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Abstract. We discuss multiperiod stochastic programming formulations of time-consistent ex-
tensions of average value-at-risk (AVaR); AVaR measures the risk of a random financial value. Multi-
period risk measures that are recursively defined over time are known to be time consistent. For a
multiperiod extension of AVaR for stochastic value processes, we reformulate the recursion as a linear
stochastic program, such that the extension can be applied in multiperiod mean-risk optimization.
In the special case of risk measurement for a final random value at a time horizon, we give a lower
bound in terms of AVaR.
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1. Introduction. Let an uncertain financial loss be given by a random variable.
A coherent risk measure is a functional that maps the random variable to a real
number and that satisfies the coherency properties as defined in the seminal work of
Artzner et al. [3]. Risk measures have the sign-convention that losses are positive.
For multiple periods, considering losses as negative (and profit as positive) is more
convenient [4, Rem. 2]. Consequently, our convention is to use sign-reversed risk
measures, which are called risk-adjusted values [4] or acceptability functionals [19].
For example, a widely applied coherent risk-adjusted value is average value-at-risk
(AVaR) [19]. (The corresponding risk measure is conditional value-at-risk (CVaR)
[18,22].) AVaR can be calculated by a linear optimization problem, which allows
AVaR to be incorporated in linear mean-risk optimization problems [5,14,17,22].

Risk-adjusted values can be extended to multiple time periods (or to continuous
time); for an introduction to multiperiod and continuous-time risk measurement, see
[1,19,25]. Multiperiod risk measurement can be for a stochastic process or for only a
final random variable at a time horizon. With multiple periods, the risk can also be
measured from the viewpoint of a specific state and time, that is, the risk-adjusted
value is evaluated conditionally on a specific state and time.

Risk-adjusted values can be used as acceptance criteria in decision problems. Such
a criterion may be required to be time consistent: For example, if a final random value
has a higher conditionally evaluated risk-adjusted value than a second final random
variable in all possible states at a future time, then the (unconditional) risk-adjusted
value as of today for the first random variable should be higher than for the second
random variable, too. Unfortunately, a conditionally evaluated AVaR for a final value
is generally not time consistent. An example is in Figure 1 for a binary three-stage
scenario tree. (See also the example on a larger tree in [4, Chap. 5.3].) At the second
stage, the conditionally evaluated AVaR of the final random variable X is always
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Fia. 1. Violation of time consistency by conditionally evaluated AVaR on a scenario tree with
equiprobable terminal nodes (circles). In this example, AVaR is the arithmetic mean of values below
or equal to the 50% quantile. Random variables X andY take values on the terminal nodes (the tree
is duplicated for readability). For example, AVaR of X has in node ng the value (—2 +0)/2 = —1,
and in node ng the value is the lower of —2 and 0. Today, i.e., in ng, the AVaR of Y is higher:
0 > —1; later the AVaR of X is higher: 5 >4 in ny, and —2 > —3 in na.

higher than for the random variable Y, whereas at the first stage, the AVaR of X is
lower than for Y. (See also the general Definitions 3.1 and 4.2 of (conditional) AVaR.)

In discrete time and with a finite time horizon, time consistency is ensured by a
recursive definition (nested over time) of the risk-adjusted value [4]. Recursive exten-
sions of AVaR have different names in the literature and are in most cases defined as a
risk-adjusted value of a final random variable: nested AVaR [19], dynamic AVaR [6],
composed AVaR [7), dynamically consistent TVaR [23], and conditional risk map-
pings [24].

Our definition of a recursive risk-adjusted value is for stochastic processes and is
based on [4]; a risk-adjusted value of final random variables is a special case where
intermediate values are neglected. Intermediate values are important for risk mea-
surement if they have some effect; for example, the intermediate value distribution
may be used for an intermediate regulatory rating or it may influence intermediate
cash flows.

In section 2, we define a risk-adjusted value for stochastic processes by a recursive
formula. We show that the recursively defined risk-adjusted value is coherent and
time consistent. Then, we choose a particular risk-adjusted value to extend AVaR to
multiple periods (section 3). The recursive definition of the extension is reformulated
as a stochastic linear program; the proof uses a lemma on strong duality for conditional
AVaR, which may be of its own interest (section 4). The linear program formulation
allows us to incorporate the risk-adjusted value in mean-risk optimization problems
(section 5). For final random variables, the risk-adjusted value is shown to have a
lower bound by AVaR, and we provide a dual formulation, which is similar to that of
AVaR (section 6). Note that some preliminary work was presented in [10].

Applications of multiperiod risk measurement are relatively scarce. An optimiza-
tion of a time-consistent risk-adjusted value for a dynamic portfolio of commodities is
considered in [13]; a multiperiod mean-risk energy-production problem with so-called
polyhedral risk measures is in [11]; a hydrothermal scheduling problem with time
consistency is considered in [20]; and a pension fund management problem is in [15].

