bx =
∞∑

n=1

Cn(x + i y)n−1 . (1.43)

The coefficients Cn characterize the strength and orientation of each multipole component.
Using the polar coordinates (x = r cos θ and y = r sin θ), we have

By + i Bx =
∞∑

n=1

Cnrn−1ei(n−1)θ . (1.44)

We see that the strength of the field in a pure multipole of the order n varies as rn−1 with
distance from the magnetic axis17. If we express the field in the polar components (Bx =
Br cos θ − Bθ sin θ and By = Br sin θ+ Bθ cos θ) we have

Bθ + i Br =
∞∑

n=1

Cnrn−1einθ . (1.45)

15This is seen by applying the differential operator ∂/∂x + i∂/∂y to each side of the Eq. 1.42.
16n = 1 is a dipole field , n = 2 is a quadrupole filed, n = 3 is a sextupole field and so on.
17A “pure” multipole represents the case where only one value of either bn or an is different from zero, whereas

all the other coeeficient are equal to zero.
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Therefore, for a pure multipole of order n, rotation of the magnet through π/n around the z
axis simply changes the sign of the field as actually shown on Fig. 1.39 (n = 2) and Fig 1.37
(n = 1).

The constants Cn have units which depend on the order of the multipole. For a dipole, the unit
of C1 (dipole) is tesla (T); for a quadrupole, the unit of C2 is T/m; for a sextupole, the unit
of C3 is T/m2, and so on. But, the multipole components are usually given in dimensionless
units. In that case, a reference field, B0, and a reference radius, R0 are given. They can be
chosen arbitrarily, but must be specified if the Cn coefficients need to be fully interpreted.

By writing the constant Cn as

Cn =
B0

Rn−1
0

(bn + i an) , (1.46)

then Eq. 1.43 can be expressed as

By + i Bx = B0

∞∑
n=1

(bn + i an)

(
x + i y

R0

)n−1

. (1.47)

One can see that the coefficient an and bn will determine the orientation of the field. As a
convention, a pure multipole is called a “normal” multipole if bn , 0 and an = 0, whereas
if an , 0 and bn = 0 it is called a “skew” multipole. These coefficient are related to the
derivatives of the field:

∂n−1By

∂xn−1 = (n − 1)!
B0

Rn−1
0

bn and (1.48)

∂n−1Bx

∂yn−1 = (n − 1)!
B0

Rn−1
0

an . (1.49)
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Figure 1.40.: “Pure” multipole fields. Top: dipole. Middle: quadrupole.
Bottom: sextupole. Fields on the left are “normal”; those on the right are
“skew”.

We see that the fields shown on Fig 1.37 and Fig. 1.39 correspond to “pure” dipole and
quadrupole (in these case “normal” fields), respectively.
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The field for the quadrupole is given by

Bx = gy (1.50)
By = gx with (1.51)

g =
∂By

∂x
=
∂Bx

∂y
=

B0

R0
b2 . (1.52)

In the air space of the quadrupole we have

B = −∇Φ with Φ(x, y) = −g xy . (1.53)

The equipotential lines are the hyperbolas xy = const. The field lines are perpendicular to
them.

As shown from the force vectors represented on Fig. 1.39, a single quadrupole will focus
the beam in one direction (in this case the direction y) whereas defocussing the beam in the
other. At this point we could ask ourselves how an overall focusing in both direction can be
achieved. This is performed by creating a so-called FODO lattice, consisting of a focusing
(say in the y direction) F quadrupole, a drift space O, a defocussing (in the y direction) D
quadrupole and again a space O, which is called a quadrupole doublet (see Exercises).18

We can calculate the focal length of a quadrupole (see Fig. 1.41). If L denotes the length of
the quadrupole, the deflection angle for a particle flying in the beam direction at a distance
y = R from the central axis is given by (using Eqs. 1.50 and 1.36 and considering the thin
lens approximation):

α '
L
r
=

eBx

p
L '

egR
p

L . (1.54)

Figure 1.41.: Schematic of the focal length of a focusing quadrupole.

