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Standard	Model	does	not	explain

• Baryon	asymmetry		
• Mass	and	scale	hierarchies	
• Existence	of	dark	maCer

Standard	Model	does	not	provide	a	complete	
descripTon	of	Nature
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Explore	the	limits	of	the	Standard	Model

• Search	for	new	par6cles	and	phenomena	at	high	energies	
• Search	for	enhancement	of	rare	phenomena	
• Compare	precision	measurements	to	SM	predic6ons	

Realise	extreme	levels	of	experimental	sensi6vity,	matched	by	
equally	precise	theore6cal	calcula6ons

Control	over	“hadronic	uncertain6es”	—	effects	arising	from	the	
strong	interac6on
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Muon	anomalous	magne6c	moment:
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[Keshavarzi	et	al.,	arXiv:1802.02995]
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Running	of	the	weak	mixing	angle:		sin2	θW

Running	at	low	energy	discriminates	between	different	scenarios 
for	“New	Physics”	
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Proton	Radius	Puzzle

Signal	for	New	Physics?	

Unknown	systema6c	effects?	

Uncontrolled	hadronic	uncertain6es?

[Arrington	2015]
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Outline

Low-energy	precision	experiments	at	Mainz

The	muon	anomalous	magneTc	moment

The	muon	g	–	2	in	la@ce	QCD

Summary & Outlook
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Low-energy	precision	experiments	at	Mainz

Mainz	Microtron	
MAMI
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The	MESA	Facility
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	MESA	Cryo-module	
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The	MAGIX	spectrometer
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Double	arm	spectrometer

Momentum	resoluTon:		Δp/p	<	10–4
Internal	gas	target

Proton	radius	puzzle:	form	factor	measurements	for Q2 & 10�5 GeV2
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Searching	for	“dark	photons”:	Messengers	to	the	dark	sector
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The	MAGIX	spectrometer

GBSM = GSM ⌦ U(1)n, n � 1
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Dark	photon	produc6on	in	
ep	scaCering:



Hartmut	Wittig

DM

DM

Searching	for	“dark	photons”:	Messengers	to	the	dark	sector
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The	MAGIX	spectrometer

GBSM = GSM ⌦ U(1)n, n � 1
<latexit sha1_base64="UAhbuOBM76twnywfD+JoSjd3YEY="></latexit><latexit sha1_base64="UAhbuOBM76twnywfD+JoSjd3YEY="></latexit><latexit sha1_base64="UAhbuOBM76twnywfD+JoSjd3YEY="></latexit><latexit sha1_base64="UAhbuOBM76twnywfD+JoSjd3YEY="></latexit>

e�
<latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit><latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit><latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit><latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit>

e�
<latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit><latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit><latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit><latexit sha1_base64="gtfpY1RkG8zVdrcyP5SO+1ZutvU=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4cdktfXmRghePFe0D2rVk02wbmt0sSVYsS3+CV/trvIlXz/4YwWy7gi06EBhm5ku+jBsyKpVlfRqZtfWNza3sdm5nd2//IH941JI8Epg0MWdcdFwkCaMBaSqqGOmEgiDfZaTtjq8Tv/1IhKQ8uFeTkDg+GgbUoxgpLd2Rh4t+vmCZ1XLxsmRDy7TmSIhdrtQq0E6VAkjR6Oe/egOOI58ECjMkZde2QuXESCiKGZnmepEkIcJjNCRdTQPkE+nE81Wn8EwrA+hxoU+g4Fz9PREjX8qJ7+qkj9RIrnqJ+KennpIL5dLzcRJzXc5WllJezYlpEEaKBHixkxcxqDhMKoIDKghWbKIJwoLqb0E8QgJhpYvM6b5+SoH/k1bRtC3Tvi0V6ldpc1lwAk7BObBBFdTBDWiAJsBgCJ7BC5gZM+PVeDPeF9GMkc4cgyUYH9/D8KAJ</latexit>