The risk-adjusted value of a stochastic process as proposed in this paper is ap-
plied for an energy-production problem in [9]. Specifically, the proposed extension
of AVaR is used in a mean-risk model for the optimal operation of a pump-storage
hydropower plant; the intermediate financial value is the sum of realized cash flows
and of the expected value of remaining water in the storage reservoir, the time horizon
is several months within a year, and the model has monthly time steps. The obtained
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numerical solutions indicate that the proposed multiperiod risk-adjusted value can
be used to reduce the probability of low intermediate values, while low final values
are also reduced to an extent that is comparable to alternative model runs where
the risk was measured by AVaR only on final values. Furthermore, the increase in
computational running time compared to AVaR was found to be negligible. Because
the proposed risk measurement is coherent and time consistent, we can ensure these
desirable properties for the decision maker of the plant, though we note that there
are multiperiod extensions of AVaR that relax or replace time consistency by other
suitable properties [11,16,23].

The probability space is (2, F,P). The scenario space {2 is finite. The finiteness
allows us to ignore measure-theoretic subtleties; the necessary changes for an extension
to infinite spaces are discussed in the conclusion. To keep notation simple, we use
general denotations of probability theory and avoid more lengthly formulations with
realizations of random variables. A random variable is a measurable function X : Q —
R, and the expected value under probability measure P is E[X]. Equalities involving
random variables hold almost surely (i.e., on every event for 2 finite). Note that
for general 2, the (pointwise) infimum in subsequent expressions must be generally
replaced by the essential infimum.

2. Recursively defined risk-adjusted values. In this section, we revisit the
recursive definition of a risk-adjusted value process given in [4]. The properties of
coherency and of time consistency are shown with fewer assumptions.

Let an uncertain financial value be represented by a bounded random variable
X € L>*(Q,F,P;R). A coherent risk-adjusted value w[X] can be given by

(2.1) 7[X] = inf Eq[X],

where Eq[-] is the expected value with respect to probability measure Q, and P is a
set of probability measures on (2, F) [4, sect. 1]. The values of the measure Q are
interpreted as test probabilities, such that 7w[X] is the worst test result.

In a multiperiod setting, let ¢t = 0,...,7T be the time steps. The gain of in-
formation is given by a filtration of c-algebras (Fi)i=o,.. 7, with Fx C Fyq for
t=20,....,T =1, Fop = {0,9Q}, and Fr = F. A sequence of uncertain financial
values is represented by a stochastic process (X) := (X)i—o,... 7 that is adapted to
the filtration; for example, X; is the sum of realized cash flows until ¢ and of an assess-
ment of the market value of future cash flows. In a multiperiod setting, the risk of the
stochastic process is measured at different states and time, such that the risk-adjusted
values over time are also a stochastic process, which is denoted by (RiX))t:07___,T.

The risk-adjusted value process is assumed (i) to be smaller than the value process
and (ii) not to decrease over time for all feasible test probabilities because information
increases. Choosing the process with largest values under (i) and (ii) leads to the
following definition (see also [4, sect. 4.1]).

DEFINITION 2.1 (risk-adjusted process). Let P be a set of probability measures on
the space (2, F), and let (X) be a bounded stochastic process adapted to the filtration

(Ft)t=o0,....7- The risk-adjusted process (R,EX))t:(J,,,,7T of (X) is

Xr a.s., t="1T,

(22)  RM =9 . x)
mln(Xt, dgprQ[Rt+l|ft]) a.s., t=0,...,T —1.
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RgX) is called risk adjusted value at a time ¢t. A risk-adjusted process (without men-
tioning (X)) is the sequence of functionals (Rg'))t:(),___,T which map a process (X) to
R for all t
) .
In our finite setting, the inf-operation in (2.2) preserves F;-measurability. Hence,

the risk-adjusted process is adapted to the filtration (F%)¢=o,... 7. In particular, R,(JX)
is measurable on the trivial o-algebra Fy and therefore deterministic. If we would
allow for infinite Q, then the (pointwise) infimum in (2.2) must be replaced by the
essential infimum to preserve measurability [12, sect. A.4].

Next, we show that a risk-adjusted process given by Definition 2.1 has the con-
venient properties of coherency and time consistency. The properties follow without
further assumptions on the set P; this may not be obvious from the proofs in [4].

We use the notation (AX +Y) = (A Xg + Yy,..., XXy + Yp) and (X + \) =
(Xo+ A,..., X7+ A), where A € R and (X) = (X¢)i—0
stochastic processes.

PROPOSITION 2.2 (multiperiod coherency). Let (X) and ( ) be adapted stochas—

.....

Then
(1 R(X+Y R(X) R(Y)

)
(i) R(’\X) ARSY) for all A > 0,
(i) Xo <Yp,...,. X0 <Yr as. = R,(JX) < R((JY)
(iv) R = RS 4 X for all A € R.
Proof. Only (i) is not obvious. We use induction. At final time 7', by (2.2) (in
case t = T') we have

R Z Xy v s RO 1R as

Let t € {1,...,T — 1} and suppose that REXJFY) > RiX) + R§Y) a.s. Applying (2.2)
(in case t < T') we obtain (with abbreviation infg = infgep)
Rgi(l"'Y) (2_2) min (thl +Y:i 1, i%f Eq [REX—Q—Y) |—7:t—1})

)
> min(X;-1 4+ Yo, inf Bo [RYY) + R |Fi1])

(%)
> min(Xt_l +Ye-1,inf Eg (RO Fioa] + inf Eq [R§Y>}ft_1})

(k%)

