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Motivation
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Need for accuracy at colliders

I The LHC is delivering highly accurate data, entering a high-precision phase.

I Theoretical precision is the best option to discover BSM at the LHC if it’s there.

I An ambitious goal for the next years: automatic NNLO QCD.

I Evaluation of two-loop amplitudes.

I Progresses in massive 2→ 2 processes (see for example [Bonciani, et al.], [Melnikov, et al.], [Dunbar,

et al.], ...), first steps in 2→ 3 massless [Badger, et al.], new ideas [Mastrolia, et al.].

I Cancellation of infrared infinities at NNLO.
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Infrared infinities at NNLO
Pictorial infrared

A diagram contributing a double-real NNLO correction to t-tbar-jet production

1/(E costheta)

1/(E costheta)

Pictorial infrared

A diagram contributing a real-virtual NNLO correction to t-tbar-jet production

1/epsilon^2

Pictorial infrared

A diagram contributing a real-virtual NNLO correction to t-tbar-jet production

1/(E costheta)

Pictorial infrared

A diagram contributing a double-virtual NNLO correction to t-tbar-jet production

1/epsilon^2

1/epsilon^2

pp → jjj at NNLO.

I Real and virtual amplitudes separately diverge in the IR limits.

I Only their sum, combined in IR-safe observables is finite by KLN theorem.

I Achieve efficient cancellation of infinities.
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Cancellation of infinities beyond NLO

Amplitudes and subtraction at NNLO

9

• Amplitudes complexity grows rapidly with the number of scales (legs, masses). 
Recently progress in two-loop amplitudes for 2->2 processes with new 
techniques (analytically or numerically). e.g. 

• p p -> V V (‘,*)  

• p p -> t t~ ,  p p -> HH 

• Current focus on 2->3 processes and massive amplitudes 

• Cancellation of IRC divergences: 

• slicing 

!
!

• qT subtraction 

• N-jettiness subtraction 

• power corrections

[Gehrmann et al.; Caola et al.]

[Baernreuther et al.; Bonciani et al.; Borowka et al.]

G. Heinrich at CERN colloquium 2017

Z

cuto↵

|MR|2[dPSR] +

Z cuto↵

|MR|2[dPSR] +

Z
|MV |2[dPSV]

[Catani et al.]

[Boughezal et al., Gaunt et al.]

[Boughezal et al., Moult et al.]

[Badger et al., Dunbar et al., Gehrmann et al. Papadopoulos et al.; Bonciani et al., Melnikov et al.]

First results at N3LO: gg → H [Anastasiou,

et al.], DIS [Gehrmann, et al.], VBF(H) and VBF(HH)
[Dreyer, Karlberg], bb̄ → H [Duhr, et al.].

I Many schemes on the market.

I Slicing: simpler but approximate.
qT [Catani, Grazzini, Cieri, et al.], N-jettiness
[Boughezal, Petriello, et al.], [Gaunt, Tackmann,

et al.].

I Subtraction: more complex but exact.
Antennae [Gehrmann, Glover, et al.], Stripper
[Czakon, Mitov, et al.], nested soft-collinear
[Caola, Melnikov, et al.], colourful [Del Duca,

Troscanyi, et al.], projection to Born [Salam,

et al.], sector decomposition [Anastasiou,

et al.], [Binoth, et al.], E-prescription [Frixione,

Grazzini], FKS2 in massive QED [Signer, et al.]

I New ideas: loop-tree duality [Rodrigo, Sborlini,

et al.], FDR [Pittau], geometric subtraction
[Herzog], loop approach [Anastasiou, Sterman].
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Why to look for a new subtraction scheme at NNLO

I NNLO subtraction in QCD not yet solved in full generality.
General? Automatable? Efficient? Local? Scaling with number of legs? ...

I Problem often tackled introducing radically new elements w.r.t. NLO solutions.

I Is there anything simpler? Are we using all freedom we have in defining subtraction?

I Can we hope to manage extensions (masses, higher orders) analytically?

I In the following, results on massless and final-state-only QCD partons.
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Warmup: new subtraction at NLO
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Subtracted NLO cross sections
I X = IRC safe, Xi = observable with i-body kinematics, δi ≡ δ(X − Xi )

dσNLO

dX
=

∫
dΦn V δn +

∫
dΦn+1 R δn+1.

I Addends separately diverge: add and subtract local counterterm K∫
dΦn+1 K δn .

I K = same singularities as R, locally in phase space, but simple enough to be integrated
analytically in d 6= 4.

I Integrated counterterm in d dimensions:

I =

∫
dΦrad K , dΦrad = dΦn+1 / dΦn.

I Subtracted O(αS) cross section

dσNLO

dX
=

∫
dΦn (V + I) δn +

∫
dΦn+1(R δn+1 − K δn).

I Integrals
∫

(V + I) and
∫

(R − K ) separately finite and evaluated numerically in d = 4.

Paolo Torrielli Infrared subtraction and factorisation beyond NLO 7 / 35



Subtracted NLO cross sections
I X = IRC safe, Xi = observable with i-body kinematics, δi ≡ δ(X − Xi )

dσNLO

dX
=

∫
dΦn V δn +

∫
dΦn+1 R δn+1.

I Addends separately diverge: add and subtract local counterterm K∫
dΦn+1 K δn .

I K = same singularities as R, locally in phase space, but simple enough to be integrated
analytically in d 6= 4.

I Integrated counterterm in d dimensions:

I =

∫
dΦrad K , dΦrad = dΦn+1 / dΦn.

I Subtracted O(αS) cross section

dσNLO

dX
=

∫
dΦn (V + I) δn +

∫
dΦn+1(R δn+1 − K δn).

I Integrals
∫

(V + I) and
∫

(R − K ) separately finite and evaluated numerically in d = 4.

Paolo Torrielli Infrared subtraction and factorisation beyond NLO 7 / 35



NLO phase-space partitions

I Simplify the subtraction problem: treat as few singularities at a time as possible.

I Partition phase space Φn+1 with sector functionsWij [Frixione, Kunszt, Signer, 9512328]

I normalised as
∑

i, j 6=iWij = 1

I RWij is singular only in one soft (Si ) and one collinear (Cij ) configuration

I Minimal singularity structure: only two partons can go soft/collinear in a given partition.

I Sum rules:

Si
∑
k 6=i

Wik = 1 , Cij
∑

ab∈ perm(ij)

Wab = 1 ,

I Summing over all sectors sharing a given singularity, and taking that singular limit on the sum,
theW ’s disappear. Key for simplifying analytic integration of K .
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Structure of NLO singularities

I Singularities in a sector known in terms of invariants sab = 2 ka · kb , without parametrising.

I Si R (Cij R) = leading term in R as kµi → 0 (relative kµ⊥ → 0).

Si R ({k}) = −N1
∑
l,m

δfi g
slm

sil sim
Blm
(
{k}/i

)
, Blm = colour-correlated Born

Cij R ({k}) =
N1

sij
Pµνij (sir , sjr ) Bµν

(
{k}/i /j , k

)
, Bµν = spin-correlated Born

Si Cij R ({k}) = 2N1 Cfj δfi g
sjr

sij sir
B
(
{k}/i

)
.

I Define a candidate counterterm in sector ij as soft + collinear – overlap:

Kij = (Si + Cij − Si Cij )RWij

(limits applied to both R andWij ), limits commute.

I As minimal as FKS, but not yet parametrised: freedom to be exploited for analytic integration.
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Mapping to Born kinematics
I Momentum mapping {k1, ..., kn+1} → {k̄1, ..., k̄n} to factorise Born phase space.

