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Motivation
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Need for accuracy at colliders

» The LHC is delivering highly accurate data, entering a high-precision phase.
» Theoretical precision is the best option to discover BSM at the LHC if it’s there.

» An ambitious goal for the next years: automatic NNLO QCD.
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Need for accuracy at colliders

v

The LHC is delivering highly accurate data, entering a high-precision phase.

» Theoretical precision is the best option to discover BSM at the LHC if it’s there.

v

An ambitious goal for the next years: automatic NNLO QCD.
» Evaluation of two-loop amplitudes.

> Progresses in massive 2 — 2 processes (see for example [Bonciani, et al.l, [Melnikov, et al.], [Dunbar,
et al.], ...), first steps in 2 — 3 massless (Badger, et a1.1, NEW id€as [Mastrolia, et al.].

v

Cancellation of infrared infinities at NNLO.
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Infrared infinities at NNLO
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pp — jj at NNLO.

» Real and virtual amplitudes separately diverge in the IR limits.
» Only their sum, combined in IR-safe observables is finite by KLN theorem.

» Achieve efficient cancellation of infinities.
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Cancellation of infinities beyond NLO
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First results at N3LO: gg — H (amastasion,
e 213, DIS (oetenanm, ot 211, VBF(H) and VBF(HH)
[Dreyer, Karlbergl, bb — H [Duhr, et al.].
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Many schemes on the market.

» Slicing: simpler but approximate.

qT [Catani, Grazzini, Cieri, et al.l, N-]ettlness
[Boughezal, Petriello, et al.], [Gaunt, Tackmann,

et al.].

Subtraction: more complex but exact.
Antennae (eenrmann, clover, et a1.1, Stripper
[Czakon, Mitov, et a1.], NESted soft-collinear
[Caola, Melnikov, et al.l, colourful te1 puca,
Troscanyi, et al.], Projection to Born rsatan,

et a1.1, Sector decomposition (anastasiou,

et al.], [Binoth, et al.l, S-prescription [Frixione,
Grazzini], FK82 in massive QED (signer, et a1.]

New ideas: loop-tree duality trodrigo, sboriini,
et a1.1, FDR rrittau1, geometric subtraction
lerzog), [OOP @PProach ranastasiou, stermanl.
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Why to look for a new subtraction scheme at NNLO

v

NNLO subtraction in QCD not yet solved in full generality.
General? Automatable? Efficient? Local? Scaling with number of legs? ...

v

Problem often tackled introducing radically new elements w.r.t. NLO solutions.

v

Is there anything simpler? Are we using all freedom we have in defining subtraction?

v

Can we hope to manage extensions (masses, higher orders) analytically?

v

In the following, results on massless and final-state-only QCD partons.

Paolo Torrielli Infrared subtraction and factorisation beyond NLO 6/35



Warmup: new subtraction at NLO
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Subtracted NLO cross sections
» X =IRC safe, X; = observable with i-body kinematics, é; = §(X — Xj)

donlo

ax

- /dcbn V6n + /dcpn+1 Rpss.
» Addends separately diverge: add and subtract local counterterm K
/ dd, 1 Kén.

» K =same singularities as R, locally in phase space, but simple enough to be integrated
analytically in d # 4.
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Subtracted NLO cross sections
» X =IRC safe, X; = observable with i-body kinematics, é; = §(X — Xj)

donlo

ax

= /dcbn Von+ /e/cpn+1 Répes.

\{

Addends separately diverge: add and subtract local counterterm K
/ dd, 1 Kén.

» K =same singularities as R, locally in phase space, but simple enough to be integrated
analytically in d # 4.

» Integrated counterterm in d dimensions:

I= [ ok, dbypq = dOpyq [ ddn,

v

Subtracted O(as) cross section

dUNLO

ax

= /dq>,,(v+/)5n+ /d¢n+1(H6n+1 —Kn).

Integrals [(V + /) and [ (R — K) separately finite and evaluated numerically in d = 4.

v
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NLO phase-space partitions

» Simplify the subtraction problem: treat as few singularities at a time as possible.

» Partition phase space ¢, 1 with sector functions Wi [Frixione, Kunszt, Signer, 95123281
> normalisedas 3, ;; Wy =1

> RWj is singular only in one soft (S;) and one collinear (C;) configuration
» Minimal singularity structure: only two partons can go soft/collinear in a given partition.

» Sum rules:

Si > Wik =1, Ci > Wa=1,

k#i ab € perm(if)

» Summing over all sectors sharing a given singularity, and taking that singular limit on the sum,
the W’s disappear. Key for simplifying analytic integration of K.
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Structure of NLO singularities
» Singularities in a sector known in terms of invariants sz, = 2 ka - kp, Without parametrising.

> S; R (C; R) =leading term in R as k" — 0 (relative k" — 0).