> mln(Xt 1,1nfEQ[ )‘-7::5 1})—|—m1n(Yt 1,1nfEQ[ EY)|]-}_1D
22)R —|—R a.s.,

where (x) follows by assumption and by the monotonicity of expected values; (k)
follows because separate minimization gives smaller values; and ( * ) holds because

min(a + b, ¢+ d) > min(a + min(b, d), ¢ + min(b,d)) = min(a, ¢) + min(b, d)

for all a, b, ¢, d € R. d
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The following definition of time consistency is based on the one in [4].
of functionals that map a stochastic process (Z) to an Fi-measurable random vari-

able F{%) for all t. The sequence (Ft('))t:() 7 is time consistent if for all stochastic
adapted processes (X) and (Y) such that there exists t € {1,...,T} with

Ft(X) > Ft(y) a.s. and Xg =Ys a.s. foralls=0,...,t—1,

it holds that F\™) > F{¥).
The definition of time consistency roughly says that if (X) and (Y') are ordered

at time ¢ in the sense that Ft(X) > Ft(y) a.s., then the direction of the order is the
same today at zero time. A comparison at ¢ in terms of risk should not depend on
realized values prior to t; hence, the same order is required in Definition 2.3 only for
processes that are equal up to t.

PROPOSITION 2.4. A risk-adjusted process (Rﬁ'))t:07___,T given by Definition 2.1
18 time consistent.

The proof follows easily from the following lemma. We use alternatively the more
explicit notation REXO"” Xr) = REX).

LeEMMA 2.5. Let (X) = (Xo,...,X7) be an adapted process. A risk-adjusted
process given by Definition 2.1 fulfills

(X) (X)
(2.3) R{X0rXm) = g0 Xt BT BEE) o for b =1, T

Note that the process (Xo, ..., X¢—1, REX), e R§X)) in (2.3) is adapted, because
R,gX) is Fs-measurable for s =1¢,...,T.

Proof. Equalities hold a.s. Let ¢t € {1,...,T}. We use induction from final time
T to t and a second induction from ¢ to 0. At final time T, it follows from (2.2) that

(X) (X)
(2.4) RFEFX07...7X,5,1,Rt sees RS ):REX).

Let se {t+1,...,T}. Suppose

(X) (X)
(25) RgX07...7Xt,1,Rt sy Iy ):RgX)

The induction step is

(Xo,..,Xe—1, RV L R
.

(2.6) R - min(R§X>, inf Eg[RX)|F, ,1]) = RW),

where the first equality is by (2.2) and by assumption (2.5), and the second equality
follows from Eq [R,EX)|.7-'S,1] = RgX) since RgX) is Fs_1-measurable for s = t+1,...,7.
Induction with base case (2.4) yields

(X)  p(x)
(2.7) R§X07...7Xt,1,Rt O o3 ):RgX).
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For the second induction, let s € {1,...,t}. Suppose
(x) (x)
(2,8) RgX07...7Xt71,Rt 7“‘!Rt ) _ RgX),

The induction step is

(2.9)
(X)X (X) R0
Rg?...,xt,th e R (2£2) min(Xs,l,i%fIE@[Rgxo““’X““Rt yeey RY )|-stl])
28) min(XS_l, inf EQ[RgXHfs_l]) 22 pX).
(X) R
Induction with base case (2.7) yields R(()X0 X BT RTE R(()X). 0

Proof (Proposition 2.4). Let t € {1,...,T}. Let (X) = (Xs)s=0,...,7 and (Y) =
(Ys)s=o....7 be adapted processes such that

RY >R as. and X, =Y, as. forall s=0,...,t— 1.
The monotonicity property (iii) in Lemma 2.2 implies

R((Jxop..,xtfl7R£’”7...,Rix>) > RéYo,..mthi”,...7R£Y>)

)

which is RSY) > R by (2.3) of Lemma 2.5. O

3. Multiperiod AVaR-set of probability measures. A coherent risk-
adjusted value is defined by its set P of probability measures. (See (2.1) and Def-
inition 2.1 in the previous section for single- and multiperiod risk-adjusted values,
respectively.) The recursive definition of a multiperiod risk-adjusted value can be
simplified to a linear stochastic program for suitably chosen P (see section 4). In this
section, we define such a suitable set P that corresponds to a stepwise conditional
valuation by AVaR.

Let a € (0,1). The set of probability measures for the coherent risk-adjusted
value AVaR can be defined as follows. A probability measure Q that is feasible fulfills
Q[A] < LP[A] for all events A € F; a is usually small in applications (e.g., 5%).
The upper bound implies that a feasible Q is absolutely continuous to P; hence, the
Radon—Nikodym probability density dQ/dP exists, which allows us to define the set
in terms of densities.

DEFINITION 3.1 (AVaR). Let a € (0,1) and X be a bounded random variable.
The risk-adjusted value AVaR of X at level «a is

3.1 AVaR“[X] = inf Eg[X],
(3.1) AR[X] = inf Bo[X]
where the AVaR-set Q% of probabilty measures at level o is
(3.2) Q" =1<Q: < L

. = top S S

The definition corresponds to that in [19] and that of Tail-VaR in [4]. A (sign-
reversed) risk measure AVaR is also defined in [12]. The original, related notion is the
risk measure CVaR [21].
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The AVaR-set Q¢ is extended to multiple periods as follows. First, we give the
general definition, then we give a more explicit definition on a scenario tree.