The focal length f is therefore:

α '
R
f
→

1
f
=

eg
p

L = kL , (1.55)

18Note that the FODO is used as a general name for a focusing lattice and that the magnet arrangement can be
more complicated.
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where we have defined the quadrupole strength k = eg/p which normalizes the field gradient
to the momentum of the particle (in analogy to the bending strength 1/r defined in Eq. 1.36).
And numerically we have:

k [m−2] = 0.2998
g [T/m]

p [GeV/c]
. (1.56)

1.8.3.3.3. Separator (Wien filter) and spin rotator As seen above, the momentum se-
lection performed by the first bending magnet does not differentiate between different types
of particle having the same momentum. This task is performed downstream by a “separator”
or better say a “Wien filter”.

A Wien filter is a device where perpendicular electric and magnetic fields are applied. It can
be used as a velocity filter for charged particles.19 The particles with the right speed will not
be affected by the fields (i.e. will sense a Lorentz force equal to zero) while other particles
will be deflected. It is named after Wilhelm Wien.

Figure 1.42.: Schematic of a Wien filter. The particles following the green
trajectory will have the chosen velocity. The one with a lower (higher) velocity
will be deflected on the top (bottom) of the figure.

The total Lorentz force on a particle with charge e is given by:

F = eE + ev ×B (1.57)

Here, the vectors v, E and B are orthogonal and therefore the “electrical” part and the “mag-
netic” part of the Lorentz force are pointing into opposite directions. Therefore the central
trajectory will be followed by particles having the velocity

v =
E
B

, (1.58)

19In addition to muon beams, Wien filters can be used for electron microscope or in accelerator mass spectro-
metry.
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meaning that any combination of electric and magnetic fields will allow charged particles
with only velocity through.20

Although the trajectory of the muons having the chosen velocity is not altered with the cor-
rect ratio between the electrical and magnetic fields, the magnetic field applied will change
the orientation of the muon spin compared to the trajectory following Eq. 1.34. For a beam
of surface muons, the angle introduced by the Wien filter (used as a separator) is typically of
the order of 5-10◦. This small spin rotation results in a polarization loss of the order of 1%.

A Wien filter can be used for surface-muon beams (see Section 1.8.3.2) and low-energy-
muon beams (see Section 7). However, it cannot be used for high-energy muon beams as a
separation between muons and positrons would be ineffective with reasonable fields. For a
surface muon beam, the electrodes creating the electrical field have a gap of typically 0.2 m
and one applies a voltage difference of about 80 kV.

For some µSR experiments, it could be very convenient to apply at the sample position a
magnetic field perpendicular to the muon spin direction (see Section 3.4.2). For high-energy
muon beams, the magnetic field is applied transverse to the muon momentum direction at
the sample position. This solution cannot be adopted for the other beams, as the magnetic
field would dramatically influence the beam trajectory due to the reduced velocity.21 For
these beams, the solution is to rotate the muon spin to 90◦(or close to this value) with respect
to the momentum direction prior to send the muon into the sample. This can be achieved
by a Wien filter (used here as a “spin-rotator”) but using much higher magnetic field (and
consequently much higher electrical field to select the correct trajectory) resulting to a much
higher spin rotation than the one achieved in separator mode.22

A typical “spin-rotator” (i.e. a Wien filter used to rotate the muon-spin) has a length of
say about 3 m and can rotate the spin by typically 45 to 65◦. For a complete 90◦rotation
a FODO (quadrupole doublet) is usually introduce in-between two Wien-filters to increase
the overall transmission. The typical voltage used for the electrical field are of the order of
500 kV difference and, as the muon beam is in vacuum, requires special technology for the
feedthroughs.

20Note that here we sticked with the classical case. In the reality for muons with a high momentum, a static
electrical field will also be seen as a magnetic field and corrections to the given formula will be necessary.

21Note that even for high-energy muon beams the influence on the muon trajectory of the applied magnetic
field at the sample site is not negligible and precise sample and detector position corrections have to be
applied. These corrections will depend on the applied value of the magnetic field and on the value of the
muon momentum.

22The use of a spin-rotator is not possible in high-energy beams due to the large velocity of the particles.
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Figure 1.43.: Typical spin rotators installed in the πE3 beamline of the Paul
Scherrer Institute.
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2. Implanting Muons in Matter

2.1. Energy loss of particles in matter

The stopping power of particles in matter occurs by radiative and collision processes with
probabilities given by their interaction cross sections. What one observes is a statistical
average of the two processes occurring as the particle slows down.