S;R({k}) = -M Z 6,/g Sim B,,,,({k}/) By, = colour-correlated Born
C;R({k}) = 2[1 P‘”’(s,,,s/,) B ({k}//, ) , B,.., = spin-correlated Born
ij

SiCj R({k})

2N Gy brg S/ B({k},) -

» Define a candidate counterterm in sector jj as soft + collinear — overlap:
Kj = (Si+Cj —SiCj)RWj

(limits applied to both A and W), limits commute.

» As minimal as FKS, but not yet parametrised: freedom to be exploited for analytic integration.
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Mapping to Born kinematics
» Momentum mapping {k1, ..., kni 1} — {/_(1 R Rn} to factorise Born phase space.

> Catani-Seymour (catans, seynour, se0sa23] final-state dipole mapping {k} — {k}(ab°):

K%)= kot kp —

s bar(kb)
I—((abc) _ abc ko,
© Sac + Spc ¢
Sabc = Sab 1 Sac + Spe,
l-([()abc) + kéabc)

ka + kb +ke. bar(kc)

» Phase-space factorisation and parametrisation:

don.q = d¢(abc) dd)(abc) = d¢(abc) X d®,.q (—(abc)

rad Sbc Y,z O)

do(@) o (3l )1‘5/ de sm_zeqﬁ/ dy/ dz y(1 —y)?z(1 —Z)] -y,

Sab = Y Sabc > Sac = Z(1 = ¥) Sapc » Spe = (1 —=2)(1 — ¥) Sabc -
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Local-counterterm definition

» {k} — {k}(@%°): adapt mapping to the invariants appearing in the kernels.

» C; R features invariants sj, s;;, and s;.: dipole = (jjr).

Each term in the eikonal sum in S; R features s, Sjn, and s;,: dipole = (ilm).

» Remapped singular limits:

S; R({k = —-M 5 By, ({k}0Im)
/R ({KD) DI T m (K1)
_ _/\/1 v .
CiRW) = TP (SirsSp) B ({RY)

§CR(K}) = 2N G g2 B({ky)

T s s
» Local-counterterm:
R,'/ = <§,'+é//f§/6,'j> RWj, K = ZR,-/-,
ij#i
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NLO-counterterm integration

> Benefit from sum rules: eliminate W;; from K (as in FKS).

» Benefit from mapping adaption: each integrand has a trivial phase space (as in CS).

» Soft integration (y and z = CS variables for dipole (i/m)):

S § (il 1-2z
= B DM (L) _(,,m ;[ @na (7y.2.0) E
i I
' méél/
e—2
B Snd 7 (ilm) (47) Fr(1—ef(2—c¢)
= M 5 i ({F) .
Z ’gg il >(s("m) Er(2—3¢)
m#i
Paolo Torrielli
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NLO-counterterm integration

» Full result, including hard-collinear

2T —el(2—¢)

T (47) _

I{kY) = -M /%/ sc T2 -39 Bim({k})
m)e—2 —€ —€ =

S (4m)s = T(1—¢r(2 )(CB({k}),

5 Sgr el(2 — 3e)

. Ca+4 Ta N, c
with C = =454 8.9 + 5 01, 0,3)

» Result exact in e. Not important per se, but a sign of simplicity.
» Virtual € poles analytically reproduced in general.

» Finite parts checked differentially in a variety of cases.
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Lessons from NLO

v

Partition functions and their sum rules are convenient tools, as in FKS.

v

Term-by-term mapping adaption as in CS = simplifications in analytic integration.

v

Bridge between FKS and CS:

> Kj is like FKS, but with adapted parametrisation.

> K= Zij?i/ is like CS, but much simpler.

» Features to be exported to NNLO.
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New subtraction at NNLO
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Subtracted NNLO cross sections

» X = IRC safe, X; = observable with i-body kinematics, 6; = 6(X — X;)

donnio

> = / ddn VV 8 + / ddp 1 RV Spit + / d®,.o RR S

» Add and subtract local counterterms:
—(1 — (12 —(RV
/dd),,+2 K" 601, /d¢n+2( +K"®yen, /dd>,,+1 K™ s,

) and (K @ + ?(12)): same single- and double-unresolved singularities as RR.
@ — double-unresolved limits (i.e. democratic);

12) — single-unresolved limits of double-unresolved ones (i.e. strongly ordered);
— same phase-space singularities as RV.

x| x| X X
ik
=

» d-dimensional integrated counterterms ( d®,,q; = d®p0/dPpio_j):

0 = [ o, B, 10D = [a0,0 R, — [go,, k™,
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Subtracted NNLO cross sections
» Subtracted O(a2) cross section:

donnco

= /d¢n (W + 12 4 (R 5,

+ [ @@ [ (RV+10) 610y — (K™~ 102) 5]
+/d¢n+2 {RH&,HQ — KV gy — (P + K1) 5n} :
» Each line separately finite and evaluated numerically in d = 4.

» Singularity-cancellation pattern:

» RR— K™Y — (K@ + K" finite in d = 4, and in ®pso.