DEFINITION 3.2 (multiperiod AVaR-set). Let o € (0,1). The multiperiod AVaR-
set P of probability measures is

(3.3) P = {QE[%‘}}] < éE {%‘ft_l] a.s., t:l,...,T},

where we assume that the density dQ/dP exists, that is, a feasible Q is absolutely
continuous to P.

If T = 1, then P® is the AVaR-set Q. For simplicity, the level « in (3.3) is
constant over time. (The level could be generally an adapted process and most of the
following propositions would still hold after minor adjustments.) Such a generalized
set is defined in [6, sect. 2.3.1] (denoted there by Q). The set P corresponds also
to [19, eq. 3.51] (denoted there by W as a set of densities).

On a finite probability space, the filtration (F;)i=o,... 7 corresponds to a scenario
tree: Given a time ¢, each atom 7 of F; is identified with a node n € N;, where N
is the set of nodes of the tree at t. (More precisely, n is an atom of the probability
space (£, F;,P).) The set € is identified with the root node ng. Let Q be proba-
bility measure on (€2, F). The probability of a node n is defined as the probability
Q[n]. Let n now be a nonterminal node with immediate successor (children) nodes

M1, ..., My(n), where k(n) is the number of children. In case Q[n] > 0 we define
dn = (Gnmys Gmas - - -7Qnmk(n))T € R*™ to be the (single-period) transition proba-
bilities from n to the children. Note that elq, = 1 for e, = (1,...,1)T. In case

Q[n] = 0 we define arbitrarily q,, = e,/k(n). On the scenario tree, we identify a
probability measure Q with the sequence (q,,)nen; t=o0,...7—1-

DEFINITION 3.3 (multiperiod AVaR-set on scenario tree). On a scenario tree,
the multiperiod AVaR-set P% of probability measures at level o € (0,1) is given by
the set of sequences of single-period transition probabilities

1
(34) 'POt = {(qn)neNt,t_07...,Tl : 0 S qn S aprm e;qun = 1} )

where Py, is the vector of transition probabilities from n to its children according to
probability measure P.

In other words, we consider in each nonterminal node n a probability space. A
scenario in this space corresponds to a child node, and the probability of the scenario
is the transition probability from n to the child node. In each space, we choose the
AVaR-set of probability measures at level o (Definition 3.1).

To see that the set P* in (3.4) is indeed equivalent to (3.3) we consider for a node
nt € Ny the probabilities Q[fit] = Gnoni Gnans =+ Gny_1n, a0d P[] = PronyPrans - -
Dny_1n,, Where (ng,nq, no, ..., ng) is the path from root node ngy to n;. The conditional
expectation of the density in node n; is

o) [2]]

g

where we assume P[7;] > 0 without loss of generality (else we reduce the scenario tree
by cutting the node n; which has zero probability in measure P and hence also in Q).
Substituting (3.5) in (3.2) we obtain (3.4).
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The set P* (3.4) has the property of stability as follows. Consider two elements
Q and Q' of P“. If we replace in a nonterminal node n the vector q, of Q by the
corresponding vector ¢/, of @', then we get another measure Q”. Because every
concatenation of feasible vectors is feasible in P¢, the measure Q" is again in P<.
Details on the stability property can be found in [4,8].

4. Stochastic linear programming. For an arbitrary set P of probability
measures, we have seen that a risk-adjusted process given by Definition 2.1 is coherent
and time consistent. Specifically, we can choose for P the multivariate AVaR-set P
at level v (Definitions 3.2 and 3.4). In this section, we show that for this coherent
and time-consistent extension of AVaR the risk-adjusted value at time zero can be
obtained by a stochastic program as follows.

PROPOSITION 4.1. Let (X) be an adapted bounded stochastic process, and let
a € (0,1). The risk-adjusted value R(()X) (Definition 2.1) with multiperiod AVaR-set
(Definition 3.2) of probability measures, P = P, is the optimal objective value of the
stochastic linear optimization problem

max Ry s.t.
Ry < Xy, t=20,...,T
1
(4.1) RtSQt_EE[ZtJrlU:t], t=0,....,T—1%
ZtZQtfl_Rta t:]-aaT
Zy >0, t=1,...,T

where Ry, Q¢, and Zy are Fi-measurable random variables for all t, and inequalities
hold a.s. Furthermore, Ry < RgX) a.s. for all feasible Ry and all t.

For the proof of Proposition 4.1 we need a duality result of conditional AVaR. A
conditionally evaluated AVaR was already informally considered in Figure 1. The
definition of conditional AVaR is as follows. (See also similar definitions in [19,
Exp. 2.53(b)] and [4, Def. 5.5].)

DEFINITION 4.2 (conditional AVaR). Let ¢t € {0,...,T}. The conditional AVaR
at level a € (0,1) for a bounded random variable X at time t is pointwise

AVaR{ [ X] = i%f EHX|F] s.t.
1

(07

)

0<HKL a.s.
where H is an integrable random variable.

In a finite setting on a scenario tree, “pointwise” means on each node at ¢; in an
infinite setting, the infimum would need to be replaced by the essential infimum. See
also the remark below Definition 2.1.

A related pointwise maximization on F; for t =0,...,T is
1
(4.3 sup (@ - 2BlQ- )17,

where @ is an Fi-measurable random variable (the pointwise values are real num-
bers), and (-)* = max(-,0). In the unconditional case of t = 0 it is well-known
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that AVaRg[X], which is AVaR®[X] in (3.1), equals the optimal objective value of
(4.3) [2,12,19,22].