I Catani-Seymour [Catani, Seymour, 9605323] final-state dipole mapping {k} → {k̄}(abc):

k̄ (abc)
b = ka + kb −

sab

sac + sbc
kc ,

k̄ (abc)
c =

sabc

sac + sbc
kc ,

sabc = sab + sac + sbc ,

k̄ (abc)
b + k̄ (abc)

c = ka + kb + kc .

ka

kb

kc

  bar(kb)

  bar(kc)

I Phase-space factorisation and parametrisation:

dΦn+1 = dΦ
(abc)
n × dΦ

(abc)
rad ≡ dΦ

(abc)
n × dΦrad

(
s̄(abc)

bc ; y , z, φ
)
,

dΦ
(abc)
rad ∝ (s̄(abc)

bc )1−ε
∫ π

0
dφ sin−2εφ

∫ 1

0
dy
∫ 1

0
dz
[
y(1− y)2 z(1− z)

]−ε
(1− y) ,

sab = y sabc , sac = z(1− y) sabc , sbc = (1− z)(1− y) sabc .
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Local-counterterm definition
I {k} → {k̄}(abc): adapt mapping to the invariants appearing in the kernels.

I Cij R features invariants sij , sir , and sjr : dipole = (ijr).

Each term in the eikonal sum in Si R features sil , sim, and slm: dipole = (ilm).

I Remapped singular limits:

Si R ({k}) = −N1
∑
l,m

δfi g
slm

sil sim
Blm

(
{k̄}(ilm)

)
,

Cij R (k) =
N1

sij
Pµνij (sir , sjr ) Bµν

(
{k̄}(ijr)

)
,

Si Cij R ({k}) = 2N1 Cfj δfi g
sjr

sij sir
B
(
{k̄}(ijr)

)
,

I Local-counterterm:

K ij ≡
(

Si + Cij − Si Cij

)
RWij , K =

∑
i,j 6=i

K ij ,
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NLO-counterterm integration

K =
∑
i,j 6=i

K ij =
∑

i

Si R +
∑
i, j>i

Cij

(
1 − Si − Sj

)
R .

I Benefit from sum rules: eliminateWij from K (as in FKS).

I Benefit from mapping adaption: each integrand has a trivial phase space (as in CS).

I Soft integration (y and z = CS variables for dipole (ilm)):

I s = −N1
ςn+1

ςn

∑
i

δfi g
∑
l 6=i
m 6=i

Blm

(
{k̄}(ilm)

) 1

s̄(ilm)
lm

∫
dΦrad

(
s̄(ilm)

lm ; y , z, φ
) 1− z

yz

= −N1
ςn+1

ςn

∑
i

δfi g
∑
l 6=i
m 6=i

Blm

(
{k̄}(ilm)

) (4π)ε−2

(s̄(ilm)
lm ) ε

Γ(1− ε)Γ(2− ε)
ε2 Γ(2− 3ε)

.
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NLO-counterterm integration

I Full result, including hard-collinear

I({k̄}) = −N1
∑

l,m 6=l

(4π)ε−2

s̄ εlm

Γ(1− ε)Γ(2− ε)
ε2 Γ(2− 3ε)

Blm
(
{k̄}
)

−N1
∑

p

(4π)ε−2

s̄ εpr

Γ(1− ε)Γ(2− ε)
ε Γ(2− 3ε)

CB
(
{k̄}
)
,

with C =
CA+4 TR Nf

2(3−2ε)
δfpg +

CF
2 δfp{q,q̄}.

I Result exact in ε. Not important per se, but a sign of simplicity.

I Virtual ε poles analytically reproduced in general.

I Finite parts checked differentially in a variety of cases.
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Lessons from NLO

I Partition functions and their sum rules are convenient tools, as in FKS.

I Term-by-term mapping adaption as in CS =⇒ simplifications in analytic integration.

I Bridge between FKS and CS:

I K ij is like FKS, but with adapted parametrisation.

I K =
∑

ij K ij is like CS, but much simpler.

I Features to be exported to NNLO.
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New subtraction at NNLO
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Subtracted NNLO cross sections

I X = IRC safe, Xi = observable with i-body kinematics, δi ≡ δ(X − Xi )

dσNNLO

dX
=

∫
dΦn VV δn +

∫
dΦn+1 RV δn+1 +

∫
dΦn+2 RR δn+2.

I Add and subtract local counterterms:∫
dΦn+2 K

(1)
δn+1 ,

∫
dΦn+2 (K

(2)
+ K

(12)
) δn ,

∫
dΦn+1 K

(RV)
δn .

I K
(1)

and (K
(2)

+ K
(12)

): same single- and double-unresolved singularities as RR.

K
(2) → double-unresolved limits (i.e. democratic);

K
(12) → single-unresolved limits of double-unresolved ones (i.e. strongly ordered);

K
(RV) → same phase-space singularities as RV .

I d-dimensional integrated counterterms ( dΦrad,i = dΦn+2 / dΦn+2−i ):

I(i) =

∫
dΦrad,i K

(i)
, I (12) =

∫
dΦrad,1 K

(12)
, I(RV) =

∫
dΦrad K

(RV)
,
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Subtracted NNLO cross sections
I Subtracted O(α2

S) cross section:

dσNNLO

dX
=

∫
dΦn

(
VV + I (2) + I(RV)

)
δn

+

∫
dΦn+1

[(
RV + I (1)

)
δn+1 −

(
K

(RV) − I (12)
)
δn

]
+

∫
dΦn+2

[
RR δn+2 − K

(1)
δn+1 −

(
K

(2)
+ K

(12))
δn

]
.

I Each line separately finite and evaluated numerically in d = 4.

I Singularity-cancellation pattern:

I RR − K (1) − (K (2)
+ K (12)

) finite in d = 4, and in Φn+2.

I RV + I (1) finite in d = 4, but singular in Φn+1.

I K (RV) − I (12) finite in d = 4, but singular in Φn+1.

I (RV + I (1))− (K (RV) − I (12)) finite in d = 4, and in Φn+1.

I VV + I (2) + I(RV) finite in d = 4, and in Φn.

Paolo Torrielli Infrared subtraction and factorisation beyond NLO 14 / 35



NNLO phase-space partitions

I Partition Φn+2 with sector functionsWijkl , (normalised as
∑

ijklWijkl = 1), to select as few
singularities at a time as possible.

I Sum rules in double-unresolved limits: by summing over all sectors sharing the same
singularity, and taking that singular limit on the sum,W functions must disappear.
Key for analytic integration of double-unresolved counterterms.

I Factorisation properties: in the single-unresolved limits, NNLOW ’s factorise NLO ones.

CijWijkl ∼ Wkl CijWij , SiWijkl ∼ Wkl SiWij .

Key for explicit cancellation of real-virtual poles in eachWij .
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NNLO counterterms

I In each sector candidate counterterms collect singular limits of RRW, written in terms of sab .

I Example for sectorWijkj (where nonzero limits are Si , Cij , Sik , Cijk , SCijk , CSijk ):

K (1)
ijkj =

[
Si + Cij (1− Si )

]
RRWijkj ,

K (2)
ijkj =

[
Sik + Cijk (1− Sik ) + SCijk (1− Sik )(1− Cijk )

+ CSijk (1− SCijk )(1− Sik )(1− Cijk )
]

RRWijkj ,

K (12)
ijkj = −

[
Si + Cij (1− Si )

][
Sik + Cijk (1− Sik ) + SCijk (1− Sik )(1− Cijk )

+ CSijk (1− SCijk )(1− Sik )(1− Cijk )
]

RRWijkj .

I Sij RR, Cikj RR, and SCijk RR are universal kernels [Catani, Grazzini, 9810389, 9908523], [Campbell,

Glover, 9710255], [Berends, Giele, 1989]. All limits commute.
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NNLO-counterterm simplifications
I Simplifications possible, thanks to idempotency relations

(1− Si ) SCicd RRWibcd = 0 , (1− Cij ) CSijk RRWijkd = 0 .

K (2)
ijkj =

[
Sik + Cijk (1− Sik ) + SCijk (1− Sik )(1− Cijk )

+ CSijk (1− SCijk )(1− Sik )(1− Cijk )
]

RRWijkj ,

K (12)
ijkj = −

[
Si + Cij (1− Si )

][
Sik + Cijk (1− Sik ) + SCijk (1− Sik )(1− Cijk )

+ CSijk (1− SCijk )(1− Sik )(1− Cijk )
]

RRWijkj .