> RV + I finite in d = 4, but singular in ®,.

7 (RV)

» K — 102 finite in d = 4, but singular in ®,, 1.

(RV

> (RV + 1M) — (K™ — 102 finite in d = 4, and in 1.

> W+ 1@ 4 [®Y) finite in d = 4, and in ®,,.
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NNLO phase-space partitions

» Partition ¢, with sector functions Wjy, (normalised as Z,jk, Wik = 1), to select as few
singularities at a time as possible.

» Sum rules in double-unresolved limits: by summing over all sectors sharing the same
singularity, and taking that singular limit on the sum, W functions must disappear.
Key for analytic integration of double-unresolved counterterms.

» Factorisation properties: in the single-unresolved limits, NNLO ’s factorise NLO ones.
C,'I' W,'/'k/ ~ Wy C,'I' W,‘j 5 S,’ W,'jk/ ~ Wy S,’ W,'I' .

Key for explicit cancellation of real-virtual poles in each V.
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NNLO counterterms

» In each sector candidate counterterms collect singular limits of RR W, written in terms of s,p.

» Example for sector Wjy; (where nonzero limits are S;, Cj;, Sik, Cji, SCjx, CSj):

K = [si+Ci(1—8)] RRW,
K,-,»E;) = [Sik + Cjk(1 — Si) +SCj (1 —Si)(1 — Cjix)

+CSjj(1 — SCy)(1 — Si)(1 — c,,-k)] RR Wi,

K = —[8i+Cy(1 —8)] [Sik + (1 — Si) + SCyk(1 — Si)(1 — i)

+CS(1 — SCy)(1 — Si)(1 — Cy)| RR Wi .

> S,']' RR, Cikj RR, and SC,-,k RR are universal kernels (catani, crazzini, 9810389, 99085231, [Campbell,
Glover, 97102551, [Berends, Giele, 19891. All limits commute.
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NNLO-counterterm simplifications
» Simplifications possible, thanks to idempotency relations

(1 - S,) SC,‘Cd RRW,‘de = O, (1 - C’l) Csljk RRWI/kd = O
K,v,g) = [Sik + Cjik(1 — Sik) +SCj (1 — Six)(1 — Cjix)

+CS,‘jk(1 7SC,'jk)(1 —SiK)(1 — cijk)] RRW,M,

(12)
Kii

—[8i+€4(1 = )] [Si + Cye(1 — Si) + SCy(1 — Si)(1 — C)
+CSj(1 — SC)(1 — Si)(1 — Cj)| RR Wi .

» Limits SC and CS disappear from K ) 4 K (12) (see also (caola, Melnikov, Roentschl):

KD+ KD = (1-8)(1 =€) [k + Cp(1 — Si)| RR W,

very minimal structure!

» Complexity parallelised: more complicated processes need more partitions, but the intrinsic
complexity in each partition does not scale.
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1 )

Counterterms K" and K *?

» Use factorisation properties of Wapcq, and sum rules of Wap:

'Y = ZWH Y C,(1-8:-5;) RR+ZS RR ZK(I).

|4 3>1

in each NLO sector . . .
full structure of single-unres. singularities

» Same integral as at NLO (known to all orders in €).

v

RV Wy + lk(,1) finite in d = 4 sector by sector in the NLO phase space.

v

One can show that /(12) [gk +Cu (1 = §k> ] Ik(/U-

R _

v

lk(,12) finite in d = 4 sector by sector in the NLO phase space.
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Counterterm K @

(2

» Using sum rules, W’s disappear from K '-* and from its integral /(2). In the end:

- { S8+ T o (1-8-8-5)
i Jj>i j>i k>j

+> 3> Ci (1 —Sik — Sk — Si — §jl>
j>i k>i I>k
K7 T
+ ZZ ﬁijk (1 = §,‘j *§/k) (1 *6//'1( *Z 6/'ljk)

i I/:;é( I,k
>j

+> > CSj ( Sik — S,k) (1 -Cik—> E,jk,) } RR

J>i kF#ij I#i,j,k

> Analytic integration of a set of universal NNLO kernels with no V functions.

» As at NLO, mapping adaption to ease analytic integration.
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Mappings from NNLO to Born kinematics
» {k} — {k}(@c9) mapping example, dd,., = dd!E x go(@ed)

rad,2

Réabcd) — Kat+ kp + ko — _ Sabe

Sagd + Spa + Scd bar(kc)
7 (abed Sabcd
k((ja cd) _ abc Ky,
Sad + Spa + Scd
Sabed = Sab + Sac + Sad + Sbc + Sbd + Scd bar(kd)
k(abcd) + k(abcd) Ka + kp + ke + kg.

» This is used in double-collinear E,-jk RR and double-soft §,-,- RR counterterms:

S;RR = Z g d({,;}<i/cd)) 4
Cc#i,f
d#i,j,c
_ NP o
. — LY B (ijkr)
CiRR = Sik PhY By ({k}0)
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Analytic integration of K

» All counterterms have been integrated analytically with no IBPs: mapping adaption works!