One defines the “Energy Loss” (or stopping power) which is given by

−
dE
d`

(2.1)

where E is the charged particle kinetic energy. The SI units of stopping power are J/m, but as
usual in particle physics the energy is normally given in eV. The higher the stopping power,
the shorter the range into the material the particle can penetrate. The negative sign expresses
the loss of energy. As the energy loss is proportional to the material density, one often scales
it to the density ρ:

−
dE
d`

1
ρ
= −

dE
dx

, (2.2)

with x = `ρ (with the units [g/cm2]) and therefore the energy loss is often expressed in
eV cm2/g.

After a relatively well-defined distance, called the “range”,1 the particles will come at rest
having lost all their kinetic energy. At the end of the range, the energy loss can no more be
considered as continuous and the individual encounters are important. For electrons, this can
lead to a significant statistical variation in path length, but for muons or protons (and other
heavy particles) with kinetic energies of several MeV or more, one observes path length
variations of only a few percent or less, for identical monoenergetic particles. The statistical
variation of the path lengths is called the “straggling”.

They are many different types of interactions and the dominating processes will depend on
the particle type and on their energy.

Photon: The main energy losses processes are:

1Note that the range is often given with the units g/cm2 which corresponds to the distance range (or mean
penetration depth) normalized to the material density i.e. L/ρ.
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• The photoelectric effect, which is the emission of electrons resulting from
the transfer of energy from the light to an electron. This is a low-energy
phenomenon.

• Compton scattering (that is the inelastic scattering of a photon by a charged
particle, usually an electron).

• Thomson scattering (which can be seen as the low-energy limit of the
Compton scattering) is the elastic scattering of electromagnetic radiation
by a free charged particle.

• And finally the pair production which is the creation of an elementary par-
ticle and its antiparticle from the neutral photon. This can be seen as a
high-energy phenomenon.

Charged particles: The main mechanisms are: Bremsstrahlung, Cherenkov effect radia-
tion, ionization and excitation.

• The Bremsstrahlung is the radiation produced by the deceleration of a char-
ged particle deflected by the field of a target charged particle. The energy
loss of a charged particle emitting Bremsstrahlung is proportional to

Z2E
m2 . (2.3)

This proportionality is the reason that light particles such as electrons can
intensively emit Bremsstrahlung. On the other hand, muons will generate
Bremsstrahlung with a probability more than four orders of magnitude lo-
wer. Actually, for all particles other than electrons or positrons, Brems-
strahlung is negligible at energies below 1 TeV (see also Fig 2.4).

• The Cherenkov effect is the radiation emitted when a charged particle tra-
vels in a medium faster than the speed of light in that medium (i.e. at a
speed higher than c/n (where n is the refraction index which as typical va-
lues around 1.5 in liquids or solids). The Cherenkov effect is similar to
the ‘supersonic boom’ of a plane flying faster than the speed of sound. The
electric field of the ‘slowly’ flying charged particle will polarize the medium
by disrupting the local electromagnetic field. After the particle has passed,
the medium relaxes to its original unpolarized state. This change of pola-
rization in the medium represents an electromagnetic perturbation that will
propagate at the speed of light in the medium. Therefore, far away from the
particle’s trajectory, the perturbations will arrive randomly and annihilate
each other. On the other hand if the particle travels at a speed faster than the
speed of light in the medium, then the small electromagnetic perturbations
caused by the polarization and depolarization of the medium propagate less
rapidly than the particle and will form together one wavefront. This wave
will propagate in a direction given by the speed of the particle and the speed
of light in the medium.
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The energy loss contributions due to Cherenkov radiation are small (of the
order of 1% to the usual energy loss.

• For the muons we are interested for (having a speed of the order of 0.3c), the
main channel of energy loss is the transfer of energy to electrons leading to
ionization or excitation of electrons on upper shells.2 The number of these
collisions is large in dense materials and the cross section of these collisions
is large (σ ∼ 10 × 10−13 m2) but of course the energy loss is very small per
collision.