LEMMA 4.3 (optimality for conditional AVaR). Let t € {0,...,T} and o € (0,1).
We have the following:

(i) Problems (4.2) and (4.3) have the same optimal objective value (pointwise,
i.e., on every event in F).
(ii) An optimal solution of (4.2) is given by

1 1-— éP[X < Qa|]:t] .
| et T TR oguEy Hmen PR =QAI>0
H =

1 .

al{XSQa} lfP[X:QaLFt] :0,

where 1¢.y: Q — {0, 1} is the indicator function, equations hold a.s., and Q4
is an Fi-measurable random variable that satisfies

(4.4) PIX < Qo|lFi] < a <PX < Qu|Fi] a.s.

(iii) An optimal solution of (4.3) is given by every Q. that satisfies (4.4).
The random variable @Q,, in Lemma 4.3 is called a conditional a-quantile of X.
Proof. We show optimality of H and Q, in three steps.

Step 1. We show that the objective value of problem (4.2) is an upper bound for
that of problem (4.3) for all feasible solutions. With H and () feasible, we obtain

E[HX|F] S EH(Q + min(X - Q.0))|F] = E[H(Q - (Q - X)*)|F]

" QEH|F) - E[H(Q - X)"|F] = Q - E[H(Q - X)*|7]

“o-k [1@ Xy
(6]

Ft} a.s.,

where () follows from H > 0 a.s., (xx) follows from the F;-measurability of @, and
(% * x) follows from H < 1/« a.s.

Step 2. We show that the objective value of (4.2) with H equals that of (4.3)
with Q. On the event P[X = Q.|F;] = 0, the objective value of (4.2) is

N 1
BIX|7)] =B 1 ixe0, X | 7

) 1

= ~E[X1ix<0.) = Qalix<ulFi] + ~ElQal{x<q.)l Fi]
1 1

= ——E[(Qa — X)T|F] + ~QuP[X < QulF]

= Qo TE[(Qu~ X)TIF] as
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On the complementary event P[X = Q,|F:] > 0, the objective value is

X 1 1 - 1P[X < Qu|F] )
E[HX|F]=E|( -1 +-—x2 Lix—g.y | X
X7 [(a <@} T TP — QR (Xee

1 - 1PX < Qu|F]
PIX = QalF]

;

1
= ~E[X1ix<q,) il + E[X1{x=q.} 7]

1 1
= EE[Xl{X<Qa} — Qal{x<q.ylFt] + E]E[Qal{x<cza}|}—t]
1
+Qq (1 - E]P’[X < Qa|]:t]>

— —E{(Qn - X)" V] + 2QuPIX < Qul] + Qu (1 - 1PIX < Qul)

= Qu— ~E[(Qu - X)*IF] as

Hence, H and Q, yield the same objective values for (4.2) and (4.3).

Step 3. Finally, we have to check that H and Q. are feasible. @, is trivially
feasible because it is F;-measurable by definition; we can check the feasibility of H by
inserting H into the constraints of (4.2) on each of the two events as in the previous
step and by observing that @, satisfies (4.4). O

Proof (Proposition 4.1). The proof has three steps. Equalities hold a.s.

Step 1. We reformulate the minimization of the conditional expectation in (2.2)
as a maximization. Let (R,EX))t:(J,,,,7T be a risk-adjusted process with a multiperiod
AVaR-set of probability measures, P = P<. For t =0,...,T7 — 1, we have

(4.5)
-1
oy ) e LR (EIRIA]) REY|F) i ERIE] >0
Qlenga Eq[Ry 1| F] =
0 if E[22|7] =0

1
= inf {E[HREfNFt] :HeL'(Q,F,P), E[H|F]=1, 0< H < —}
«

= max (Q— éE[(Q_Rg:l))JF ‘]:t}> )

where the first equality follows from properties of conditional expectation; on the
event where E[dQ/dP|F;] = 0, we have also dQ/dP = 0, and therefore Eg[Y|F;] =
E[YdQ/dP|F;] = 0 on that event for a random variable Y. For the second equal-
ity in (4.5) we used the substitution H = dQ/dP(E[dQ/dP|F])~! on the event
E[dQ/dP|F] > 0 (else we set H = 0), and we used Definition 3.3 of P*. The last
equality in (4.5) follows from Lemma 4.3.

Step 2. We show that R((JX) is the optimal objective value of

z= max Ry s.t.
(R¢)

(4.6) Ry < X4, t=0,....,T

1
RtS%%X(Qt—aE[(Qt—RtJrl)JrLFt]), tZO,...,T—l
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where R; is F;-measurable for all ¢, and the maximization over the JF;-measurable
Q) is understood pointwise on F; for all ¢. The random variables (RﬁX))t:07,,,,T
are feasible in problem (4.6) because they satisfy (2.2) and we have (4.5). Hence,

R,gX) < z. The reverse inequality is shown by induction as follows. Let (R¢)i=o,... T
be feasible in (4.6). At final time, Ry < Xrp 22 RSFX). Let t € {0,...,T — 1}.
Suppose Ri11 < Rifl) The induction step is

(4.6)

(4.7) R, < min {Xt, mex (Qt — éE[(Qt - Rt+1)+|ft]>}

L) min{ x;, Join Eo[Rii| 7]}

< min{X,, min Eo[R(}|F]}

(2.2) RﬁX).