I Limits SC and CS disappear from K (2) + K (12) (see also [Caola, Melnikov, Roentsch]):

K (2)
ijkj + K (12)

ijkj = (1− Si )(1− Cij )
[
Sik + Cijk (1− Sik )

]
RRWijkj ,

very minimal structure!

I Complexity parallelised: more complicated processes need more partitions, but the intrinsic
complexity in each partition does not scale.
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Counterterms K
(1)

and K
(12)

I Use factorisation properties ofWabcd , and sum rules ofWab :

K
(1)

=
X

k,l

Wkl

2
4X

i, j>i

Cij

�
1 � Si � Sj

�
RR +

X

i

Si RR

3
5 =

X

k,l

K
(1)

kl .

<latexit sha1_base64="R6hJfOAKk82f+/MjBUX+n+Y3EFs="></latexit><latexit sha1_base64="R6hJfOAKk82f+/MjBUX+n+Y3EFs="></latexit><latexit sha1_base64="R6hJfOAKk82f+/MjBUX+n+Y3EFs="></latexit><latexit sha1_base64="R6hJfOAKk82f+/MjBUX+n+Y3EFs="></latexit>

full structure of single-unres. singularities
in each NLO sector

I Same integral as at NLO (known to all orders in ε).

I RVWkl + I (1)
kl finite in d = 4 sector by sector in the NLO phase space.

I One can show that I (12)
kl =

[
Sk + Ckl

(
1− Sk

) ]
I (1)
kl .

I K
(RV)
kl − I (12)

kl finite in d = 4 sector by sector in the NLO phase space.
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Counterterm K
(2)

I Using sum rules,W’s disappear from K
(2)

and from its integral I (2). In the end:

K
(2)

=
∑

i

{∑
j>i

Sij +
∑
j>i

∑
k>j

Cijk

(
1− Sij − Sik − Sjk

)
+
∑
j>i

∑
k>i
k 6=j

∑
l>k
l 6=j

Cijkl

(
1− Sik − Sjk − Sil − Sjl

)

+
∑
j 6=i

∑
k 6=i
k>j

SCijk

(
1− Sij − Sik

)(
1− Cijk −

∑
l 6=i,j,k

Ciljk

)

+
∑
j>i

∑
k 6=i,j

CSijk

(
1− Sik − Sjk

)(
1− Cijk −

∑
l 6=i,j,k

Cijkl

)}
RR ,

I Analytic integration of a set of universal NNLO kernels with noW functions.

I As at NLO, mapping adaption to ease analytic integration.
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Mappings from NNLO to Born kinematics

I {k} → {k̄}(abcd) mapping example, dΦn+2 = dΦ
(abcd)
n × dΦ

(abcd)
rad,2

k̄ (abcd)
c = ka + kb + kc −

sabc

sad + sbd + scd
kd ,

k̄ (abcd)
d =

sabcd

sad + sbd + scd
kd ,

sabcd = sab + sac + sad + sbc + sbd + scd

k̄ (abcd)
c + k̄ (abcd)

d = ka + kb + kc + kd .

ka

kc

kd

  bar(kc)

  bar(kd)

kb

I This is used in double-collinear Cijk RR and double-soft Sij RR counterterms:

Sij RR =
N 2

1
2

∑
c 6=i,j

d 6=i,j,c

I(ij)
cd Bcd

(
{k̄}(ijcd)

)
+ ... ,

Cijk RR =
N 2

1

s2
ijk

Pµνijk Bµν
(
{k̄}(ijkr)

)
.
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Analytic integration of K
(2)

I All counterterms have been integrated analytically with no IBPs: mapping adaption works!

d�NNLO � d�NLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV)

⌘
�Xn

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 +

⇣
I(12) � K

(RV)
⌘
�Xn

i

+

Z
d�n+2

h
RR �Xn+2

� K
(1)

�Xn+1
�

⇣
K

(2)
+ K

(12)
⌘
�Xn

i

<latexit sha1_base64="WnaUz4LRc7dvZR/Pl5P4M+WXCvg="></latexit>

Summary of subtraction at NNLO

I(2) = I(2)
ss + I

(2)
hcc + I

(2)
cc4 + I

(2)
sc3

<latexit sha1_base64="Mu5dBzGNfz6KQpaPn4erfFbI9+Y="></latexit>

Factorised: complexity = NLO x NLO
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Analytic integration of K
(2)

I All counterterms have been integrated analytically with no IBPs: mapping adaption works!

d�NNLO � d�NLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV)

⌘
�Xn

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 +

⇣
I(12) � K

(RV)
⌘
�Xn

i

+

Z
d�n+2

h
RR �Xn+2

� K
(1)

�Xn+1
�

⇣
K

(2)
+ K

(12)
⌘
�Xn

i

<latexit sha1_base64="WnaUz4LRc7dvZR/Pl5P4M+WXCvg="></latexit>

Summary of subtraction at NNLO

I(2) = I(2)
ss + I

(2)
hcc + I

(2)
cc4 + I

(2)
sc3
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I(2)
ss =

⇣↵S

4⇡

⌘2✓µ2

s

◆2✏
( 

2
⇣X

a,b

Cfa
Cfb

⌘
I ss
Cf Cf

+ 8
⇣X

a

C2
fa

⌘
I ss
C2

f

�
⇣X

a

Cfa

⌘✓
Nf TR I ss

Cf TR
� CA

2
I ss
Cf CA

◆�
B({k̄})

+ 2
X

c,d 6=c


� 2

⇣X

a

Cfa

⌘
I ss
Cf Bcd

+ Nf TR I ss
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Analytic integration of K
(2)

I All counterterms have been integrated analytically with no IBPs: mapping adaption works!
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Summary of subtraction at NNLO
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Analytic integration of K
(2)

I All counterterms have been integrated analytically with no IBPs: mapping adaption works!
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Analytic integration of K
(2)

I All counterterms have been integrated analytically with no IBPs: mapping adaption works!
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Proof-of-concept example
I TRCF contribution to σNNLO(e+e− → qq̄)

q’(4)
q’(3)
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g g
q’

q’
g([34])!*

g

!* !*

RR VV RV

g
q’ q’
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I Finiteness in the n-body phase space:

VV + I (2) + I(RV) = B
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)2
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I Finiteness in the (n + 1)-body phase space, sector by sector:
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Total NNLO cross section
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I Example for µ/
√

s = 0.35.

I Analytic:
σNNLO = σLO k × 1.40787186

I Subtraction method:
σNNLO = σLO k × (1.40806± 0.00040)

I k =
(αS

2π

)2 TRCF
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NNLO summary

I Sector functions at NNLO engineered to factorise structure of NLO partitions.

I Sector-function sum rules allow analytic integration of double-unresolved counterterm.

I Todo: combine results to show analytic cancellation of 1/ε poles for generic process
(final-state radiation, massless).

I Todo: efficient numerical code.
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Factorisation and subtraction beyond NLO
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Linking factorisation and subtraction

I The infrared structure of virtual corrections to gauge amplitudes is very well understood.

I Factorisation of virtual corrections contains all-order information.

I Exponentiation of virtual corrections tightly connects high orders to low orders.

I Classes of possible virtual poles are absent (e.g. massless tripoles).

I Factorisation compactly encodes removal of overlapping soft-collinear poles.

I Structure of virtual poles must reflect in real singularities, as they add up to finite xsec.