™ = @4 @ +tI§fZ+Is(c23)}

Factorised: complexity = NLO x NLO
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Analytic integration of K

» All counterterms have been integrated analytically with no IBPs: mapping adaption works!

\ 1@ = [[@)4+1@ +12 + 13

GG} ccd sc3

B)- (& (5] [(Seren)Eafr(Sen)E)
~(Zen) (v g} Spacd) |pa
+2 3 {_ 2(20,0)@+ Ny Tz %@] Beal{F})

cde

+2 I3, \Beaca({k}) + 4 13, \Beaca({F
C%Js I ded ZZIB led(( H

cdrc etd

+ 15, . \Bede ({H) + O(e) }
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Analytic integration of K

» All counterterms have been integrated analytically with no IBPs: mapping adaption works!

- 1 200 .20
1o, = @ -3 @+
88 7
1% = (1 ﬁ""
| e, = QL. 8L (a8 T oL, BBl A
CiTr = 337 9 2 27 9 ¢ 8l 27
2 351 (487 8 5\ 1
fGer = atzat\y 37 )a
6248 260 , 154 177404 3829 , 2050 23,
29, 1, 77404 3829, 2050 .5 23
7 18 3 ‘(z)) PR "o B gT

- Fa[ 21 341
L I A
o Sal 2 351

1&ipa = 1“7[’3’??’

€

1 5afl 4 1\ 1 55l 1. 55
S (S p S 20— — ) - o2 py) 4 St
*2"5(#* 20— gt =L+ gyt S

464 T 5 521 34\ 4 55w
27+g"'+1"5(3(+9) 91“ "
487 8 ,\1 6248 269 , 154

93wttt O

48T 8 5\ 2, 55 (2
**T*?”)*ﬁ“‘?:

{k}

= 2 Sed n? L
g, = -4(1—4(3))(2-21117’)-40-?+124(3)+7
B - 4
IBeses
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Analytic integration of K

» All counterterms have been integrated analytically with no IBPs: mapping adaption works!

@ = @412 119

as\? 2\ . 5 =
Mfl’: 2(47;) (;) 373 8s0 [Ny Cr TR, NfCATRIIFILlJrCi &
P
+0f, 0.0} OF [N/ TR|I$:‘;,}+ CF| féEF oo, ] + O(e>} B({k})
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Analytic integration of K!

2)

» All counterterms have been integrated analytically with no IBPs: mapping adaption works!

s 7257%5*(’16*%”2’“3))%’% S+ Dot
s (3L T ha6- Dt c) 42w 2 (-
{ o - @)
+21I,SP*<,11,§,ﬁ) 12 S
d 6¢ 36 9 3
g = 5T (Fegroew) - R e e Fao -
”“‘i(% 347% 323—§w2+e<<s>)+zmw( %*%)+§hﬁ%
B = panat( - e 5 ) + !
+21n%(%%+§%+?}£+%w —og())+21n25"’(—%%—%)+§1n35%
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Proof-of-concept example
» TrCr contribution to onnro(ete™ — qa)

a) qal1)
q’'(d)
; RN
v
q(2) a(2)
RR w

» Finiteness in the n-body phase space:

2 1 44 4 2
vy

» Finiteness in the (n+ 1)-body phase space, sector by sector:

_ 2 2 8 _
RV M = e (2 2 R,
Whq + hq 573 RN Sparr + 3 hq
—(RV) (12) as 2 u? 8\ ra = a —
[ = B2 ) [8, + Chg (1 —Sp) |RWhg .
hg ~ Ing = R<n§[34],+3 (S + Crq (1 - 81) | R Wig
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Total NNLO cross section

rescaled NNLO correction
o

1.002
1.0015
1.001
1.0005
1

ic

to analyti

o
=)
©
©
©
a

§ 0.999
0.9985
0.998

ati

‘ analytic ——

{ numerical ——

6
uhs

Paolo Torrielli

Example for 11/+/s = 0.35.

Analytic:
ONNLO — OLO k x 1.40787186

Subtraction method:
ONNLO — OLO k x (1 .40806 + 000040)

k= (35)° TaCr

Infrared subtraction and factorisation beyond NLO
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NNLO summary

v

Sector functions at NNLO engineered to factorise structure of NLO partitions.

v

Sector-function sum rules allow analytic integration of double-unresolved counterterm.

A\

Todo: combine results to show analytic cancellation of 1/e poles for generic process
(final-state radiation, massless).

v

Todo: efficient numerical code.
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Factorisation and subtraction beyond NLO
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Linking factorisation and subtraction

» The infrared structure of virtual corrections to gauge amplitudes is very well understood.

» Factorisation of virtual corrections contains all-order information.

> Exponentiation of virtual corrections tightly connects high orders to low orders.
> Classes of possible virtual poles are absent (e.g. massless tripoles).