By induction Ry < R(gX), hence z < R((JX). In combination with the reverse inequality
)

from above we get R(()X =z

Step 3. Finally, we show that problem (4.6) is equivalent to problem (4.1). Sup-
pose (R¢)i=o,... T is feasible in (4.6) with corresponding optimal solution (
of the inner maximization. We can immediately check that (Rt)t:07___7T, (Qt)t:(),,,,7;p_1,
and (Z¢)i=1, . given by Z; = (Qi—1 — Ry)" is feasible in (4.1).

On the other hand, suppose (Rt)tzo,m,;p, (Qt)t:07,,,)T,1, (ZAt)tZOW)T,l are feasible
in (4.1). Then for all t € {0,...,T — 1},

O
=
N
~+
|

o
’\ﬂ
—

mgx (@ SEI(@~ Ru) 7] ) = Q= 2E[Qs~ fesn)* |
(

N

1) . 1 R (4.1) .
> Qt_aE[Zt+1‘]:t} > Ry

Hence, (Rt)tzo,,,,7;r is feasible in (4.6). In combination with the opposite statement
from above, it follows that problem (4.6) is equivalent to problem (4.1), and the
optimal objective values are the same. Furthermore, to prove the last statement of
Proposition 4.1 we observe that for every feasible R; in (4.1) we have R; < RgX) for
all ¢ by using (4.7). O

5. Mean-risk optimization. In the previous section, we considered a linear re-
formulation of a multiperiod extension of the risk-adjusted value AVaR; speficially, we
considered a risk-adjusted process with a multiperiod AVaR-set of probability mea-
sures. In this section, we show how we can incorporate the extension in a multiperiod
mean-risk optimization problem. Furthermore, we provide the explicit formulation on
a scenario tree, which is needed for applications.

In decision making under uncertainty, risk-adjusted values can be used to decide
whether a random variable or a stochastic process is acceptable in terms of risk (e.g.,
see [4, sect. 1]). A stochastic process (X) = (X¢)i—o,... 7 is accepted if the risk-adjusted

value of today is above a threshold, that is, R((JX) > p € R. We can assume p to be
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zero because it follows from the translation equivariance (iv) of Lemma 2.2 that for

the translated process X, =X, — p,t=0,...,T, the acceptance is R((JX) > 0.
We consider multiperiod mean-risk optimization problems of form

supE[g(Xo, ..., XT)] s.t.
(X)

(5.1) R > 0 ,

(X)e X

where g: RTT! — R is a measurable function, and the set X represents the problem-
specific constraints. We assume that g and A are such that the supremum is finite.
We can reformulate (5.1) with a linearized constraint on risk as follows.
PROPOSITION 5.1 (mean-risk optimization). Let the risk-adjusted process be
given by Definition 2.1 with multiperiod AVaR-set P* of probability measures (Defini-
tion 3.2) at level a € (0,1). Then an optimal solution of the mean-risk problem (5.1)
is given by the optimal variables (X) = (X¢)i=o0,...v of the stochastic optimization

.....

problem
supE[g(Xo,...,X1)] s.t.
Ry >0
Ry < Xq, t=0,...,T
1
(5.2) Ry < Qi — EE[ZtJrl']:t]a t=0,...,T—1 ,
thQt—l_Rta tzlvaT
Zy >0, t=1,...,T
(Xt)t=0,. T €EX

where Xy, Ry, Q¢, and Z; are Fi-measurable random variables for all t, and inequal-
ities hold a.s.

Proof. We show that problems (5.1) and (5.2) are equivalent. Suppose (X) is
feasible in (5.1), and let (R) = Rt:07___, (@ ) Qt 0, T—1, (Z) = Zt:L____T be
optimal in (4.1). It can be easily checked that (X), (R), (Q) are also feasible in (5.2).
On the other hand, suppose (X), (R), (Q), (Z) are feasible in (5.2). By (4.1), we get
R(() ) > Ry > 0; that is, (X) is feasible in (5.1).

Hence, problems (5.1) and (5.2) are equivalent, and the optimal objective values
are the same. O

If T = 1, then the mean-risk optimization (5.2) corresponds to the optimization
with risk measure CVaR in [22, Thm. 16] (by using different sign conventions and in
their special case of [ = 1).

In the following, the mean-risk optimization problem (5.2) is formulated on a
scenario tree, which is the formulation needed for numerical applications. Some of
the notation on a scenario tree was introduced above Definition 3.4. On the finite
probability space, let x4, € R denote the value of an F;-measurable random variable
X; on the atom f € F; at time ¢, where 7 corresponds to node n € N;. The transition
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probability from a nonterminal node n to node m is denoted by pyn,,. The value of a
conditional expectation on a nonterminal node n € N is

E[Xt+1|]:t]‘ - Z pnmx(tJrl)mv

n
meN 11

where we can sum over every node at time ¢ 4+ 1 because the transition probabilities
from n to only its successor nodes are nonzero. With the notation from above, problem
(5.2) can be formulated as the linear program

sup Z Pronr 9(Tongs -+ TTny) St
"7«T€NT

TOng ZO,
Titn < Tin, tZO,...,T,TLEM,

1
rtngqtn"'a Z pnmz(t+1)ma tZO,...,T—l,TLEM,

meN;+1
Ztn > Q(t—1)n— — Ttn; t=1,...,T,n €N,
Ztn > 0, t=1,...,T,n €N,
(Ttn)t=0,... T € 93, n e N,

where ng is the root node of the scenario tree, n~ is the parent node of n, and the set
X is defined for the realizations of (X) € X.