I Use virtual structure as a principle to organise real subtraction counterterms beyond NLO.
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Virtual-amplitude factorisation

Mn

(
pi

µ

)
=

n∏
i=1

Ji

(
(pi · ni )

2/(n2
i µ

2)
)

Ji,E

(
(βi · ni )2/n2

i

)
Sn

(
βi · βj

)
Hn

(
pi · pj

µ2
,

(pi · ni )
2

n2
i µ

2

)
Virtual factorisation: pictorial

A pictorial representation of soft-collinear factorisation for fixed-angle scattering amplitudes
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Definitions of soft, jets, eikonal jets

βi = pi/µ , n2
i 6= 0.

Wilson lines Φv (λ2, λ1) ≡ P exp
[

igs
∫ λ2
λ1

dλ v · A(λv)
]

.

us(p)Jq

(
(p · n)2

n2µ2

)
= 〈p, s |ψ(0) Φn(0,∞) |0〉

Here we introduced dimensionless four-velocities  βi  = pi/Q, and factorisation vectors  niμ ,  
ni2 ≠ 0  to define the jets in a gauge-invariant way.   For outgoing quarks

Operator Definitions
The precise functional form of this graphical factorisation is 

where  Φn  is the Wilson line operator along the direction n.   For outgoing gluons

gs ε
∗ (λ)
µ (k)J µνg

(
(k · n)2

n2µ2

)
≡ 〈k , λ|

[
Φn(∞, 0) iDν Φn(0,∞)

]
|0〉

Here we introduced dimensionless four-velocities  βi  = pi/Q, and factorisation vectors  niμ ,  
ni2 ≠ 0  to define the jets in a gauge-invariant way.   For outgoing quarks

Operator Definitions
The precise functional form of this graphical factorisation is 

where  Φn  is the Wilson line operator along the direction n.   For outgoing gluons

JE
(

(β · n)2

n2

)
= 〈0|Φβ(∞, 0) Φn(0,∞) |0〉

Wilson line correlators

The soft jet function JE  contains soft-collinear poles: it is defined by replacing the field in 
the ordinary jet J  with a Wilson line in the appropriate color representation.

The soft function  S  is a color operator, mixing the available 
color tensors.  It is defined by a correlator of  Wilson lines.

Wilson-line matrix elements exponentiate non-trivially and have tightly constrained 
functional dependence on their arguments.  They are known to three loops.

Sn
(
βi · βj

)
= 〈0|

n∏
k=1

Φβk (∞, 0) |0〉

Virtual factorisation: pictorial

A pictorial representation of soft-collinear factorisation for fixed-angle scattering amplitudes
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Real counterterms from virtual factorisation
I Consider for instance soft-only singularities.

I Fully inclusive virtual (left) + real (right) cross section is finite.

Soft cross sections: pictorial

Consider first the (academic) case of purely soft final state divergences.

At amplitude 
level poles 
factorise and 
exponentiate.

We need to build 
cross-section 
level quantities.

• Inclusive eikonal cross sections are finite.

• They are building blocks for threshold and QT

resummations.

• They are defined by gauge-invariant operator 
matrix elements.

• Fixing the quantum numbers of particles crossing 
the cut one obtains local IR counterterms.

+

Soft cross sections: pictorial

Consider first the (academic) case of purely soft final state divergences.

At amplitude 
level poles 
factorise and 
exponentiate.

We need to build 
cross-section 
level quantities.

• Inclusive eikonal cross sections are finite.

• They are building blocks for threshold and QT

resummations.

• They are defined by gauge-invariant operator 
matrix elements.

• Fixing the quantum numbers of particles crossing 
the cut one obtains local IR counterterms.

= finite

I Left frame contains virtual soft poles that cancel real soft singularities on the right.

I Define real soft counterterms as the right cut blob,
i.e. Wilson lines between vacuum and a physical state with m soft partons.

I Analogously for collinear.
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Soft currents to all orders

Soft cross sections: pictorial

Consider first the (academic) case of purely soft final state divergences.

At amplitude 
level poles 
factorise and 
exponentiate.

We need to build 
cross-section 
level quantities.

• Inclusive eikonal cross sections are finite.

• They are building blocks for threshold and QT

resummations.

• They are defined by gauge-invariant operator 
matrix elements.

• Fixing the quantum numbers of particles crossing 
the cut one obtains local IR counterterms. (picture for n = 2)

=
∑
{λi}
〈0|

n∏
i=1

Φβi (0,∞)|k1, λ1; . . . ; km, λm〉 〈k1, λ1; . . . ; km, λm|
n∏

i=1

Φβi (∞, 0) |0〉 ≡ Sn,m

I Sn,m, radiative soft function: m soft partons emitted from n hard ones.
Gauge invariant and containing loop corrections to all orders (α`S).

I Generating the whole tower of real soft singularities.
E.g. (m, `) = (2, 0) ⇔ Sij RR (NNLO); (m, `) = (1, 1) ⇔ Si RV (NNLO);
(m, `) = (2, 1) ⇔ Sij RRV (N3LO); ...

I Soft finiteness ensured by completeness relation
∞∑

m=0

∫
dΦm Sn,m (k1, . . . , km;βi ) = 〈0|

n∏
i=1

Φβi (0,∞)
n∏

i=1

Φβi (∞, 0) |0〉 = finite.
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Application: organisation of soft currents
I Radiative-amplituide factorisation (assume no collinear singularities)

Mn,m(k1, ..., km, pi ) = Sn,m(k1, ..., km, βi )Hn(pi ) + finite .

I LettingMn,1 = ε · JsoftMn,0, the k -loop soft current for one radiation easily written.

I 0, 1, 2 loops:

ε · J(0)
soft = S(0)

n, 1 (k ;βi ) = ε
∗ (λ)
µ (k) gs

n∑
i=1

βµi
βi · k

Ti ,

ε · J(1)
soft = S(1)

n, 1 (k ;βi )− S
(0)
n, 1 (k ;βi ) S

(1)
n, 0 (βi )

ε · J(2)
soft = S(2)

n, 1 (k ;βi )− S
(1)
n, 1 (k ;βi ) S

(1)
n, 0 (βi )− S

(0)
n, 1 (βi )

[
S(2)

n, 0 (βi )− (S(1)
n, 0 (βi ))2

]
,

...

I Results for J(0)
soft and J(1)

soft reproduce all known results [Bassetto, Ciafaloni, Marchesini, 1984], [Berends,

Giele 1989], [Catani, Grazzini, 2000].

I So far J(2)
soft computed for 2 coloured legs by taking soft limit of full matrix elements [Badger,

Glover, 2004] at O(ε0), [Gehrmann, Duhr, 2013] at O(ε2).

I Calculations based on eikonal Feynman rules, convenient to simplify/systematise these
calculations (e.g. Feynman gauge vs axial gauge).
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Collinear kernels to all orders

Collinear cross sections: pictorial
Consider next collinear final state divergences.  They are associated with individual partons.

At amplitude 
level poles 
factorise and 
exponentiate.

• Inclusive jet cross sections are finite.
• They are building blocks for threshold

and QT resummations.
• They are defined by gauge-invariant

operator matrix elements.
• Fixing the quantum numbers of particles

crossing the cut one obtains local
collinear counterterms.

• Eikonal jet cross sections subtract the 
soft-collinear double counting.

Soft-collinear 
poles can be 
subtracted

=

∫
dd x eil·x

∑
{λj}
〈0|Φn(∞, x)ψ(x)|p, s; kj , λj 〉 〈p, s; kj , λj |ψ(0) Φn(0,∞) |0〉 ≡ Jq,m

I Jq,m radiative jet function: m partons collinear to q (or g).
Gauge invariant and containing loop corrections to all orders (α`S).

I Generating the whole tower of real collinear singularities.
E.g. (m, `) = (2, 0) ⇔ Cijq RR (NNLO); (m, `) = (1, 1) ⇔ Ciq RV (NNLO);
(m, `) = (2, 1) ⇔ Cijq RRV (N3LO); ...