> Factorisation compactly encodes removal of overlapping soft-collinear poles.

» Structure of virtual poles must reflect in real singularities, as they add up to finite xsec.

» Use virtual structure as a principle to organise real subtraction counterterms beyond NLO.
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Virtual-amplitude factorisation

w(2)-1

=1

Ti((pi - )2/ (n?p? 0 (p: - N
6 (81 m)2/m) "

2 2
n?p

N N
BB
%n

X

%
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Definitions of soft, jets, eikonal jets
Bi = pi/m, n? #0.

Wilson lines ®, (X2, A1) = P exp [igs e d>\v~A(/\v)] .

J
Us(p) Jq((iz':f) = (p, 5| (0) ®n(0,c0) |0) ’
au J —
gs e M (k) T8 ((1:72:2)2) = (k)| [d)n(oo, 0)iD” ®n(0, oo)] |0) V
% D—
N ((27:)2) = (0] (o0, 0) Dn(0, c0) |0) m»

Sn(Bi- 8) = (0 [] ®s,(c0,0)]0)

k=1
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Real counterterms from virtual factorisation

» Consider for instance soft-only singularities.

» Fully inclusive virtual (left) + real (right) cross section is finite.

= finite

» Left frame contains virtual soft poles that cancel real soft singularities on the right.

» Define real soft counterterms as the right cut blob,

i.e. Wilson lines between vacuum and a physical state with m soft partons.

» Analogously for collinear.

Paolo Torrielli
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Soft currents to all orders

n n
=> (0| [ [ ©5,(0,00)Ikt, At - s km, Am) (K1, At - - ki, Am| [ [ 5,(0,0)0) = Sp,m
{Ai}

i=1 i=1

> Sh,m, radiative soft function: m soft partons emitted from n hard ones.
Gauge invariant and containing loop corrections to all orders (ag).

» Generating the whole tower of real soft singularities.
E.g. (m£) =(2,0) & S; RR (NNLO); (m,£) = (1,1) < S; RV (NNLO);
(m,£) = (2,1) & S;; RRV (N3LO); ...

» Soft finiteness ensured by completeness relation
[e’e) n n
Z/d% Snm (Kt - - kmi i) = (O [ ®5,(0,00) [ [ ®5,(c0,0) |0) = finite.
m=0 i=1 i=1
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Application: organisation of soft currents
» Radiative-amplituide factorisation (assume no collinear singularities)

Mn,m(k1 5 00 km,p,') = Sn7m(k1 s ey Km, B,) Hn(p,) + finite .

> Letting M, 1 = € - Jsort Mp,0, the k-loop soft current for one radiation easily written.

> 0,1, 2 loops:
(©) (©) () =B
6'Jsoft = Sn,1 (k'ﬁ/) = €u (k)gS Z B,‘I'kTh
=
e do = 5,(71)1 (k: Bi) — Sn(,))‘l (k; B1) 5,(,,)0 (81)
e JBh = P ki) — S (kiB) ST (B) — S (B) [5Eh (8) — (S (8]

» Results for Jég%t and JS(J)%t

Giele 1989], [Catani, Grazzini, 2000].

reproduce all known results (sassetto, ciafaloni, Marchesini, 19841, [Berends,

» So far Jéiit computed for 2 coloured legs by taking soft limit of full matrix elements (eagger,
clover, 20041 @t O(€0), (cobrnann, punr, 20131 @t O(€?).

» Calculations based on eikonal Feynman rules, convenient to simplify/systematise these
calculations (e.g. Feynman gauge vs axial gauge).
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Collinear kernels to all orders

S

= /ddXe“'X >~ (0] n(o0, X) Y(X)|p, ; K, Aj) (P, S; Ky, Aj[9(0) Dn(0, 00) |0) = Jg, m
{3}

> Jq, m radiative jet function: m partons collinear to g (or g). y
Gauge invariant and containing loop corrections to all orders (a).

» Generating the whole tower of real collinear singularities.
E.g. (m£) = (2,0) < Cjz RR(NNLO); (m,£) = (1,1) < Cjz RV (NNLO);
(m,£) =(2,1) & Cjg RRV (N3LOY; ...

» Collinear finiteness ensured by completeness relation

> / A 41 Jg, m (K1 - kmi 1, p, ) = Dise / d9x % (0] ®n(o0, X)(x)1(0)n(0, 50) [0) .
m=0
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Application: calculation of multiple-collinear kernels

» At NLO, Feynman-gauge computation:

imo (| C e )

87ras

1, —0

= lim 3" Jg 1 (kil,p,n) = (2m)9 69(1 — p— k) P, o(2)
S

» At NNLO:

Iim/J_*)O (

8
= lim ZJQ, (ki ko; 1, p, n) = ( 7;2%) (em)? 891 — p — ki —kz)PfJ_{qqq(zhzz)

» Information on polarisations retained, full azimuthal kernels if ancestor parton is a gluon.
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Organisation of counterterms for NLO subtraction

» Disclaimer: not yet a subtraction (no remappings), but a path to compact organisation.