N
<latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit> N

<latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="Sfm2kTLYHb1Why2NaK5446tKE8I=">AAACBHicbVDLSgMxFL1TX3WsWtdugkVwVWbc6FJw47KCfUBbSiaTaUMzyZDcEcvQH3Dbr3En/oUfI5hpu7CtBwKHc25uTk6USWExCL69yt7+weFR9dg/qfmnZ+f1Wsfq3DDeZlpq04uo5VIo3kaBkvcyw2kaSd6Npo+l333lxgqtXnCW8WFKx0okglF0UmtUbwTNYAmyS8I1acAao/rPINYsT7lCJqm1/TDIcFhQg4JJPvcHueUZZVM65n1HFU25HRbLmHNy7ZSYJNq4o5As1b83CppaO0sjN5lSnNhtrxT/9fCtXGg3ni/KsSjScisUJvfDQqgsR67YKlOSS4KalPWQWBjOUM4cocwI9y3CJtRQhq5E39UVbpezSzq3zTBohs8BVOESruAGQriDB3iCFrSBQQzvsPAW3of3uaq14q37vYANeF+/nV2cXA==</latexit><latexit sha1_base64="iyzQnPZ8jlsVEB/mC3C6AOF5zUo=">AAACCHicbVDLTgIxFL2DL0RUdOumkZi4IjNudGnixpWBRB4JTEinFGjotJP2jpFM+AK38jXujD/hx5jYARYCnqTJyTm3t6cnSqSw6PvfXmFnd2//oHhYOiofn5xWzsotq1PDeJNpqU0nopZLoXgTBUreSQyncSR5O5o85H77hRsrtHrGacLDmI6UGApG0UmNp36l6tf8Bcg2CVakCivU+5Wf3kCzNOYKmaTWdgM/wTCjBgWTfFbqpZYnlE3oiHcdVTTmNswWQWfkyikDMtTGHYVkof69kdHY2mkcucmY4thuern4r4ev+UK79nyWj0WRlhuhcHgXZkIlKXLFlpmGqSSoSV4QGQjDGcqpI5QZ4b5F2JgaytDVWHJ9BZvtbJPWTS3wa0HDhyJcwCVcQwC3cA+PUIcmMODwBu8w9+beh/e5bLbgrSo+hzV4X783M52j</latexit><latexit sha1_base64="b0tuO+cWqpMNspsid4OVhH0dKQg=">AAACCHicdZDNSgMxFIXv1L9aq1a3boJFcFVmWnG6FNy4khbsD7RDyaRpG5pJhiQjlqFP4NY+jTvxJXwYwUxbQYteCBzOubm5+cKYM21c98PJbW3v7O7l9wsHxcOj49JJsa1loghtEcml6oZYU84EbRlmOO3GiuIo5LQTTm+zvPNIlWZSPJhZTIMIjwUbMYKNtZr3g1LZrXhXftX1UCbqdT8Ttap37deQV3GXVYZ1NQalz/5QkiSiwhCOte55bmyCFCvDCKfzQj/RNMZkise0Z6XAEdVBulx0ji6sM0QjqewRBi3dnzdSHGk9i0LbGWEz0ZtZZv6ZmadsoP71fJq1haHkG0uZUT1ImYgTQwVZ7TRKODISZYDQkClKDJ9ZgYli9luITLDCxFiMBcvrGwr6X7SrFc/SbLqQhzM4h0vwwIcbuIMGtIAAhWd4gYWzcF6dtxXZnLNGfAq/ynn/Ap6zneU=</latexit><latexit sha1_base64="OZKforT2UEscFwrrV1b0wpGp9W0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4KjOtOF1JwY0racE+oB1KJk3b0ExmSO6IZegXuLVf407c+gF+jGCmrWCLHggczjk3uTl+JLgG2/60MhubW9s72d3c3v7B4VH++KSpw1hR1qChCFXbJ5oJLlkDOAjWjhQjgS9Yyx/fpn7rkSnNQ/kAk4h5ARlKPuCUgJHq9718wS46V27JdnBKKhU3JeWSc+2WsVO05yigJWq9/Fe3H9I4YBKoIFp3HDsCLyEKOBVsmuvGmkWEjsmQdQyVJGDaS+aLTvGFUfp4ECpzJOC5+nsiIYHWk8A3yYDASK97qfinB0/phXrl+SSN+X4o1paCQcVLuIxiYJIudhrEAkOI04JwnytGQUwMIVRx8y1MR0QRCqbGnOnrpxT8P2mWio5ps24XqjfL5rLoDJ2jS+QgF1XRHaqhBqKIoWf0gmbWzHq13qz3RTRjLWdO0Qqsj295s59b</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit><latexit sha1_base64="6hYGM2F+BQErlFDr7tofi4Kd8mc=">AAACE3icdVDLSgMxFM34rPVVdekmWARXZaYtTldScONKWrAPaIeSSW/b0MxkSDJiGfoFbu3XuBO3foAfI5hpK9iiBwKHc85Nbo4fcaa0bX9aG5tb2zu7mb3s/sHh0XHu5LSpRCwpNKjgQrZ9ooCzEBqaaQ7tSAIJfA4tf3yb+q1HkIqJ8EFPIvACMgzZgFGijVS/7+XydsEpu0XbwSmpVNyUlIrOtVvCTsGeI4+WqPVyX92+oHEAoaacKNVx7Eh7CZGaUQ7TbDdWEBE6JkPoGBqSAJSXzBed4kuj9PFASHNCjefq74mEBEpNAt8kA6JHat1LxT89/ZReqFaeT9KY7wu+tpQeVLyEhVGsIaSLnQYxx1rgtCDcZxKo5hNDCJXMfAvTEZGEalNj1vT1Uwr+nzSLBce0WS/nqzfL5jLoHF2gK+QgF1XRHaqhBqII0DN6QTNrZr1ab9b7IrphLWfO0Aqsj296859f</latexit>
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Dark	photon	produc6on	in	
ep	scaCering:

MAGIX:	sensi6ve	to	invisible	dark	photon	decays
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P2	—	Parity	violaTon	at	low	energies
LeV-right	asymmetry	in	polarised	ep-scaCering:

ALR ⌘
�L � �R

�L + �R
= � GF Q2

4
p

2⇡↵
(Qp

W + F p)
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Weak	charge	of	the	proton: Qp
W = 1 � 4 sin2 ✓W
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(tree	level)

MagneTc	spectrometer

Liquid	hydrogen	target

Expected	precision:

�(sin2 ✓W )
sin2 ✓W

= 0.15%
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[Becker	et	al.,	arXiv:1802.04759]
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The	anomalous	magneTc	moment	
of	the	muon
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Anomalous	magneTc	moment

Dirac	value	of	g	=	2	modified	by	quantum	correc6ons

aexp

e = 0.001 159 652 181 643(764), aexp

µ = 0.001 165 920 9(6)

µ µ

γ

µ µ

γ

µ µ

γ

π0, η, η′, . . .