If the energy of the particles is large compared with the ionization energies,
the energy loss in each ‘collision’ with an electron will be only a small
fraction of the particle’s energy. As the number of electrons in matter is so
large, we can treat the loss of energy as continuous.

Hadrons: As seen with the collision of the proton with a nucleus which produces pions,
here an additional mechanism is inelastic nuclear interactions, which can produce
(as seen) pions, kaons, protons, neutrons or fragment of nucleus.

The history of the energy loss calculation is first marked by the works of Bohr in 1913
and 1915 [22, 23]. In 1930, the quantum mechanical version (first non-relativistic, then
relativistic) was proposed by Bethe [24]. The Bethe’s formulation is based using quantum
mechanical perturbation theory.

2.1.1. Energy loss by ionization: classical approach

We first derive the classical formula for the interaction particle/electron. This represents the
Bohr formulation of the interaction.

2Note that in general, the elastic collisions between muons and nucleus can be safely neglected as (in the
classical limit) the maximum energy transfer in an elastic collision is given by:

∆Emax =
1
2

mv2
(

4mM
(m + M)2

)
=

2Mv2

1 + 2 M
m + M2

m2

(2.4)

and therefore negligible for M � m.
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Figure 2.1.: Model for calculating the energy lost by a charged particle in a
collision with an electron. The parameter b is called the impact parameter.

The momentum transfered to the electron (supposed at rest prior the interation) is equal to

∆p =

∞∫
−∞

FCouldt . (2.5)

For the Coulomb force, we only have to consider the transversal component, as the contribu-
tion from the longitudinal part will cancel out.

F⊥Coul = FCoul
b
r
= FCoul

b√
b2 + x2

=
kze2

b2 + x2
b√

b2 + x2
(2.6)

where k is the Coulomb constant (value dependent on the units chosen) and ze is the charge
of the flying particle. Therefore

∆p =

∞∫
−∞

kze2

b2 + x2
b√

b2 + x2

dx
v

, (2.7)

where v is the velocity and we get

∆p =
2kze2

vb
, (2.8)

and therefore the energy transfer in one encounter is

∆E(b) =
∆p2

2me
=

2k2z2e4

mev2b2 . (2.9)

Figure 2.2.: In path length d`, the charged particle collides with the electrons
with impact parameters in db.
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To find how many encounters occur, we consider a cylindrical volume of thickness db and
length d` (see Fig. 2.2). There are

ZNA

A
ρ 2π db d` (2.10)

electrons in this volume, where Z is the atomic number, A the atomic weight, NA the Avoga-
dro’s number, and ρ the mass density. The total energy lost to these electrons is then

∆E =
2k2z2e4ZNA

mev2Ab2 ρ 2πb db d` . (2.11)

We have to remember that Eq. 2.11 is for the volume dV of thickness db and therefore we
have to integrate from a minimum to a maximum value of b. Hence, we have now to identify
the maximum and minimum value of the impact parameter b.
For one encounter, the maximum energy transfer is ∆Emax = 2mev2 (consider Eq. 2.4 with
M = me � m). These collisions are usually called “hard” collisions. In some of the hard
collisions the atomic electron acquires such a large energy that it causes secondary ionisation.
We have

∆Emax = 2mev2 = ∆E(bmin) =
2k2z2e4

mev2b2
min

and so (2.12)

bmin =
kze2

mev2 . (2.13)

The minimum value of the energy transfer correspond to the so-called “mean excitation
energy”, i.e. ∆Emin = I. These collisions are usually called “soft” collisions. The va-
lue of I is not something that can be easily calculated and usually it has to be determined
experimentally. It can be approximate (for Z > 1) by

I = 16 eV × Z 0.9 , (2.14)

and for Z > 20 by

I = 10 eV × Z . (2.15)
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Figure 2.3.: Mean potential energy determined experimentally. (Taken from
https://de.wikipedia.org/wiki/Bethe-Formel.)