I Collinear finiteness ensured by completeness relation
∞∑

m=0

∫
dΦm+1 Jq,m (k1, . . . , km; l, p, n) = Disc

∫
dd x eil·x 〈0|Φn(∞, x)ψ(x)ψ(0)Φn(0,∞) |0〉 .
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Application: calculation of multiple-collinear kernels

I At NLO, Feynman-gauge computation:

liml⊥→0

(

With a Sudakov decomposition

and taking l⊥→0, one recovers the full unpolarised DGLAP LO splitting kernel.

Collinear counterterms: NLO
At NLO, only tree-level single-emission contributes, resulting (for quarks) in three diagrams

Summing over helicities, and taking the n2 → 0 limit, one finds a spin-dependent kernel

• The three diagrams map precisely to the axial gauge calculation by Catani, Grazzini.
• All LO DGLAP kernels are easily reproduced, triple collinear limits are under way.

+
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and taking l⊥→0, one recovers the full unpolarised DGLAP LO splitting kernel.

Collinear counterterms: NLO
At NLO, only tree-level single-emission contributes, resulting (for quarks) in three diagrams

Summing over helicities, and taking the n2 → 0 limit, one finds a spin-dependent kernel

• The three diagrams map precisely to the axial gauge calculation by Catani, Grazzini.
• All LO DGLAP kernels are easily reproduced, triple collinear limits are under way.

+ h.c +

With a Sudakov decomposition

and taking l⊥→0, one recovers the full unpolarised DGLAP LO splitting kernel.

Collinear counterterms: NLO
At NLO, only tree-level single-emission contributes, resulting (for quarks) in three diagrams

Summing over helicities, and taking the n2 → 0 limit, one finds a spin-dependent kernel

• The three diagrams map precisely to the axial gauge calculation by Catani, Grazzini.
• All LO DGLAP kernels are easily reproduced, triple collinear limits are under way.

)

= lim
l⊥→0

∑
s

Jq, 1 (k ; l, p, n) =
8παS

l2
(2π)d δd (l − p − k) P(0)

q→qg(z)

I At NNLO:

liml⊥→0

(
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and taking l⊥→0, one recovers the full unpolarised DGLAP LO splitting kernel.

Collinear counterterms: NLO
At NLO, only tree-level single-emission contributes, resulting (for quarks) in three diagrams

Summing over helicities, and taking the n2 → 0 limit, one finds a spin-dependent kernel

• The three diagrams map precisely to the axial gauge calculation by Catani, Grazzini.
• All LO DGLAP kernels are easily reproduced, triple collinear limits are under way.

+

With a Sudakov decomposition

and taking l⊥→0, one recovers the full unpolarised DGLAP LO splitting kernel.

Collinear counterterms: NLO
At NLO, only tree-level single-emission contributes, resulting (for quarks) in three diagrams

Summing over helicities, and taking the n2 → 0 limit, one finds a spin-dependent kernel

• The three diagrams map precisely to the axial gauge calculation by Catani, Grazzini.
• All LO DGLAP kernels are easily reproduced, triple collinear limits are under way.

+ h.c +

With a Sudakov decomposition

and taking l⊥→0, one recovers the full unpolarised DGLAP LO splitting kernel.

Collinear counterterms: NLO
At NLO, only tree-level single-emission contributes, resulting (for quarks) in three diagrams

Summing over helicities, and taking the n2 → 0 limit, one finds a spin-dependent kernel

• The three diagrams map precisely to the axial gauge calculation by Catani, Grazzini.
• All LO DGLAP kernels are easily reproduced, triple collinear limits are under way.

)

= lim
l⊥→0

∑
s

Jq, 2 (k1, k2; l, p, n) =

(
8παS

l2

)2
(2π)d δd (l − p − k1 − k2) P(0)

q→qq′q′ (z1, z2)

I Information on polarisations retained, full azimuthal kernels if ancestor parton is a gluon.
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Organisation of counterterms for NLO subtraction
I Disclaimer: not yet a subtraction (no remappings), but a path to compact organisation.

I Start from virtual factorisation (H(0)
n =M(0)

n )

V = H(0) †
n S(1)

n, 0H
(0)
n +

n∑
i=1

H(0)
n
†(

J(1)
i, 0 − J(1)

i,E, 0

)
H(0)

n + finite .

I Write down completeness relations for all virtual structures that appear

S(1)
n,0 +

∫
dΦ1 S(0)

n, 1 = finite ,
(
J(1)

i, 0 − J(1)
i, E, 0

)
+

∫
dΦ1

(
J(0)

i, 1 − J(0)
i, E, 1

)
= finite ,

I Define real counterterms as the integrands in the completeness relations

K s = H(0) †
n S(0)

n, 1H
(0)
n ,

Khc =
n∑

i=1

H(0)
n
†(

J(0)
i, 1 − J(0)

i,E, 1

)
H(0)

n .
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Organisation of counterterms for NNLO subtraction
I Start from virtual factorisation, organise poles according to their physical origin

VV ≡ VV (2s) + VV (1s) +
n∑

i=1

VV (2hc)
i + ...

VV (2s) = H(0) †
n S(2)

n, 0H
(0)
n ,

VV (1s) = H(0) †
n S(1)

n, 0H
(1)
n + H(1) †

n S(1)
n, 0H

(0)
n ,

VV (2hc)
i = H(0)

n
†
[

J(2)
i, 0 − J(2)

i,E, 0 − J(1)
i,E, 0

(
J(1)

i, 0 − J(1)
i,E, 0

)]
H(0)

n

I Write down completeness relations for all virtual structures that appear

S(2)
n,0 +

∫
dΦ1 S(1)

n, 1 +

∫
dΦ2 S(0)

n, 2 = finite ,

J(2)
i, 0 +

∫
dΦ1 J(1)

i, 1 +

∫
dΦ2 J(0)

i, 2 = finite ,[
J(1)

i,E,0 +

∫
dΦ1 J(0)

i,E, 1

] [
J(1)

i,0 − J(1)
i,E,0 +

∫
dΦ′1

(
J(0)

i, 1 − J(0)
i,E,1

)]
= finite .

I Relations linking double-virtual, real-virtual, and double-real singularities:
tower of counterterms defined from virtual poles through completeness.
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Organisation of counterterms for NNLO subtraction

K (2s)
n+2 = H(0) †

n S(0)
n, 2H

(0)
n .

K (2hc)
n+2, i = H(0)

n
†
[

J(0)
i, 2 − J(0)

i,E, 2 − J(0)
i,E, 1

(
J(0)

i, 1 − J(0)
i,E, 1

)]
H(0)

n ,

K (2hc)
n+2, ij = H(0)

n
† (

J(0)
i, 1 − J(0)

i,E, 1

)(
J(0)

j, 1 − J(0)
j,E, 1

)
H(0)

n

K (1hc, 1s)
n+2, i = H(0) †

n

(
J(0)

i, 1 − J(0)
i,E, 1

)
S(0)

n, 1H
(0)
n

K (1, s)
n+2 = H(0) †

n+1 S(0)
n+1, 1H

(0)
n+1 .

K (1, hc)
n+2, i = H(0)

n+1
† (

J(0)
i, 1 − J(0)

i,E, 1

)
H(0)

n+1 ,

K (RV, s)
n+1 = H(0) †

n S(0)
n, 1H

(1)
n + H(1) †

n S(0)
n, 1H

(0)
n + H(0) †

n S(1)
n, 1H

(0)
n .

K (RV, hc)
n+1, i = H(0)

n
† [

J(1)
i, 1 − J(1)

i,E, 1 − J(1)
i, 0J(0)

i,E, 1 − J(1)
i,E, 0J(0)

i, 1 + 2J(1)
i,E, 0J(0)

i,E, 1

]
H(0)

n .

K (RV, 1hc, 1s)
n+1, i =

(
J(1)

i, 0 − J(1)
i,E, 0

)
H(0) †

n S(0)
n, 1H

(0)
n +

(
J(0)

i, 1 − J(0)
i,E, 1

)
H(0) †

n S(1)
n, 0H

(0)
n ,

K (RV, 1hc)
n+1, i =

(
J(0)

i, 1 − J(0)
i,E, 1

)(
H(0) †

n S(0)
n, 0H

(1)
n + H(1) †

n S(0)
n, 0H

(0)
n

)
.