µ µ

γ

µ µ

γ

A′

L L

2

[J.	Schwinger,	Phys	Rev	73	(1948)	416]

a(2) =
↵

2⇡
= 0.001 161 40 . . .

g = 2(1 + a) ) a = 1
2 (g � 2)

<latexit sha1_base64="1fGNp6Mm41d1H6IGhlj36s3npaU="></latexit><latexit sha1_base64="1fGNp6Mm41d1H6IGhlj36s3npaU="></latexit><latexit sha1_base64="1fGNp6Mm41d1H6IGhlj36s3npaU="></latexit><latexit sha1_base64="1fGNp6Mm41d1H6IGhlj36s3npaU="></latexit>

Par6cle	with	charge	e	and	mass	m:

µ = g
e~
2m

S, S =
�

2
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Higher-order	correcTons
QED	correc6ons:

1) 2) 3)

4) 5) 6)

7) 8) 9)
γ γµ e τ

µ

γ

e
a(4)

µ (vap, e) =
[
1
3

ln
mµ

me
− 25

36
+ O

(
me

mµ

)] (α

π

)2
.

γ γµ

γ

….

SM 116 591 776.000 100 % #diagrams

QED, tot 116 584 718.951 99,9939 %

2 116 140 973.318 99,6133 % 1

4 413 217.629 0,3544 % 9

6 30 141.902 0,0259 % 72

8 381.008 0,0003 % 891

10 5.094 4∙10-6 % 12672
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Higher-order	correcTons
QED	correc6ons:

1) 2) 3)

4) 5) 6)

7) 8) 9)
γ γµ e τ

µ

γ

e
a(4)

µ (vap, e) =
[
1
3

ln
mµ

me
− 25

36
+ O

(
me

mµ

)] (α

π

)2
.

γ γµ

γ

….

Weak	correc6ons:

W W

νµ Z H
µ

γ
a) b) c)

….

Strong	correc6ons:

….
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Current	status	of	the	muon	g	–	2
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aµ = aQED

µ + aweak

µ + astrong

µ

QED+EW

HLbL HVP

E821	@	BNL

SM	predic6on
aµ ⌘ 1

2 (g � 2)µ =

8>><
>>:

116 592 080(54)(33) · 10�11

116 591 825(34)(26)(1) · 10�11
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QED

Strong

SM	es6mate	dominated	by	QED;	error	dominated	by	QCD
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Hadronic	
vacuum	polarisa6on:

Current	status	of	the	muon	g	–	2

22

aµ = aQED

µ + aweak

µ + astrong

µ

QED+EW

HLbL HVP

E821	@	BNL

SM	predic6on
aµ ⌘ 1

2 (g � 2)µ =

8>><
>>:

116 592 080(54)(33) · 10�11

116 591 825(34)(26)(1) · 10�11
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SM	es6mate	dominated	by	QED;	error	dominated	by	QCD

Hadronic	
light-by-light	scaCering:
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Hadronic	
vacuum	polarisa6on:

Current	status	of	the	muon	g	–	2

22

E821	@	BNL

SM	predic6on
aµ ⌘ 1

2 (g � 2)µ =

8>><
>>:

116 592 080(54)(33) · 10�11

116 591 825(34)(26)(1) · 10�11
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SM	es6mate	dominated	by	QED;	error	dominated	by	QCD

Hadronic	
light-by-light	scaCering:

µ µ

γ

µ µ

γ

µ µ

γ

?

µ µ

γ

?

µ µ

γ

A′

L L

2

Contribu6on	from	
“New	Physics”?

aµ = aQED

µ + aweak

µ + astrong

µ + aNP?

µ
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Theory	confronts	experiment
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aµ in units 10−11

10−3 10−1 101 103 105 107 109

FNAL BNL CERN ICERN IICERN III
2017 2004 196119681976

LO

4th

QED 6th

8th

10th

hadronic VP LO

NLO

NNLO

hadronic LbL

weak LO

HO

New Physics ?

SM prediction

???

SM predictions
SM uncertainty

δHVP

δHLbL

[Jegerlehner,	arXiv:1705.00263]

Reduce	hadronic	uncertain6es	to	compete	with	experimental	sensi6vity
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From	BNL	E821	to	Fermilab	E989

24

aexp

µ = 116 592 089 (54)

stat

(33)

syst

· 10

�11

Total	precision	of	0.54	ppm,	dominated		by	sta6s6cs

Use	hoCer	beam	of	Fermilab	proton	booster:			8	GeV/c

Suppress	pion	background	—	longer	pion	decay	channel

BNL:		80	m						—>							Fermilab:		2	km	

Aim	for	100	ppb		sta6s6cal	and	100	ppb		systema6c	error

—>			0.14	ppm		total	error

Transport	BNL	storage	ring	to	Fermilab
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Re-assembly	of	the	BNL	storage	ring

[©B.	Lee	Roberts]
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Hadronic	contribuTons	to	aμ
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Hadronic	vacuum	polarisaTon: Hadronic	light-by-light	scaRering:

Dispersion	theory: Model	es6mates:

(combined	e+e–	and	τ	data) “Glasgow	consensus”

ahlbl
µ = (105 ± 26) · 10�11ahvp

µ = (6888 ± 34) · 10�11
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Hadronic	vacuum	polarisaTon

28

Hadronic	electromagne6c	current:

J

µ(x) = 2
3 ū�µu � 1

3 d̄�µd � 1
3 s̄�µs + 2

3 c̄�µc + . . .