» Start from virtual factorisation (Hﬁ,o) = ME,O))

n
:
v o= #DTSOHD + >l (7 - S

0 .
/,E,O) 'HE,) + finite.

» Write down completeness relations for all virtual structures that appear
S+ [aors® = fmite, ()~ oL o) + [aor (U — oY) = niee,

1

» Define real counterterms as the integrands in the completeness relations
0 0) ,,(0
K — HPTS,(,,)1H§7)7

n
Khe ZHSP” <Ji("o1) _ J‘(ogl 1) 7_410) .
i=1

Iy
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Organisation of counterterms for NNLO subtraction
» Start from virtual factorisation, organise poles according to their physical origin

n
S s (2hc)
v oy 4 Sy

vw =
i=1
Vv(ZS) — H(O)T 8(2) ( )
vv(s)  — ’HE,O) TS,(71)O 57 ) + Hff) TSI(J)OHE,O) ,
2h . o)t 2 1 (1) (1) (0)
VV,.( & - KH%) |:J/(3 J/'(,lz: 0 J/(,IZZ),O (JI,O - J/, E,O)i| H”

» Write down completeness relations for all virtual structures that appear

no+/d¢ Sn1 +/dd>2 ? finite ,

JE + /dd>1 I+ /dd>2 JO) = finite,

{J“go + / dd; SO 1} [ SO - I+ / dol (4% - J,.(,Og’l)] — finite.

» Relations linking double-virtual, real-virtual, and double-real singularities:
tower of counterterms defined from virtual poles through completeness.
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Organisation of counterterms for NNLO subtraction

(2s)
Kn+2

(2hc)
n+2, i

(2hc)
n+2, ij

(1hc, 1s)
Kn+2,i

1,
ey

(1, he)
Kn+2, i

o

K20

K s

K

K
Paolo Torrielli

HOT SO H.

,HEO)T [J/(Oz) _JO

i\ E,2 i E,1 \Yi, i
©F (0 _ 0 ) _ 40) 0)

Hn (Jm ’Ji,E,l) <Jj1 7J/,E,1>H”
0) t 0 0 0 0

HPT (U0 =) D
0)t (0 0

T S

© 7,0 _ 40 (0)
Hn+1 (Ji,1 - Ji, E, 1) Hn+1 ’
HOTSO 1D + #DTSO 1D + 1D T 1D

#O' [ = s L = B = S ) + 2001

i1 i,0Yi,E, 1~ Yi,E,0Yi1
1 1 0) T (0 0 0 0
(1) MO SO < (0

1) (OISO + 1D TSP D)

n7

WO (2= A0) (42— .) + 0],
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Outlook
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Outlook

» A new method for subtraction at NNLO, applied so far to QCD FSR massless only.
> Phase space partitioned into sectors to minimise complexity (FKS sectors at NNLO).
> Phase-space mappings adapted to ease analytic integration (CS mappings at NNLO).
» Fully analytic integration of all counterterms achieved.

> Ongoing general subtraction formula and planned extensions to ISR.
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Outlook

» A new method for subtraction at NNLO, applied so far to QCD FSR massless only.

> Phase space partitioned into sectors to minimise complexity (FKS sectors at NNLO).
> Phase-space mappings adapted to ease analytic integration (CS mappings at NNLO).
> Fully analytic integration of all counterterms achieved.

> Ongoing general subtraction formula and planned extensions to ISR.

» Links between subtraction and factorisation.

> Exploit all-order structure of virtual poles to organise real counterterms beyond N(N)LO.
> Cancellation of singularities encoded through completeness relations.

> Transparent structure of singularities, potential simplifications for higher-order kernels.

Thank you
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Backup
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Soft/collinear commutation at NLO

> Soft limit S; (k! — 0): sj5/sjp — constant, sj;/spc — 0,V a,b,c# i.

» Collinear limit C;; (k. — 0): sj/Sja — 0, sj/Sjpp — 0, Sjj/Sap —0,Va,b#i,j.
Sia/Sja — independent of a.

» Commutation in case i = gluon and j = quark.

> Altarelli-Parisi collinear kernel involved is P;(x;) = [1 + (1 — x;)?]/x;, with X; = i/ (Sir + Sjr),
with arbitrary r # i, j.