K (RV, hc)
n+1, ij = H(0)

n
† [(

J(1)
i, 0 − J(1)

i,E, 0

)(
J(0)

j, 1 − J(0)
j,E, 1

)
+ (i ↔ j)

]
H(0)

n ,
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Outlook

I A new method for subtraction at NNLO, applied so far to QCD FSR massless only.

I Phase space partitioned into sectors to minimise complexity (FKS sectors at NNLO).

I Phase-space mappings adapted to ease analytic integration (CS mappings at NNLO).

I Fully analytic integration of all counterterms achieved.

I Ongoing general subtraction formula and planned extensions to ISR.

I Links between subtraction and factorisation.

I Exploit all-order structure of virtual poles to organise real counterterms beyond N(N)LO.

I Cancellation of singularities encoded through completeness relations.

I Transparent structure of singularities, potential simplifications for higher-order kernels.

Thank you
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Soft/collinear commutation at NLO

I Soft limit Si (kµi → 0): sia/sib → constant, sia/sbc → 0, ∀ a, b, c 6= i .

I Collinear limit Cij (k⊥ → 0): sij/sia → 0, sij/sjb → 0, sij/sab → 0, ∀ a, b 6= i, j .
sia/sja → independent of a.

I Commutation in case i = gluon and j = quark.

I Altarelli-Parisi collinear kernel involved is Pij (xi ) = [1 + (1− xi )
2]/xi , with xi = sir/(sir + sjr ),

with arbitrary r 6= i, j .

Si R = −N1
∑
l 6=i
m 6=i

slm

sil sim
Blm

=⇒ Cij Si R = −2N1
∑
l 6=i,j

Cij
sjl

sil sij
Blj = − 2N1

sjr

sir sij
(−Cfj B),

Cij R = N1
1
sij

Cfj B
1 + [1− sir/(sir + sjr )]2

sir/(sir + sjr )

=⇒ Si Cij R = −2N1
sjr

sir sij
(−Cfj B).
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Sector functions
I Example of sector functions at NLO (sqi = 2 qcm · ki , sij = 2 ki · kj ), similar to those used in

MadFKS [Frederix, et al., 0908.4272]:

Wij =
σij∑

k, l 6=k
σkl

, with σij =
1

ei wij
, ei =

sqi

s
, wij =

s sij

sqi sqj
.

I Example of sector functions at NNLO:

Wijkl =
σijkl∑

a, b 6=a

∑
c 6=a

d 6=a,c

σabcd
, σijkl =

1

eαi wβij

1
(ek + δkj ei ) wkl

, α > β > 1 .

I Allowed index combinations: Wijjk ,Wijkj ,Wijkl .

I Roughly, sector functions select singularities relevant to stwo topologies (left: Wijjk ,Wijkj ,
right: Wijkl )

j
i

k

k

i

j

l
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Soft counterterm in FKS

I The soft FKS counterterm does not feature gluon energy: it reduces to an angular integral

I sFKS ∝
∑
lm

∫
d cos θ dφ(sinφ sin θ)−2ε 1− cos θlm

(1− cos θli )(1− cos θmi )
.

I Doable (actually relevant to angular-ordering), but not maximally easy: relations among θlm,
θli and θmi are non-trivial in terms of integration variables.

I Analogous features at NNLO may be much more severe.
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Cancellation of virtual NLO poles

I Integrated counterterm I computed at all orders in ε.

I ε expansion:

I({k̄}) =
αS

2π

(
µ2

s

)ε {[
B
(
{k̄}
)∑

k

(
Cfk
ε2

+
γk

ε

)
+
∑

k, l 6=k

Bkl
(
{k̄}
) 1
ε

ln η̄kl

]

+

[
B
(
{k̄}
)∑

k

(
δfk g

CA + 4 TR Nf

6

(
ln η̄kr −

8
3

)

+ δfk g CA

(
6−

7
2
ζ2

)
+ δfk{q,q̄}

CF

2

(
10− 7ζ2 + ln η̄kr

))

+
∑

k, l 6=k

Bkl
(
{k̄}
)

ln η̄kl

(
2−

1
2

ln η̄kl

)]}
.

I η̄ab = s̄ab/s, and γk = δfk g
11CA−4 TRNf

6 + δfk{q,q̄}
3
2 CF .

I Same structure of ε singularities as V (up to a sign).
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NNLO sector-function sum rules

Sik

(∑
b 6=i

∑
d 6=i,k

Wibkd +
∑
b 6=k

∑
d 6=k,i

Wkbid

)
= 1 ,

Cijk
∑

abc ∈ perm(ijk)

(
Wabbc +Wabcb

)
= 1 ,

Si Cijk

(
W(αβ)

ij +W(αβ)
ik

)
= 1 ,

Sij Cijk
∑

ab∈ perm(ij)

(Wabbk +Wakbk ) = 1 , Sik Cijkl
(
Wijkl +Wklij

)
= 1 .

SCijk Sij
∑
b 6=i

Wibjk = 1 , CSijk Sik
∑

d 6=i,k

Wijkd = 1 ,

CSijk Cijk
(
Wijkj +Wjiki

)
= 1 , CSijk Cijkl

(
Wijkl +Wjikl

)
= 1 ,

CSijk Cijk SikWijkj = 1 , CSijk Cijkl SikWijkl = 1 ,

SCijk Cijk
∑

ab∈ perm(jk)

(Wiaab +Wiaba) = 1 , SCikl Cijkl
(
Wijkl +Wijlk

)
= 1 ,

SCijk Cijk Sik
(
Wijkj +Wikkj

)
= 1 , SCijk Cijkl SikWijkl = 1 .
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Double-radiation phase space
I Catani-Seymour variables y , z, y ′, z′, x ′ ∈ [0, 1] for mapping {k} → {k̄}(abcd):

sab = y ′ y sabcd , scd =
(
1− y ′

)
(1− y) (1− z) sabcd ,

sac = z′
(
1− y ′

)
y sabcd , sbc =

(
1− y ′

) (
1− z′

)
y sabcd ,

sad = (1− y)
[
y ′
(
1− z′

)
(1− z) + z′z − 2

(
1− 2x ′

)√
y ′z′ (1− z′) z (1− z)

]
sabcd ,

sbd = (1− y)
[
y ′z′ (1− z) +

(
1− z′

)
z + 2

(
1− 2x ′

)√
y ′z′ (1− z′) z (1− z)

]
sabcd ,

I Phase-space factorisation:

dΦn+2 = dΦ
(abcd)
n dΦ

(abcd)
rad,2 ,

∫
dΦ

(abcd)
rad,2 =

∫
dΦrad,2

(
sabcd ; y , z, φ, y ′, z′, x ′

)
= N2(ε) (sabcd )2−2ε

∫ 1

0
dx ′
∫ 1

0
dy ′
∫ 1

0
dz′
∫ π

0
dφ (sinφ)−2ε

∫ 1

0
dy
∫ 1

0
dz

×
[
4 x ′

(
1− x ′

)
y ′
(
1− y ′

)2 z′
(
1− z′

)
y2(1− y)2 z (1− z)

]−ε
×
[
x ′
(
1− x ′

) ]−1/2 (1− y ′
)

y (1− y) .
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Integration of the double-unresolved part of I(2)
<latexit sha1_base64="y57/ifDJ1cs0Z7vht14aoEQwI3A="></latexit>

I(2) =
X

i,j>i

Z
d�2 SijRR +

X

i,j>i
k>j

Z
d�2 Cijk(1�Sij�Sik�Sjk)RR + . . .