(qµq⌫ � q

2
g

µ⌫)⇧(q2) = ie

2
Z

d

4
x eiq·x h0 |T J

µ(x)J

⌫(0)| 0i

OpTcal	theorem:

=

Z
ds

⇡(s � q2)
Im 2 Im =

X

had

Z
d�
�����

�����
2

�����
�����
2
/ �(e+e� ! hadrons)

ahvp

µ =
✓↵mµ

3⇡

◆
2

Z 1

m2

⇡0

ds
R

had

(s)

ˆK(s)

s2

, R
had

(s) = �(e+e� ! hadrons)

,
4⇡↵(s)

(3s)
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HVP	contribuTon	from	dispersion	relaTons
Knowledge	of	Rhad(s)	required	down	to	pion	threshold

ahvp
µ =

✓↵mµ
3⇡

◆2
8>><
>>:

Z E2
cut

m2
⇡0

ds
Rdata

had (s) K̂(s)
s2 +

Z 1

E2
cut

ds
RpQCD

had (s) K̂(s)
s2

9>>=
>>;

Use	experimental	data	for	cross	sec6on	ra6o	Rhad(s)
636 BESIII Collaboration / Physics Letters B 753 (2016) 629–638

Fig. 4. The measured squared pion form factor |Fπ |2. Only statistical errors are 
shown. The solid line represents the fit using the Gounaris–Sakurai parametriza-
tion.

Table 3
Fit parameters and statistical errors of the Gounaris–Sakurai fit of the pion form 
factor. Also shown are the PDG 2014 values [33].

Parameter BESIII value PDG 2014

mρ [MeV/c2] 776.0 ± 0.4 775.26 ± 0.25
#ρ [MeV] 151.7 ± 0.7 147.8± 0.9
mω [MeV/c2] 782.2 ± 0.6 782.65 ± 0.12
#ω [MeV] fixed to PDG 8.49 ± 0.08
|cω | [10−3] 1.7± 0.2 –
|φω | [rad] 0.04 ± 0.13 –

Fig. 5. Relative difference of the form factor squared from BaBar [10] and the BESIII
fit. Statistical and systematic uncertainties are included in the data points. The 
width of the BESIII band shows the systematic uncertainty only.

Wigner function cω = |cω|eiφω . The width of the ω meson is fixed 
to the PDG value [33]. The resulting values are shown in Table 3. 
As can be seen, the resonance parameters are in agreement with 
the PDG values [33] within uncertainties, except for #ρ , which 
shows a 3.4σ deviation. Corresponding amplitudes for the higher 
ρ states, ρ(1450), ρ(1700), and ρ(2150), as well as the masses 
and widths of those states were taken from Ref. [10], and the sys-
tematic uncertainty in #ρ due to these assumptions has not been 
quantitatively evaluated.

The Gounaris–Sakurai fit provides an excellent description of 
the BESIII data in the full mass range from 600 to 900 MeV/c2, re-
sulting in χ2/ndf = 49.1/56. Fig. 5 shows the difference between 
fit and data. Here the data points show the statistical uncertainties 
only, while the shaded error band of the fit shows the systematic 
uncertainty only.

Fig. 6. Relative difference of the form factor squared from KLOE [6–8] and the 
BESIII fit. Statistical and systematic uncertainties are included in the data points. 
The width of the BESIII band shows the systematic uncertainty only.

In order to compare the result with previous measurements, 
the relative difference of the BESIII fit and data from BaBar [10], 
KLOE [6–8], CMD2 [1,2], and SND [3] is investigated. Such a com-
parison is complicated by the fact, that previous measurements 
used different vacuum polarization corrections. Therefore, we con-
sistently used the vacuum polarization correction from Ref. [31]
for all the comparisons discussed in this section. The KLOE 08, 10, 
12, and BaBar spectra have, hence, been modified accordingly. The 
individual comparisons are illustrated in Figs. 5 and 6. Here, the 
shaded error band of the fit includes the systematic error only, 
while the uncertainties of the data points include the sum of the 
statistical and systematic errors. We observe a very good agree-
ment with the KLOE 08 and KLOE 12 data sets up to the mass 
range of the ρ–ω interference. In the same mass range the BaBar 
and KLOE 10 data sets show a systematic shift, however, the devia-
tion is, not exceeding 1 to 2 standard deviations. At higher masses, 
the statistical error bars in the case of BESIII are relatively large, 
such that a comparison is not conclusive. There seem to be a good 
agreement with the BaBar data, while a large deviation with all 
three KLOE data sets is visible. There are indications that the BE-
SIII data and BESIII fit show some disagreement in the low mass 
and very high mass tails as well. We have also compared our re-
sults in the ρ peak region with data from Novosibirsk. At lower 
and higher masses, the statistical uncertainties of the Novosibirsk 
results are too large to draw definite conclusions. The spectra from 
SND and from the 2006 publication of CMD-2 are found to be in 
very good agreement with BESIII in the ρ peak region, while the 
2004 result of CMD-2 shows a systematic deviation of a few per-
cent.