We can write therefore

∆Emin = I = ∆E(bmax) =
2k2z2e4

mev2b2
max

and so (2.16)

bmax =
kze2

v

√
2

meI
. (2.17)

We recall that dx = ρ d` and we have (introducing a negative sign to take into account the
loss of energy for the incoming particle)

−
dE
dx

=

bmax∫
bmin

2k2z2e4ZNA

mev2Ab
2π db =

4πk2z2e4ZNA

mev2A
1
2

ln
(
2mev2

I

)
(2.18)

=
4πk2z2e4ZNA

meβ2c2A
1
2

ln
(
2meβ

2c2

I

)
, (2.19)

(where we have introduced β = v/c) which represents the Bohr classical derivation of the
Bethe formula.
In cgs units we have k = 1 and the energy loss is as said expressed in eV cm2/g.

2.1.2. Energy loss: Bethe formula

As said, Bethe performed the full quantum mechanical derivation, and obtained:

−
dE
dx

=
4πk2z2e4ZNA

meβ2c2A

(
1
2

ln
2meβ

2c2γ2Tmax

I2 − β2 −
δ(βγ)

2

)
. (2.20)
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The term Tmax represents the maximum kinetic energy transfer onto one electron calculated
relativistically and is given by:

Tmax =
2mec2β2γ2

1 + 2γme
m + m2

e
m2

, (2.21)

where γ = (1 − β2)−1/2 is the Lorentz factor.

Figure 2.4.: Stopping power −dE/dx for positive muons in copper as a
function of βγ = p/(mc) over nine orders of magnitude. The validity range
of the Bethe formula is indicated [25]. There are two regions where the Bethe
formula is no more valid. First at high velocity, the radiation effects are the re-
sult of Bremsstrahlung which becomes important here in reason of the kinetic
energy (see Eq. 2.3). On the other side at low velocity, one observes a linear
increase of the stopping power. For these low energies, a positively charged
particle can pick-up an electron and therefore its effective charge, and there-
fore the stopping power, will be reduced. By increasing the velocity, this effect
will decrease as the probability to pick-up an electron will decrease. Alterna-
tively, if the flying particle is an ion with electrons, these will be stripped with
a probability which grows with velocity [26].

They are few important points concerning this formula:

• In the range where the Bethe formula is valid, we have three different regions :

1. At low energies a (1/β)2 (kinematic factor) drop to a minimum at about β ∼
3 − 4.
Particles at this point are called minimum ionising particles (“MIP”).
For low energies and when the mass of the incoming particle is bigger than the
electron one, we have γ me � m and therefore

Tmax ' 2mec2β2γ2 . (2.22)
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Introducing that in the Bethe formula we see that (assuming γ ' 1) the Bethe
result corresponds to the classical result except a factor of 2.3

By looking at the Fig 2.4, we see that a muon at the MIP point looses about
13 MeV/cm in copper (density 8.94 g/cm2).

2. At higher energies a logarithmic rise follows, which is due to relativistic effects.
It reflects the relativistic increase of the transversal component of the electrical
field (Lorentz transformation of the field). This leads to larger collision distances
and therefore to more collisions.

3. At very high energies a plateau is reached. This is due to the density effect. In
high density material, the electric field will be partially shielded due to the polari-
zation. Therefore, we have effectively some cuts of the long range contributions.
These are of course more relevant at high γ (see the previous point).

• An important point is that the stopping power dE/dx is marginally dependent of the
target material (actually only the factor Z/A depends on the material, which is constant
over a large range of materials).

3This factor arises from the fact that the classical limit does not describe correctly the very far collisions and
that the binding of the electrons cannot be neglected.
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Figure 2.5.: Stopping power −dE/dx in liquid hydrogen, heluim gas, car-
bon, aluminum, iron, tin and lead. Except in hydrogen, particles of the same
velocity have similar energy loss in different materials [25].

• The Bethe equation does not depend on the mass of the incoming particle. This means
that it is an universal curve as a function of βγ for particles with the same charge. Ho-
wever the stopping power “split up” for different particle masses if taken (or measured)
as a function of the incoming momentum or energy.
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Figure 2.6.: Stopping power −dE/d` in a mixture of argon (80%) at 8.5 bar
reported as a function of the particle impulse. The electron stopping power
does not follow the Bethe formula (Bremsstrahlung dominant). Adapted from
Manfred Krammer [27].