<latexit sha1_base64="gEDwEatanSP4TAUELVfYnmmy1FI="></latexit><latexit sha1_base64="gEDwEatanSP4TAUELVfYnmmy1FI="></latexit><latexit sha1_base64="gEDwEatanSP4TAUELVfYnmmy1FI="></latexit><latexit sha1_base64="gEDwEatanSP4TAUELVfYnmmy1FI="></latexit>

Kernels to integrate

Pijk[ggg]
<latexit sha1_base64="EEqoJ3hwF8TgZQCYfTgOO0GfA4o="></latexit><latexit sha1_base64="EEqoJ3hwF8TgZQCYfTgOO0GfA4o="></latexit><latexit sha1_base64="EEqoJ3hwF8TgZQCYfTgOO0GfA4o="></latexit><latexit sha1_base64="EEqoJ3hwF8TgZQCYfTgOO0GfA4o="></latexit>

Pijk[qgg]
<latexit sha1_base64="66ZC4CalxArBgtIh1JeaQ7d1e1c="></latexit><latexit sha1_base64="66ZC4CalxArBgtIh1JeaQ7d1e1c="></latexit><latexit sha1_base64="66ZC4CalxArBgtIh1JeaQ7d1e1c="></latexit><latexit sha1_base64="66ZC4CalxArBgtIh1JeaQ7d1e1c="></latexit>

Pijk[qq̄g]
<latexit sha1_base64="E88hfMKiR6ydQhLd0e65qQLX1tg="></latexit><latexit sha1_base64="E88hfMKiR6ydQhLd0e65qQLX1tg="></latexit><latexit sha1_base64="E88hfMKiR6ydQhLd0e65qQLX1tg="></latexit><latexit sha1_base64="E88hfMKiR6ydQhLd0e65qQLX1tg="></latexit>

Pijk[qqq̄]
<latexit sha1_base64="mhvZRD4P2sDVu8WfTjuIZN2vIhQ="></latexit><latexit sha1_base64="mhvZRD4P2sDVu8WfTjuIZN2vIhQ="></latexit><latexit sha1_base64="mhvZRD4P2sDVu8WfTjuIZN2vIhQ="></latexit><latexit sha1_base64="mhvZRD4P2sDVu8WfTjuIZN2vIhQ="></latexit>

Pijk[qq0q̄0]
<latexit sha1_base64="+v0qjIw2vKTU+c2I3HjSDF3Q4Mc="></latexit><latexit sha1_base64="+v0qjIw2vKTU+c2I3HjSDF3Q4Mc="></latexit><latexit sha1_base64="+v0qjIw2vKTU+c2I3HjSDF3Q4Mc="></latexit><latexit sha1_base64="+v0qjIw2vKTU+c2I3HjSDF3Q4Mc="></latexit>

I(ij)
cd [gg]

<latexit sha1_base64="kGkOKqfAULbPvvNH1mliWgVqrRs="></latexit><latexit sha1_base64="kGkOKqfAULbPvvNH1mliWgVqrRs="></latexit><latexit sha1_base64="kGkOKqfAULbPvvNH1mliWgVqrRs="></latexit><latexit sha1_base64="kGkOKqfAULbPvvNH1mliWgVqrRs="></latexit>

I(ij)
cd [qq̄]

<latexit sha1_base64="9xzCqa20ifjpbd2HxdFIDE+GQbA="></latexit><latexit sha1_base64="9xzCqa20ifjpbd2HxdFIDE+GQbA="></latexit><latexit sha1_base64="9xzCqa20ifjpbd2HxdFIDE+GQbA="></latexit><latexit sha1_base64="9xzCqa20ifjpbd2HxdFIDE+GQbA="></latexit>

2 soft kernels

5 collinear kernels

 Rational functions of six invariants    sab,    sac,    sbc,    scd,    sad,    sbd 

 The possible denominators are only:

sab,      sac,      sbc,      scd,      sad,      sbd,   

sac + sbc,      sad + sbd,      sad + scd,      sbd + scd

Catani, Grazzini hep-ph: 9908523
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Integration of the double-unresolved part of I(2)
<latexit sha1_base64="y57/ifDJ1cs0Z7vht14aoEQwI3A="></latexit>

 the permutation of the four momenta  ka,  kc,  kb,  kd 

 the following permutations of invariants:

sab $ scd sac $ sbd sad $ sbc
<latexit sha1_base64="FtyNmSevFfquYAyVIr+2NUSarNc="></latexit>

sab = y0 y sabcd

sac = z0(1 � y0) y sabcd

sbc = (1 � y0)(1 � z0) y sabcd

scd = (1 � y0)(1 � y)(1 � z) sabcd

sbd = (1 � y)
h
y0z0(1 � z) + (1 � z0)z + 2(1 � 2x0)

p
y0z0(1 � z0)z(1 � z)

i
sabcd

sac + sbc = (1 � y0) y sabcd,

sad + sbd = (y0 + z � y0 z) (1 � y) sabcd,

sab + sbc = (1 � z0 + z0y0) y sabcd.
<latexit sha1_base64="za1br9ne3WFzP7lrJ+1PVmJi2e0="></latexit>

 We can reduce the denominators to:

Z
d�2(p

2; y, z, �, y0, z0, x0) = G2 (p2)2�2✏

Z 1

0

dx0
Z 1

0

dy0
Z 1

0

dz0
Z 1

0

dy

Z 1

0

dz [x0(1 � x0)]�✏�1/2

⇥
y0z0(1 � y0)2(1 � z0)y2z(1 � y)2(1 � z)

⇤�✏
y(1 � y)(1 � y0)

<latexit sha1_base64="SvYOAVGnYne+dAnoJxpF+tgTSqE="></latexit><latexit sha1_base64="SvYOAVGnYne+dAnoJxpF+tgTSqE="></latexit><latexit sha1_base64="SvYOAVGnYne+dAnoJxpF+tgTSqE="></latexit><latexit sha1_base64="SvYOAVGnYne+dAnoJxpF+tgTSqE="></latexit>

 The integral measure is:

 The integrala of the kernels are symmetric under:
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Integration of the double-unresolved part of I(2)
<latexit sha1_base64="y57/ifDJ1cs0Z7vht14aoEQwI3A="></latexit>

 All integrals could be written in terms of the hypergeometric functions               

and then expanded in ! 

 We have expanded the 2F1 in ! and then integrated in t and u

 Using the properties of the hypergeometric function 2F1, we are left with 
integrals of the following types:

Z 1

0

dt

Z 1

0

du (1 � t)µ t⌫ (1 � u)⇢ u�
2F1(n1, n2 � ✏, n3 � 2✏, 1 � tu)

<latexit sha1_base64="kpPworrP5K+s41n8mpUMEOAy/5A="></latexit>

Z 1

0

dt (1 � t)µ t⌫ 2F1(n1, n2 � ✏, n3 � 2✏, 1 � t)
<latexit sha1_base64="Qp+UstM3kKD4bC3JOFvnSKHXzuY="></latexit>

2F1(a, b, c, 1), 3F2(a, b, c, 1) 4F3(a, b, c, 1)
<latexit sha1_base64="nfXuZpQi1/53OKWVLFCB050YD08="></latexit>

µ, ⌫, ⇢, � = n + m✏, n, m 2 Z, n � �1
<latexit sha1_base64="esDuaHLa+GPBFMHQxGEcieb33pg="></latexit>

n1, n2, n3 2 N, n1 � 1, n3 � n1 + 1, n2
<latexit sha1_base64="9SsidM3SkNr13sfUna9jjXGBikQ="></latexit>

 All integrals checked against a numerical computation without using symmetries
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Integration of the double-unresolved part of I(2)
<latexit sha1_base64="y57/ifDJ1cs0Z7vht14aoEQwI3A="></latexit>

Z
d�2 I

(ij)
cd [qq̄] = A

(
2

3

1

✏3
+

28

9

1

✏2
+


416

27
� 7

9
⇡

2

�
1

✏
+

5260

81
� 104

27
⇡

2 � 76

9
⇣(3)