We also compute the contribution of our BESIII cross section 
measurement σ bare(e+e− → π+π−(γFSR)) to the hadronic contri-
bution of (g − 2)µ ,

aππ ,LO
µ (0.6–0.9 GeV) = 1

4π3

(0.9GeV)2∫

(0.6GeV)2

ds′K (s′)σ bare
ππ(γ ) , (8)

where K (s′) is the kernel function [11, Eq. (5)]. As summarized in 
Fig. 7, the BESIII result, aππ ,LO

µ (600–900 MeV) = (368.2 ± 2.5stat ±
3.3sys) · 10−10, is found to be in good agreement with all three 
KLOE values. A difference of about 1.7σ with respect to the BaBar 
result is observed.

[BESIII	CollaboraRon,	2016] [Jegerlehner,	arXiv:1705.00263]
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[Keshavarzi	et	al., 
				arXiv:1802.02995]

Stable	devia6on	of	≈	4	standard	devia6ons	between	SM	and	experiment	

Overall	precision	of	HVP	es6mate:		≈	0.4%	

Theory	es6mate	subject	to	experimental	uncertain6es	

Disagreement	over	individual	hadronic	channels

 685  690  695  700  705  710  715

aµ

had, LO VP
 x 10

10

DEHZ03: 696.3 ± 7.2

HMNT03: 692.4 ± 6.4

DEHZ06: 690.9 ± 4.4

HMNT06: 689.4 ± 4.6

FJ06: 692.1 ± 5.6

DHMZ10: 692.3 ± 4.2

JS11: 690.8 ± 4.7

HLMNT11: 694.9 ± 4.3

FJ17: 688.1 ± 4.1

DHMZ17: 693.1 ± 3.4

KNT18: 693.3 ± 2.5
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[Colangelo	et	al.,	2014	ff]

No	simple	dispersive	framework

Iden6fy	dominant	sub-processes,	e.g.

Individual	contribu6ons	es6mated	using	model	calcula6ons

Dispersive	formalism	set	up	for	various	subprocesses

Laice	QCD	calcula6ons
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[Nyffeler,	arXiv:1710.09742]

HLbL in muon g � 2: model calculations (continued)

Contribution BPP HKS, HK KN MV BP, MdRR PdRV N, JN

⇡0, ⌘, ⌘0 85±13 82.7±6.4 83±12 114±10 � 114±13 99 ± 16

axial vectors 2.5±1.0 1.7±1.7 � 22±5 � 15 ± 10 22 ± 5

scalars �6.8±2.0 � � � � �7±7 �7±2

⇡, K loops �19±13 �4.5±8.1 � � � �19±19 �19±13
⇡,K loops
+subl. N

C

� � � 0±10 � � �

quark loops 21±3 9.7±11.1 � � � 2.3 (c-quark) 21±3

Total 83±32 89.6±15.4 80±40 136±25 110±40 105 ± 26 116 ± 39

BPP = Bijnens, Pallante, Prades ’95, ’96, ’02; HKS = Hayakawa, Kinoshita, Sanda ’95, ’96; HK = Hayakawa, Kinoshita ’98, ’02; KN =
Knecht, AN ’02; MV = Melnikov, Vainshtein ’04; BP = Bijnens, Prades ’07; MdRR = Miller, de Rafael, Roberts ’07; PdRV = Prades, de
Rafael, Vainshtein ’09; N = AN ’09, JN = Jegerlehner, AN ’09

• PdRV (Glasgow consensus): Do not consider dressed light quark loops as
separate contribution. Assume it is already taken into account by using
short-distance constraint of MV ’04 on pseudoscalar-pole contribution (no form
factor at external vertex). Added all errors in quadrature.

• N, JN: New evaluation of pseudoscalar exchange contribution imposing new
short-distance constraint on o↵-shell form factors. Took over most values from
BPP, except axial vectors from MV. Added all errors linearly.

• Note that recent reevaluations of axial vector contribution lead to much smaller
estimates than in MV: aHLbL;axial

µ = (8± 3)⇥ 10�11 (Pauk, Vanderhaeghen ’14;
Jegerlehner ’14, ’15). This would shift central values of compilations downwards:

a

HLbL
µ = (98± 26)⇥ 10�11 (PdRV)

a

HLbL
µ = (102± 39)⇥ 10�11 (N, JN)

µ�
(p) µ�

(p0)

# k = p0 � p

=

⇡+

+ . . .+

⇡0, ⌘, ⌘0

+ . . .+
Exchanges of

other resonances

(a1, f0, . . .)

+

Q

+ . . .

Contribution: pion-loop pseudoscalar quark-loop
(dressed) exchanges (dressed)

Chiral counting: p

4
p

6
p

8
p

8

N

c

counting: 1 N

c

N

c

N

c

Figure 1. The di↵erent contributions to HLbL scattering in the muon g�2 and their chiral and large-N
c

counting.

hadronic picture, the four-point function is decomposed into single-meson exchanges and loops of
hadrons, e.g. pions. Often the QCD short-distance part is modelled by a dressed constituent quark
loop, which raises issues of double counting. The couplings of the hadrons (and the constituent
quarks) to the photons involve, in general, momentum dependent vertex functions (form factors). The
di↵erent contributions have been classified in Ref. [20] according to their leading order in the chiral
expansion p

2 and their large-N
c

counting to bring some order and systematics into the calculations.
The relevant momentum scales in HLbL are around 0 � 2 GeV, i.e. in the non-perturbative res-

onance region of QCD. The QCD four-point function is, however, a very complicated object that in-
volves many Lorentz structures [8, 11] that depend on several invariant photon momenta with mixed
regions of small and large momenta. Therefore the distinction between low and high energies and the
use of an e↵ective field theory approach (chiral perturbation theory with hadronic resonances) at low
momenta and of perturbative QCD at high momenta is not so straightforward. So far only hadronic
models have been used to estimate the full HLbL contribution. A selection of these results and some
compilations, including those quoted in Eqs. (1) and (2), is shown in Table 1. One important di↵erence
between these two compilations is the combination of the errors of the individual contributions. They
are combined in quadrature in Ref. [5] and linearly in Refs. [1, 6], as was done in Ref. [8]. Since these
are model errors, not experimental uncertainties, both ways of combining them can be questioned.