• The energy loss is a statistical process. Hence the number of collisions and energy
loss varies from particle to particle. Also the distribution of stopping depth is usually
asymmetric. This reflects the fact that collisions with a small energy transfer are more
probable than those with a large energy transfer. A result of the asymmetric distribu-
tion is that the mean energy loss is larger than the most probable energy loss.
The energy loss as function of the penetration depth is called the “Bragg Curve” (or
Bragg peak). The fact that the energy loss is maximum just before the particle comes
to a complete stop is used in particle therapy of cancer, to concentrate the effect of ion
beams on the tumor while minimizing the effect on the surrounding healthy tissue.

This property is used for so-called proton therapy, for example at the Paul Scherrer
Institute.
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Figure 2.7.: Schematic of the stopping power for photons (red) and protons
(blue) as a function of the penetration depth.

Figure 2.8.: Proton therapy treatments at PSI use an in-house built supercon-
ductor accelerator, a compact cyclotron, called COMET. It was especially de-
veloped for medical applications by the company ACCEL (now part of Varian
Medical Systems) and brought into service in 2007. It delivers a beam energy
of 250 MeV, which can be reduced when needed for patient treatments (see
https://www.psi.ch/protontherapy/center-for-proton-therapy-cpt).
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2.2. Range and thermalization time

2.2.1. Range of muons

The range R (in g/cm2) is given by the integration

R =

0∫
Ekin

1
dE/dx

dE

=

mc2∫
Etot

1
dE/dx

dE . (2.23)

We can also define the range in length units (say cm) for a given material as

R` =
R
ρ

=
1
ρ

mc2∫
Etot

1
dE/dx

dE . (2.24)

Within its validity range, the integration should be performed with the Bethe-Bloch formula,
which is a hard task due to the logarithmic term. Often one considers some approximations
for the different ranges. For example for a muon having an initial impulse p = γmv = βγmc,
one often uses:

−
dE
dx

=



a
ln(β)
β2 , for βγ =

p
mc
� 1

b
1
β2 , for βγ =

p
mc
. 1

c, for βγ =
p

mc
' 3 − 4

c + d ln(β), for βγ =
p

mc
� 1

(2.25)

We have seen that for high energy beamlines we use backward muons with high impulse (see
Fig. 1.32). For these impulses we can use the second condition and therefore:

−
dE
dx

= b
1
β2 , (2.26)
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with b ' 1.5 MeV/(g/cm2). We therefore have (see Exercises for details)

R =

mc2∫
Etot

1
dE/dx

dE

=

mc2∫
Etot

−
β2

b
dE

= . . .

=
1
b
(γ − 1)2

γ
mc2 . (2.27)

For a muon with an impulse p = 110 MeV/c (that is a total energy of about 152.5 MeV and
γ ' 1.444) one gets a range of R ' 9.5 g/cm2. For copper (ρCu = 8.96 g/cm3) this represent
a penetration of the muon to R` = R

ρCu
' 1.1 cm.

For the lower impulse (as the one present in surface muon beams), the above formula unde-
restimates the true range by a fair amount. This is the consequence of having neglected the
logarithmic term in the stopping power.

For surface muon beams with a momentum of the order of p ' 30 MeV/c2 and a typical
momentum bite of ∆p/p ' 0.03, the range R is of the order of 130 mg/cm2 and the straggling
∆R is about 13% of R.
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Figure 2.9.: Fraction of the muon beam stopped as a function of the alu-
minum sample thickness. The measurements were performed at the GPS in-
strument at PSI using surface muons. For thin samples, the muons are flying
through the sample. The full beam is typically stopped by an aluminum sample
with a thickness of about L = 0.50 ± 0.05 mm, which corresponds to a range
of R = Lρ ' 135 mg/cm2.
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Analog to what we saw for the proton therapy, the muons will present a Bragg peak (see
Fig. 2.7). We can roughly determine the shape of the Bragg curve, by starting from Eq. 2.26.
The loss of kinetic energy will be

−
dE
dx
'

d
dx

(
1
2

mβ2(x)c2) , (2.28)

neglecting the relativistic character. Therefore

−
d
dx

(
1
2

mβ2(x)c2) =
b

β2(x)

−mc2β(x)
dβ
dx

=
b

β2(x)

−β3(x) dβ =
b

mc2 dx

β4(x) − β4
0 = −

4b
mc2 x

β2(x) = β2
0

√
1 −

4b
mc2β4

0

x

β2(x) = β2
0

√
1 −

x
R

. (2.29)

Using now this dependence of β(x), we can rewrite Eq. 2.26 as

−
dE
dx

(x) =
b

β2
0

√
1 −

x
R

. (2.30)

x

−dE
dx

Figure 2.10.: Rough estimate of the Bragg curve obtained with Eq. 2.30. The
real maximum occurs before the full range is reached (see text and Fig. 2.7).