In our finite setting, if « is sufficiently close to zero, then the risk-adjusted value
AVaR®[X] (3.1) attains the minimal value of the random variable X. Similarly, the
risk-adjusted value R,(JX) with multiperiod AVaR-set P = P* attains for sufficiently
small o the minimal value of (X) = (X} )¢=o,...,r; this can be seen from the recursive
definition (2.2). To avoid such worst-case values, it is sufficient that all transition
probabilities over (single) time steps are strictly smaller than «. Accordingly, all non-
terminal nodes of the scenario tree have sufficiently many children, which leads to
numerically demanding problem sizes.

6. Risk-adjusted final values. In the previous sections, we discussed risk-
adjusted values for a stochastic process Xy,..., X of financial values. In certain
applications, the intermediate values X, ..., X7_1 are not a concern for the decision
maker; for example, the decision maker is concerned only by the payoff at final time
T of a contractually locked-in value. The risk-adjusted value of a final value X can
be considered as the one of a stochastic process that has sufficiently large interme-
diate values. For example, if we assume X; = || Xp|/s for t = 0,...,7 — 1, then
Xo,...,Xr_1 are not relevant in the recursive calculation (2.2) of the risk-adjusted
process; see also [4, Definition 5.1]. Accordingly, the stochastic programming formula-
tion (4.1) for risk-adjusted values that have a multiperiod AVaR~set P¢ of probability
measures can be simplified by removing the constraints R, < X; fort =0,...,7 — 1.
Equivalently, a coherent risk-adjusted final value can be defined in the form of problem
(2.1) as follows.

DEFINITION 6.1 (risk-adjusted final value). Let X be a bounded Fr-measurable
random variable, and o € (0,1). The risk-adjusted value of (final) X with multiperiod
AVaR-set P¢ is the optimal objective value of

(6.1) Qlenga Eg[X].
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By using Definition 3.2 of P% and substituting H = dQ/dP, we can write problem
(6.1) more explicitly as

infE[HX] s.t.

1
E[H|Fi41] < EE[HLE] a.s., t=0,...,T—1, (%)

where H is an Fp-measurable integrable random variable.

Problem (6.1) corresponds in the literature to dynamic AVaR [6, sect. 2.3.1],
composed AVaR [7, sect. 5], conditional risk mappings [24, Defs. 5.8, 6.18], dynamically
consistent TVaR [23, Def. 8.2], and nested-AVaR (in form of the equivalent problem
(6.6) below) [19, Ex. 3.34, Prop. 3.35].

The risk-adjusted final value (6.1) is bounded from below by AVaR as follows.

PROPOSITION 6.2. Let X be a bounded random wvariable, and let P be the
multiperiod AVaR-set (Definition 3.2) at level o € (0,1). Then

T
. « <
(6.3) AVaR® [X] }}Iéfy Qlenga EglY],

where ) is the set of random wvariables having the same distribution law as X, and
AVaR is given by Definition 3.1.

By the bound (6.3), we may choose the level « for multiperiod risk-adjusted values
in the order of the T'th power of the level for single-period AVaR. This multiplicative
effect is also observed in [23, Exp. 8.8]. It would be desirable that multiperiod risk-
adjusted values are bounded also from above by AVaR. Unfortunately, at least in
continuous time, a time-consistent risk-adjusted value that is more conservative than
AVaR is basically the value in the worst-case scenario [8, Thm. 9]. However, upper
bounds exist in terms of other multiperiod risk-adjusted values [19, Prop. 3.36]. For
a different conditional multiperiod risk measure, an upper bound in terms of AVaR is
given in [26].

Proof. Equalities hold a.s. We show that problem (6.2) is a relaxation of problem
(4.2) in the unconditional case t = 0. By building the product of the left-hand sides
of the constraints (*) in (6.2) and also the product of the right-hand sides, we can
form a constraint on the products:

T-1 T-1 T-1
1
(6.4) [ ElHIFa) = H [] EBH|F) < — H [H|F].
t=0 t=0 t=0

Equation (6.4) is satisfied for every feasible H in problem (6.2). Indeed, let H be
a feasible Fr-measurable random variable. The equality in (6.4) is satisfied because
E[H|Fr| = H and E[H|Fy] = 1, and the inequality is implied by the constraints (x)
since all terms are nonnegative. By dividing the inequality in (6.4) on the event where
the product is nonzero, we obtain

T—-1
1 .
H< — if []EH|F]>0
t=0
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The complementary event is where H;‘F:_Ol E[H|F:] = 0. Note that for nonnegative H
it E[H|F;] = 0 on an event, then E[H|F;41] = 0 since E[H|F;] = E[E[H|Fi41]|F].
Hence, on the complementary event it holds that E[H|Fr] = 0, which implies H =
0. Therefore, on every event, the constraints () imply H < 1/a” a.s., which is a
constraint in problem (4.2) of AVaR at level a”. The other constraints in (4.2) and
problem (6.2) are the same. Hence, AVaR®" [X] < infgepa Eg[X]. Furthermore, only
the distribution of X enters the calculation of AVaR because X is inside an expected
value under P in formulation (4.3) (¢ = 0). Consequently, we can take the infimum
on the right-hand side over all random variables having the same distribution. d

As a final result, we show that the dual of problem (6.1) has a similar form as
the well-known dual problem (4.3) of AVaR. For this result, we make explicit use of
our general assumption that §2 is finite.