The contribution from the light pseudoscalars ⇡0, ⌘, ⌘0 is numerically dominant according to most
model calculations. Because of this observation, there are many evaluations of this contribution, see
Refs. [1, 22, 23] and references therein. The central value is about a

HLbL;P
µ = 90 ⇥ 10�11 with a

spread for most calculations of about 15% (but 30% if the central values of all estimates are taken into
account), which can be understood by looking at the relevant momentum regions in a 3-dimensional
integral representation [1, 23], with model-independent weight functions that are peaked below 1 GeV
for the pion and below about 1.5 � 2 GeV for ⌘, ⌘0. As long as the transition form factors fall o↵ for
large momenta, one obtains always very similar results. In Ref. [10] a QCD short-distance constraint
from the operator product expansion (OPE) on the four-point function was derived by connecting it to
the chiral triangle anomaly. The constraint is then saturated by the pion-pole contribution alone which
is a model assumption. This leads to an increased value, since there is no pion transition form factor
at the external vertex, but then no quark-loop contribution should be added.

The other contributions to HLbL are, however, not negligible at the level of the precision goal of
(15�20)⇥10�11 needed to match future experiments. For the dressed pion-loop there is a strong model-
dependence, cf. the results obtained in Refs. [7, 8] as discussed in Refs. [10, 24]. There is also some

“Glasgow	consensus”

Dominant	hadronic	contribu6ons	to	ahlbl
µ
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The	muon	g	–	2	in	la@ce	QCD
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MoTvaTon	for	first-principles	approach:

No	reliance	on	experimental	data		
	—	except	for	simple	hadronic	quan66es	to	fix	bare	parameters

No	model	dependence	
	—	except	for	chiral	extrapola6on	and	constraining	the	IR	regime

Can	laice	QCD	deliver	es6mates	with	sufficient	accuracy	in	the	
coming	years?

�ahvp
µ /a

hvp
µ < 0.5%, �ahlbl

µ /a
hlbl
µ . 10%
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arXiv:1807.09370



Hartmut	Wittig

The	Mainz	(g	–	2)μ	project

35

Collaborators:

M.	Cè,	A.	Gérardin,	O.	Gryniuk,	G.	von	Hippel,	B.	Hörz,	H.B.	Meyer,	K.	Miura,	
A.	Nyffeler,	K.	OCnad,	V.	Pascalutsa,	A.	Risch,	T.	San	José	Perez,	HW

N.	Asmussen,	J.	Green,	B.	Jäger,	G.	Herdoíza

• Direct	determina6ons  
of	LO	

• Running	of	α	and	sin2θW	
ahvp
µ

• Exact	QED	kernel		
• Forward	scaCering	

amplitude

• Transi6on	form	factor	
for		⇡0 ! �⇤�⇤
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Convolu6on	integral	over	Euclidean	momenta: [Lautrup	&	de	Rafael;	Blum]

ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dQ2 f (Q2)⇧̂(Q2), ⇧̂(Q2) = 4⇡2

⇣
⇧(Q2) � ⇧(0)

⌘

⇧µ⌫(Q) = i

Z
d

4
x eiQ·(x�y)

D
Jµ(x)J⌫(y)

E
⌘ (QµQ⌫ � �µ⌫Q2)⇧(Q2)

<latexit sha1_base64="rMRw7Xwv+SAM1x4NDW0C1Nqsnoo="></latexit><latexit sha1_base64="rMRw7Xwv+SAM1x4NDW0C1Nqsnoo="></latexit><latexit sha1_base64="rMRw7Xwv+SAM1x4NDW0C1Nqsnoo="></latexit><latexit sha1_base64="rMRw7Xwv+SAM1x4NDW0C1Nqsnoo="></latexit>

Vacuum	polarisa6on	tensor:

Electromagne6c	current:

Jµ = 2
3 u�µu � 1

3 d�µd � 1
3 s�µs + . . .

<latexit sha1_base64="IPY3158FoS7HPNswVFFvTpMD8dE="></latexit><latexit sha1_base64="IPY3158FoS7HPNswVFFvTpMD8dE="></latexit><latexit sha1_base64="IPY3158FoS7HPNswVFFvTpMD8dE="></latexit><latexit sha1_base64="IPY3158FoS7HPNswVFFvTpMD8dE="></latexit>

Weight	func6on	f(Q2)	strongly	peaked	near	muon	mass
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Convolu6on	integral	over	Euclidean	momenta: [Lautrup	&	de	Rafael;	Blum]

ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dQ2 f (Q2)⇧̂(Q2), ⇧̂(Q2) = 4⇡2

⇣
⇧(Q2) � ⇧(0)