)
c 6= d

Z
d�2 I

(ij)
cc [qq̄] = A

(
� 2

3

1

✏2
� 16

9

1

✏
� 212

27
+ ⇡

2

)

Z
d�2 I

(ij)
cd [gg] = A

(
2

✏4
+

35

3

1

✏3
+


481

9
� 8

3
⇡

2

�
1

✏2
+


6218

27
� 269

18
⇡

2 � 154

3
⇣(3)

�
1

✏
+

76912

81
� 3775

54
⇡

2 � 2050

9
⇣(3) � 23

60
⇡

4

)

Z
d�2 I

(ij)
cc [gg] = A

(
� 2

3

1

✏2
� 10

9

1

✏
� 164

27
+ ⇡

2

)

Z
d�2 Pijk[qq

0
q̄
0
] = A

(
� 1

3

1

✏3
� 31

18

1

✏2
+

"
� 889

108
+

⇡2

2

#
1

✏
� 23941

648
+

31

12
⇡

2
+

80

9
⇣(3)

)

Z
d�2 Pijk[qqq̄] = A

(
� 13

8
+

1

4
⇡

2 � ⇣(3)

�
1

✏
� 227

16
+ ⇡

2
+

17

2
⇣(3) � 11

120
⇡

4

)

Z
d�2 P

(ab)
ijk [gqq̄] = A

(
� 2

3

1

✏3
� 31

9

1

✏2
+


� 889

54
+ ⇡

2

�
1

✏
� 23833

324
+

31

6
⇡

2
+

160

9
⇣(3)

)

Z
d�2 P

(nab)
ijk [gqq̄] = A

(
� 2

3

1

✏3
� 41

12

1

✏2
+


� 1675

108
+

17

18
⇡

2

�
1

✏
� 5404

81
+

1063

216
⇡

2
+

139

9
⇣(3)

)

Z
d�2 P

(ab)
ijk [ggq] = A

(
2

✏4
+

7

✏3
+


251

8
� 3⇡

2

�
1

✏2
+


2125

16
� 21

2
⇡

2 � 154

3
⇣(3)

�
1

✏
+

17607

32
� 753

16
⇡

2 � 548

3
⇣(3) +

13

20
⇡

4

)

Z
d�2 P

(nab)
ijk [ggq] = A

(
1

2

1

✏4
+

8

3

1

✏3
+


905

72
� 2

3
⇡

2

�
1

✏2
+


11773

216
� 89

24
⇡

2 � 65

6
⇣(3)

�
1

✏
+

295789

1296
� 845

48
⇡

2 � 2191

36
⇣(3) +

19

240
⇡

4

)

Z
d�2 Pijk[ggg] = A

(
5

2

1

✏4
+

21

2

1

✏3
+


853

18
� 11

3
⇡

2

�
1

✏2
+


5450

27
� 275

18
⇡

2 � 188

3
⇣(3)

�
1

✏
+

180739

216
� 1868

27
⇡

2 � 1555

6
⇣(3) +

41

60
⇡

4

)

<latexit sha1_base64="9R46JWVJsYPtehzdVqxCkcpqPzY="></latexit>

A =
1

(4⇡)4

✓
sabcd e�E

4⇡

◆�2✏

<latexit sha1_base64="t48vNYroaXrwz2zCIGqvnc/OVrA="></latexit>

Results for the integrated kernels
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Matrix elements for the TRCF contrib. to e+e− → qq̄ at NNLO

I Analytic matrix elements from [Hamberg, van Neerven, Matsuura, 1991], [Gehrmann De Ridder, Gehrmann,

Glover, 0403057], [Ellis, Ross, Terrano, 1980]

VV = B
(αS

2π

)2
TR CF

{(
µ2

s

)2ε [ 1
3ε3

+
14
9ε2

+
1
ε

(
−

11
18
π2 +

353
54

)
+

(
−

26
9
ζ3 −

77
27
π2 +

7541
324

)]

+

(
µ2

s

)ε [
−

4
3ε3
−

2
ε2

+
1
ε

(
7
9
π2 −

16
3

)
+

(
28
9
ζ3 +

7
6
π2 −

32
3

)]}
,

∫
dΦrad RV =

αS

2π
1
ε

2
3

TR

∫
dΦrad R

= B
(αS

2π

)2
TR CF

(
µ2

s

)ε [ 4
3ε3

+
2
ε2

+
1
ε

(
−

7
9
π2 +

19
3

)
+

(
−

100
9
ζ3 −

7
6
π2 +

109
6

)]
,

∫
dΦrad,2 RR = B

(αS

2π

)2
TR CF

(
µ2

s

)2ε [
−

1
3ε3
−

14
9ε2

+
1
ε

(
11
18
π2 −

407
54

)
+

(
134
9
ζ3 +

77
27
π2 −

11753
324

)]
.
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Integrated counterterms in the TRCF contrib. to e+e− → qq̄ at NNLO

I (2) =

∫
dΦrad,2

[
S34 + C134

(
1− S34

)
+ C234

(
1− S34

) ]
RR

= B
(αS

2π

)2
TRCF

(
µ2

s

)2ε [
−

1
3ε3
−

14
9ε2

+
1
ε

(
11
18
π2 −

425
54

)
+

(
122
9
ζ3 +

74
27
π2 −

12149
324

)]
+O(ε).

I (1)
hq = −

αS

2π

(
µ2

s

)ε 2
3

TR

(
1
ε
− ln η̄ [34]r +

8
3

)
RWhq + O(ε) ,

I (12)
hq =

αS

2π

(
µ2

s

)ε 2
3

TR

(
1
ε
− ln η̄ [34]r +

8
3

)[
S̄h + Chq

(
1− S̄h

) ]
RWhq + O(ε) .

I(RV) =
αS

2π
2
3

1
ε

TR

∫
dΦrad

[
S[34] + C1[34]

(
1− S[34]

)
+ C2[34]

(
1− S[34]

) ]
R

= B
(αS

2π

)2
TR CF

(
µ2

s

)ε [ 4
3ε3

+
2
ε2
−

1
ε

(
7
9
π2 −

20
3

)
−
(

100
9
ζ3 +

7
6
π2 − 20

)]
+O(ε) ,
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Soft currents vs radiative soft function S
Standard soft factorisation (à la Catani-Grazzini)

M(0)
n,1 = ε · J(0)

softM
(0)
n,0

M(1)
n,1 = ε · J(0)

softM
(1)
n,0 + ε · J(1)

softM
(0)
n,0

M(2)
n,1 = ε · J(0)

softM
(2)
n,0 + ε · J(1)

softM
(1)
n,0 + ε · J(0)

softM
(2)
n,0

Getting virtual H’s from virtualM’s.

M(0)
n,0 = H(0)

n,0

M(1)
n,0 = H(1)

n,0 + S(1)
n,0H

(0)
n,0 =⇒ H(1)

n,0 = M(1)
n,0 − S

(1)
n,0M

(0)
n,0 ,

M(2)
n,0 = H(2)

n,0 + S(1)
n,0H

(1)
n,0 + S(2)

n,0H
(0)
n,0

=⇒ H(2)
n,0 = M(2)

n,0 − S
(1)
n,0

[
M(1)

n,0 − S
(1)
n,0M

(0)
n,0

]
− S(2)

n,0M
(0)
n,0

FactorisationMn,m = Sn,mHn,0

M(0)
n,1 = S(0)

n,1M
(0)
n,0

M(1)
n,1 = S(0)

n,1M
(1)
n,0 +

[
S(1)

n,1 − S
(0)
n,1 S

(1)
n,0

]
M(0)

n,0

M(2)
n,1 = S(0)

n,1M
(2)
n,0 +

[
S(1)

n,1 − S
(0)
n,1 S

(1)
n,0

]
M(1)

n,0

+

[
S(2)

n,1 − S
(1)
n,1 S

(1)
n,0 − S

(0)
n,1

(
S(2)

n,0 − S
(1)
n,0

2
)]
M(0)

n,0
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