PROPOSITION 6.3. Let X be a bounded random wvariable, and let P be the
multiperiod AVaR-set (Definition 3.2) at level oo € (0,1). Suppose X = Zthl Y,
where Yy is an Fy-measurable random variable for all t. Then mingepe Eg[X] is
equal to the optimal objective value of

(1~ 25120) ot

o) . {(At+§E[Zt+1|]-}]—Yt)+ as, t=1,...,T

0 as, t=T+1 ’

T

q= ZAt a.s.
t=1

where ¢ € R, Ay, Z; are Fi-measurable random variables for all t, and (-)* =
max(-,0).

An interpretation of problem (6.5) is as follows. A deterministic financial amount
q is committed in advance. The amount g must be matched by a sum of successive
_____ 7, that can depend on the paths in the scenario tree and that
are drawn from an income stream (Y;);=1,.. 7. Because ¢ is committed in advance, a
shortfall is insured. The insurance is proportional to the expected total shortfall Z;,
which is recursively obtained from the shortfalls on each stage.

Proof. Because () is finite, strong linear duality holds; it remains to show that
(6.5) can be formulated as a linear dual problem to (6.2). Equalities hold a.s. Using
the substitution H; = E[H|F;] for all t = 0,...,T, and X = Y, Y;, we can write
problem (6.2) equivalently as

T
min » E[H:Y;] s.t.
(Ho) 4
E[Ht+1|]:t]:Ht7 tZO,...,T—l, (Mt)
(6.6) b1 ,
H, >0, t=0,...,T
1
Hi < EHta t=0,...,T =1, (Zt4+1)
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where H; is an F;-measurable random variable for all ¢, and we have indicated the
Fi-measurable random variables M; and Z; > 0 as Lagrange multipliers for the cal-
culation of the dual. The Lagrangian is

T T—1 71
1
L=> EHY]+) E [Zm <Ht+1 - EHN + > E[M; (E[H; 1| F] — He)]
t=1 t=0 t=0
T-1 1
=E[Hr(Yr + Zr + Mr_1)] + Z E |:Ht <Y§: + 7 — EE[ZtJrlu:t] + My — Mt)]

t=1
1
~& |t (Mo+ 221
«

By restricting the minimization of L to finite value, we obtain the constraints of the
dual problem:

Yr+Zr+ Mpr_1 >0,
inf L>—0c0 <—

1
He20 Yit+ Zy = —BlZipa|Fi] = My + My 20, t=1,....T— 1L

We use the substitution Ay = My — M;_; for t = 1,...,T by defining M7 = 0; the
substitution back is M; = — Zz:tﬂ A,. Hence, Zle Ay = —Mjy € R. By setting
g = —Mj in L and observing that Hy = 1, we obtain the dual problem of (6.6) as

1
max q— —E[Z;] s.t.
a,(A¢),(Z4) e}

7, >0, t=1,...,T

)

1 (*)
Zi>Av+ —E[Z|F] - Ys, t=1,...,T—1
(e

Zr > Ar — Y,

T
q = ZAt
t=1

Let a feasible ¢ and feasible (A;);=1,..7r be fixed. Note that only Z; appears in
the objective function (and not Zs,...,Zr); an optimal Z; can be chosen as low
as feasibility allows in every node of the scenario tree at t = 1. Z; is bounded from
below by the constraints (x) for ¢ = 1. Hence, an optimal Z5 can be lowered—without
causing a decrease in objective value—as long as Zs is feasible. A feasible Z5 is in turn
constrained by (x) for ¢ = 2. Iteratively, it follows that at each time ¢ and each node,
one of the two inequalities in (x) can be chosen to be tight in an optimal solution.
Therefore, we can restrict the feasible set to that of problem (6.5). O

7. Conclusion. We considered an extension of AVaR for evaluating the risk of
a sequence of financial values, and as a special case for evaluating the risk of a final
value at a time horizon. The provided linear formulation allows us to incorporate the
extension into multiperiod mean-risk optimization problems, and the upper bound for
the risk of final values gives a hint about how to choose the level a of the multiperiod
AVaR-set of probability measures in applications.

The considered extension of AVaR is applied in [9], where we consider a mean-risk
model for the optimal operation of a pump-storage hydropower plant (for details, see
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the introduction). The obtained numerical solution shows that the risk of intermediate
values could be captured without detrimental effects on final values. The properties
of coherency and of time consistency ensure that the decision making in such models
is free of possible pathologies if these properties are not always fulfilled.

To avoid technical details and to make the results more comprehensible, we as-
sumed a finite probability space. Indeed, we did not refer substantially to the finiteness
assumptions in the proofs (apart from Proposition 6.3, where we use strong linear du-
ality on finite spaces). We already indicated how to change notation when allowing
for infinite spaces; e.g., see the remark below Definition 2.1 on the essential infimum.
Moreover, by using general notation of probability theory and providing also nota-
tional counterparts using realizations of random variables, we hope that this paper
helps to improve the link between the theoretical literature on risk measurement and
applications.
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