⌘

Weight	func6on	f(Q2)	strongly	peaked	near	muon	mass

0
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Time-momentum	representaTon: [Bernecker	&	Meyer]

a

hvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 K̃(x0) G(x0), G(x0) = �a

3
X

~x

hJ
k

(x)J

k

(0)i
<latexit sha1_base64="i97vZIAq9bd6fSMW6RbxdrIe294="></latexit><latexit sha1_base64="i97vZIAq9bd6fSMW6RbxdrIe294="></latexit><latexit sha1_base64="i97vZIAq9bd6fSMW6RbxdrIe294="></latexit><latexit sha1_base64="i97vZIAq9bd6fSMW6RbxdrIe294="></latexit>

K̃(x0) = 4⇡2
Z 1

0
dQ

2
f (Q2)

"
x

2
0 �

4
Q

2 sin2
⇣

1
2 Qx0

⌘#
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Expected integrand for ahvp
µ (using pheno. R)
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41% 45% 11% 3%

Bernecker & Meyer 1107.4388

Harvey Meyer HVP by Mainz-CLS

Significant	contribu6on	
from	tail	of	G(x0)
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La@ce	QCD	approach	to	HVP

Challenges:

Sta6s6cal	accuracy	at	the	sub-percent	level	required

Control	infrared	regime	of	vector	correlator:		G(x0)	at	large	x0

Include	quark-disconnected	diagrams

Include	isospin	breaking:			mu	≠	md,		QED	correc6ons

Perform	comprehensive	study	of	finite-volume	effects
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Current	data	sets

Nf	=	2	flavours	of	O(a)	improved	Wilson	fermions

Three	values	of	the	laice	spacing:			a	=	0.076,	0.066,	0.049	fm

CLS	consorTum	—	“Coordinated	Laice	Simula6ons”

Pion	masses	and	volumes:		mmin
⇡ = 185 MeV, m⇡L > 4

Nf	=	2+1	flavours	of	O(a)	improved	Wilson	fermions; 
tree-level	Symanzik	gauge	ac6on

Four	values	of	the	laice	spacing:			a	=	0.085,	0.077,	0.065,	0.050	fm

Pion	masses	and	volumes:		mmin
⇡ ⇡ 135 MeV, m⇡L > 4
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SimulaTons	and	Machines

	Clover	 	MOGON	II	

	Hazel	Hen	
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Results	in	two-flavour	QCD

Compare	different	methods	
to	constrain	infrared	regime

550 600 650 700 750

ahvpµ Hybrid
TMR

550 600 650 700 750

ahvpµ Hybrid
TMR

550 600 650 700 750

ahvpµ Hybrid
TMR

550 600 650 700 750

ahvpµ Hybrid
TMR

11 12 13 14 15 16 17 18 19 20

(ahvpµ )c
Hybrid
TMR

45 50 55 60 65

(ahvpµ )s
Hybrid
TMR

500 550 600 650 700

(ahvpµ )ud
Hybrid
TMR

500 550 600 650 700

(ahvpµ )ud
Hybrid
TMR

500 550 600 650 700

(ahvpµ )ud
Hybrid
TMR

500 550 600 650 700

(ahvpµ )ud
Hybrid
TMR

Finite-volume	correc6ons	
sizeable

Quark-disconnected	diagrams	
contribute	<	2%

ahvp
µ = (654 ± 32 stat ± 17 syst ± 10 scale ± 7 FV

+ 0
�10 disc) · 10�10

[Della	Morte	et	al.,	JHEP	10	(2017)	020]
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Preliminary	results	for	Nf	=	2+1

Strange contribution: data at physical quark masses (E250)

0
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G(x0)
f
K(x0)/mµ

loc-loc

cons-loc

I With full O(a)�improvement of the vector currents

I Two discretizations almost coincide: remaining discretization errors small.

Harvey Meyer HVP by Mainz-CLS

TMR	integrand	and	its	long-distance	behaviour:
Physical	pion	mass:

s	quark

Integrand at the physical pion mass (E250)
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I statistics being increased
I FSE: for m

⇡

= 140MeV and m
⇡

L = 4, our estimate:
10

10 · [a
µ

(1)� a
µ

(L)] = 20.4± 4.1 [1705.01775 Mainz-CLS];
I For m

⇡

L = 6, the estimate goes down by a factor ⇡ 10.

Harvey Meyer HVP by Mainz-CLS

u,d	quarks

Es6mate	at	m⇡ = mphys
⇡
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s6ll	sta6s6cs-limited

Large-	x0	regime	requires	modelling	for	x0	>	1.5	fm
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Preliminary	results	for	Nf	=	2+1
Satura6on	of	the	correla6on	by	low-lying	states

Pion	mass: m⇡ = 200 MeV
<latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit>

Saturation of the correlator by the low-lying states (D200)

cf. slide 6:
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I Excellent cross-check that the tail is understood.

[Update from H. Wittig et al. 1710.10072 (LAT2017)]

Harvey Meyer HVP by Mainz-CLS
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as

[Update	of	Wicg	et	al.,	arXiv:1710.10072]
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Preliminary	results	for	Nf	=	2+1Chiral & continuum extrapolation (ey = m2
⇡/(16⇡

2f2
⇡))

I
Fit : aµ(a, ey, d) =
aµ(0, eyexp) + �d a2 + �

1

(ey � ey
exp

) + �
2

(ey log ey � ey
exp

log ey
exp

)
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HVP,LO
µ,s ⇥ 10�10
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� = 3.46
� = 3.55
� = 3.70

aHVP,LO
µ,s

= 53.6(2.5)stat(0.8)�

I The first error is the statistical error;
I second error : variation wrt setting the cut at m

⇡

= 360 MeV;
I statistical error dominated by the scale setting error.