S
SR = MY "By,
7 SitSim
m#i
s 8
— C;jSiR = —2M > .Cj—LB; = —2N;—2(~C;B),
iy SiSi sirSj !
1 1+ [1 = si/(Sir + Sir)]?
C,'/'FI’ _ /\/‘]*Cf.B +[ lr/( ir + jf)]
sj J Sir/(Sir + Sjr)
s,
= SiIC;R = —2N;—L(-C;B).
sisj 7
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Sector functions

» Example of sector functions at NLO (sy; = 2qem - ki, Sj = 2k - k;), similar to those used in
MadFKS (Frederix, et al., 0908.4272]:

ajj . 1 Sgi S s
W,’j = = with ojj = —, e = —, Wi = .
> ow e; Wj S Sgi Sqj
k. Ik

» Example of sector functions at NNLO:

14 ikl o ! ! a>p>1
kKl = ~—= ~— _ ikl = .
! > Y Cabed ’ e wl (e + oy 1) wig '
a, b#a c#a U
d+#a,c

» Allowed index combinations: Wiiiiks Wiikjs Wik

> Roughly, sector functions select singularities relevant to stwo topologies (left: Wik, Wik,
right: W,'/'k/)
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Soft counterterm in FKS

» The soft FKS counterterm does not feature gluon energy: it reduces to an angular integral

1 —cosb,
(1 —cosb;)(1 —cosby)

lgs o< Y / d cos 6 de(sin ¢ sin 6) 2
Im

» Doable (actually relevant to angular-ordering), but not maximally easy: relations among 6;,,
0, and 0,,,; are non-trivial in terms of integration variables.

» Analogous features at NNLO may be much more severe.
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Cancellation of virtual NLO poles

» Integrated counterterm / computed at all orders in e.

> e expansion:

. as (12 ° - Cr v = _
1wy = 2= (L) {[B({k})z (; + :) £ 3 BultR) llnnk,]

k k, Ik

B({l_(}) Z <5fkg w (In"_]kr - g)

k

+

7 C _
+ 5fkg Cp (6 — §<2) + 6fk{q,a} ?F (10 —7¢ +In nkr))

4 Z By ({k}) Infg (2 = %In ﬁk/) ] } :

k, I£k

_ = 11C4—4 TpN, &
> flab = Sap/S, and yk = O g — A5 + 6, 1q.5) 53 CF-

» Same structure of e singularities as V (up to a sign).
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NNLO sector-function sum rules

Sik <Z > Wika+Y > kaid) =1,

b£i d#ik bk dk,i

Cik > (Wabbe + Waber) = 1,
abc € perm(jjk)

siC (W + W) =1,

SiCik >, (Wabtk + Wakok) = 1, Sik Cijjg (Wia + W) = 1.
ab € perm(ij)
SCjx Sjj Zwibjk =1, CSji Sik Z Wikg = 1,
bAi d-#ik
CSji Cijx Wiij + W) = 1, CSji Cijy Wi + Wiw) = 1,
CSjx Cijix Six Wig = 1, CSjik Cjjxi Sik Wi = 1,
SCikCik >, Wiaab+ Wiaa) = 1, SCix Cijy Wit + W) =1,
ab € perm(jk)
SCik Ciic Sik Wij + Wig) = 1, SCi Ciji Sik Wi = 1.
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Double-radiation phase space
» Catani-Seymour variables y, z, y’, 2/, x' € [0, 1] for mapping {k} — {k}(ab°d):

Sab =Y’ ¥ Sabcd s Scd:(‘l*yl)(‘lfy)(‘lfz) Sabed
Sac =2 (1 _y/) Y Sabcd > Spc = (1 —}/') (1 _ZI) Y Sabcd
Sag=(1—-y) [y’ (A-2VA-2)+Zz-2(1-2X)/yZ(1-2)z(1 fz)] Sabed »

Spg =(1—y) [y/z/(1 —o)+(1-2)z+2(1-2X)\yzZ(1-2)z(1 —z)] Sabed »

» Phase-space factorisation:

dope = dof de 2D
do (abcd) _ do . VA N
rad2 = rad,2 (Sabcdv ,V,Z,¢7,V72,X)

N2(€) (Sapea )2 26/ ax’ /dy /dz / d (sm¢)_25/dy/dz

[4x (1=x)y (1=y)2 2 (1=2) y2(1 —y)? (1—2)]
XX (1=x)]T"2(0=y)y(—y).
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Integration of the double-unresolved part of I(?)

& — 5" /ch)2§inR+ > /d«pzéijk(1—§i,-—§ik—§,-,€)RR+...
,]>1 1k]>>]1

Kernels to integrate

2 soft kernels Ic(zlj) [qq] I(Efzj)

/=1 = =
Pijklad'@]  Pikleaqdl  Pijrleqy)
5 collinear kernels
Pijrlaggl  Pijklggg]
® Rational functions of six invariants Sab, Sac, Sbc, Scd, Sad, Shbd
® The possible denominators are only:
Sab, Sac, Sbc, Scd, Sad, Shd,
Sact Sbc, Sad*t Sbd, Sad™t Scd, Sbdt Scd
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Integration of the double-unresolved part of I(?)