This is of course a rough estimation as the stopping power will not follow Eq. 2.26 for all
the velocities. Overall, the Bragg curve is much less peaked than predicted by Eq. 2.30 and
its maximum occurs before the full range is reached.
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2.2.2. Thermalization time

The thermalization time is given by:

tth =

0∫
Ein

dt =

0∫
Ein

d`
v

=

0∫
Ein

1

v
dE
d`

dE

=

0∫
Ein

1

vρ
dE
dx

dE . (2.31)

We see that this time is proportional to the inverse of the density and is of the order of ∼ 10 ps
for usual solids.
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2.3. “Free” muon vs muonium

After its deceleration, the positive muon actually represent a charged impurity which will be
generally located at an interstitial position in the crystal lattice. In a metal, its charge will
change the local charge density of the conduction electrons.

Figure 2.11.: Typical normalized electron charge-density distribution around
the positive muon (adapted from [28]). The solid curve corresponds to the
normalized charge density n(r)/n0 (see text). The exact form will depend on
the density of the conduction electrons with obviously n(r = 0)/n0 increasing
strongly for large values of rs.

One can define the unperturbed electron density as n0 writing

n0 =
1

4
3π(rsa0)3

, (2.32)

where a0 is the Bohr radius and rs is conventionally being referred to as the electron density
parameter. So rsa0 represents the radius of a sphere containing one electron.
The unperturbed electron density is obtained by taking typically rs = 2 giving

n0(rs) =
1

4
3π(2a0)3

. (2.33)

The Fig. 2.11 shows us that in the presence of the muon we have quite an increase at the
muon site (r = 0) with

n(r = 0) ' 16 × n0 =
16

4
3π(2a0)3

. (2.34)
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We note that the electron density for muonium corresponds to the situation with rs = 1 (the
Bohr radius for the muonium is almost identical to the one for hydrogen; see Section ??) and
therefore the electron density at the muon site in a metal is only twice the one in muonium
as

ne,Mu =
1

4
3πa3

0

'
1
2

n(r = 0) . (2.35)

In spite of this, muonium is not observed in metal. The collective screening of the muon
Coulomb potential will impede the formation of a bound state muon-electron. Even if the
state is shortly formed, it will be extremely short lived and will be destroyed by the scattering
of the bound electron with the conduction electrons.
Therefore the positive muon implanted into a metal will behave as a “free” muon (so-called
diamagnetic state).

A very important point is that the involved slowing-down processes are only electrostatic,
and therefore, the muon polarization will not be affected.

(a) CeRu2Si2 (b) CeB6 (c) UPd2Al3

Figure 2.12.: Examples of muon stopping sites (red spheres) determined ex-
perimentally for different systems. For each system, the sites are crystallo-
graphically equivalent.

The story is different in materials where the free-electron density is low as insulators, semi-
conductors, molecular systems, liquids or gases. In these system the muon can pick-up an
electron and form muonium (see Section 8). Actually a limit on the electron density to ob-
serve muonium in a material was given by Estreicher and Meier [29] with n ∼ 3× 1022 cm−1.
In these materials, when the kinetic energy of the implanted muons has dropped to several
tens of keV, i.e. when the muon velocity becomes comparable to the orbital velocity of elec-
trons of the medium, then the positive muon can pick-up an electron to form a muonium.
Generally, the muon will be stripped of this electron but can bind again with another one.
The muon undergoes a rapid series of several hundred electron pickup and stripping cycles,
loosing energy at each cycle. If the last step before a complete thermalization leaves in-
tact the muonium, then one speaks of “prompt” formation. On the other side if the muon
thermalizes as a bare particle and subsequently pick-up an electron, the formation is called
“delayed”.
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