¢ The integrala of the kernels are symmetric under:

o the permutation of the four momenta ka, ke, kb, Kd

= the following permutations of invariants:

Sab
SG/C
Sbe
Sed
Sbd
Sac + Sbe
Sad + Sbd

Sab T Sbe

Sab < Scd Sac € Sbd Sad <7 Sbe

¢ We can reduce the denominators to:

Y'Y Sabed

Z/(l *y/)yb’ahcd

(=91 = 2") Y Sabed

(1 =91 = y)(1 = 2) Sabea

(L=y) [y/#(1=2)+ (1= )z +2(1 = 22y & (T = 2)2(1 = 2) | sabea
(1 —9y") Y Sabed,

(y/ +z-y 2) (1 = y) Sabeds

(1—2"+2"y") y Sabea-

¢ The integral measure is:

/d¢'2 Py,

Paolo Torrielli

z2,0,y,7,7) = Ga (pz)z’k/iix’ /ldz/’ /ldz’ /ldz/ /tiz /(1 — ')~/
V2 (1 —y)* Q- 2221 —y)*(1—2)] YA —y)(L—)
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Integration of the double-unresolved part of I(?)

¢ Using the properties of the hypergeometric function 2F1, we are left with
integrals of the following types:
1
dt (]. — t)“tu 2F1(n1,n2 —€,N3 — 26, 1-— t)
o
/dt/du (1=t (1 —w)u’sF1(n1,ns —e,n3 — 2¢, 1 — tu)
0 Jo

ni,ng,n3 € N, ny > 1, ng >ni + 1,2

WV, Py, 0 =N+ Mme, n,m € 7Z, n>-—1

& All integrals could be written in terms of the hypergeometric functions
2F1(a, b, C, 1), 3F2(CL, b,C71) 4.F3((J,7 b7 C, ].)

and then expanded in €
¢ We have expanded the 2F1in € and then integrated in t and u

All integrals checked against a numerical computation without using symmetries
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Integration of the double-unresolved part of I(?)

Results for the integrated kernels A= ﬁ (%)
/d%ﬁf«”[qrﬂ = A{—%},—?%—' : +1r2}
foutton = {2+ B4 4[24 [ S0 ]2 T
s - af 3582
[z Pisad'a) = A{ —ai-Ea [ "t 4(3)}
/d% Pijlaqa) = = c(z)] ﬁw“}
JESRE +[ : r2+%“<<a>}
/d‘P'z Pelgaq) = =+ [f% %w’} = 5:1” % g 24 *)}
JawaPPtgga) = 4l 2+ Lo [BL—ar [ - 3ot - hew) 1+ B - T2 - B <<s>+9w"}
firrtz - E I Sl et }
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Matrix elements for the TrCfr contrib. to ete~ — gg at NNLO

> Analytic matrix elements from (uamberg, van Neerven, Matsuura, 19911, [Gehrmann De Ridder, Gehrmann,

Glover, 04030571, [Ellis, Ross, Terrano, 1980]

wo =

2¢
as\2 uz 1 14
B(Zﬂ) TRCF{(S) {353+952+

1 1,
;Gﬁ”*

/ 4o, RV =

|
&
=
[SIEN)
By
—
Q
<
g
a
I

2 2\ 4 2 1
TrCr (| — =4 ==
T RF(S 3€3+62+E

2 2\ %
TRCr | —
) Tace (%)

1 14
do,.q2RR = B - —
/ 2 [ 33 9¢e2 i
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33) (26,
— ——(3— =7
54 9% 27

e
Y4 2.1 Zz_E> (§
+(s>{363 52+e(9” 3) gkt

77 o, 7541
324

-2l

(,ZWZ+E>+(,E<‘ ,ZW2+@)}
9 3 9 3 6 6 /]’

1 (11,2 407\ (134 77 , 11753
c\18" " ma 9 @27 T 324 )|
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Integrated counterterms in the TgrCr contrib. to et e~ — gg at NNLO

e = /d¢rad,2 [§34 +Ciaq (1 *§34) + Co34 (1 *§34”F’R
2\%r 1 14 1 /11 425
= B(;—i)zTRCF <%> [*Q*@%* (18 2757)

122 74 , 12149
+ <TC3 + Eﬂ— - 7>:| +O(E).

324
§ - (2 (s
9 - 2 () (i) st ] s 0
JRV)  _ :Z 3 TR/ dP,aq 3[34] + Cipaq (1 —§[34]> + Cojay (1 - §[34l)] R

2 €
a @ M 4 2 1/7, 20 100 7,
= B(g) TRCF(?> [3?+6—272(§7r -3 ) g Gtgr-20)[+00),
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Soft currents vs radiative soft function S
Standard soft factorisation (a la Catani-Grazzini)

M = -4, MO
MG) =€ g MY + e JEg, MY
M) = Jg Mg + e Jg MY + e IO, MY
Getting virtual #H's from virtual M's.
MO =)
My =Hob + SoHay = Mgy = My — SIEME,
ME} =1 + S + )
= Hg = M = S (MO - ST MT] - S MT
Factorisation Mp,m = Sn,mHn,0
MO = 50 0483
MG} = S MY + [85) = S STY] M
M =80 M3 + [ — s S| mEy
+ s - s s - & (s - 7))
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