Harvey Meyer HVP by Mainz-CLS

Chiral extrapolations (light contribution): ey = m2
⇡/(16⇡

2f2
⇡)
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Fit ansatz:
a
µ

(a, ey, d) = a
µ

(0, eyexp) + �
d

a2
+ �1 (ey � eyexp) + �2 (ey log ey � eyexp log eyexp)

 10

10 · aHVP,LO
µ,s

= 643(21)stat(⇥⇥)syst.

I
chiral extrapolation in good agreement with direct calculation at the

physical point (E250);

I
other ensembles dictate the lattice-spacing dependence.

Harvey Meyer HVP by Mainz-CLS

Extrapola6on	to	the	physical	point

Chiral & continuum extrapolation of ac
µ (ey = m2

⇡/(16⇡
2f2

⇡))
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HVP,LO
µ,c ⇥ 10�10
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� = 3.55
� = 3.70

10

10 · ac

µ

= 14.95(47)stat(11)�

I The O(a)�improvement reduces lattice artefacts significantly

I The simultaneous continuum extrapolation (linear in a2) works well.

Harvey Meyer HVP by Mainz-CLS

c	quark s	quark

u,d	quarks (ahvp
µ )c = 14.95(47)(11) ⇥ 10�10
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(ahvp
µ )s = 53.6(2.5)(0.8) ⇥ 10�10
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(ahvp
µ )ud = 643(21)(xx) ⇥ 10�10
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Error	limited	by	laice	scale

[Antoine	Gérardin]
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Towards	sub-percent	accuracy

-2.5 -2.0 -1.5 -1.0 -0.5 0.0
(ahvpµ )

disc

/(ahvpµ )``
con

[%]

RBC/UKQCD 18

BMW 17

CLS/Mainz 17

HSC 15

0 5 10 15 20
�aIBµ · 1010

RBC/UKQCD 18

BMW 17

FNAL/HPQCD/MILC 17

Quark-disconnected	diagrams

Iso-spin	breaking	correc6ons

mu/md = 0.46(2)(2)
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qu = 2/3, qd = �1/3
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CompilaTon	&	comparison

48

La@ce	QCD	vs.	dispersion	theory:

Nf = 2 + 1 + 1 ETMC 18

BMW 17

HPQCD 16

ETMC 13

Nf = 2 + 1

RBC/UKQCD 18
Mainz Preliminary

Nf = 2 Mainz/CLS 17

620 660 700 740
ahvpµ · 1010

R ratio

HLMNT 11

DHMZ 11

DHMZ 17

Jegerlehner 17

KNT 18

Our	preliminary	result:

ahvp
µ = 711 · 10�10 ± 3%
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CompilaTon	&	comparison
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La@ce	QCD	vs.	dispersion	theory:
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Our	preliminary	result:

ahvp
µ = 711 · 10�10 ± 3%
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“No	New	Physics”:
(ahvp

µ )

NNP

= (ahvp

µ )

disp

+ (aexp

µ � aSM

µ )
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Matrix	element	of	e.m.	current	between	muon	ini6al	and	final	states:
D
µ(p0, s0)

���Jµ(0)
��� µ(p, s)

E
= �e u(p0, s0)

 
F1(Q2)�µ +

F2(Q2)
2m

�µ⌫Q⌫
!

u(p, s)

ahlbl
µ = F2(0)

RBC/UKQCD:

QCD	+	QED	simula6ons	
QCD	+	stochas6c	QED

[Hayakawa	et	al.	2005;	Blum	et	al.	2015]

[Blum	et	al.	2016,	2017]

Mainz	group:

Exact	QED	kernel	in	posi6on	space	
Transi6on	form	factors	of	sub-processes	
Forward	scaCering	amplitude

[Asmussen	et	al.	2015,	2016,	and	in	prep.]

[Gérardin,	Meyer,	Nyffeler	2016]

[Green	et	al.	2015,	2017]
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QCD	+	StochasTc	QED
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Stochas6c	treatment	of	QED	contribu6on:

[Blum	et	al.,	Phys	Rev	D93	(2016)	014503]

inser6on	of	three	exact	Feynman	gauge	photon	propagators

Gµ⌫(x, y) =
1

VT

�µ⌫
X

k, |~k|,0

eik·(x�y)

k̂

2

[Blum	et	al.,	Phys	Rev	Led	118	(2017)	022005]

(ahlbl

µ )

con

= (116.0 ± 9.6) · 10

�11

Leading	disconnected	contribu6on:

68

Figure 5.1: Leading order diagram, survives in SU(3) limit.

x

src

x

snk

z

0
,

0
y

0
,�

0
x

0
, ⇢

0

x

op

, ⌫

z,

y,�

x, ⇢

Figure 5.2: Next to leading order diagrams. O(ms �ml), vanishes in SU(3) limit.

a result, not much e↵ort is needed in order to control the error from the long distance region.

For disconnected diagrams, the signal has to come from a subtle gluon interaction between

the two quark loops, which only emerges after gauge averaging. As a result, although the

signal is still exponentially suppressed when |r| = |x � z| becomes large, the noise remains

constant for arbitrary |r|. Since the formula involves summation over r, one can expect that a

lot of noise will come from the large |r| region, and this noise will become larger if we increase

the volume. However, in terms of evaluating the diagram on the lattice, the independence of

these two loops also provide some benefit. The contraction at y position does not depend on

the position of z, allowing the M2 trick to be applied without recomputing the muon part.

Compute	sub-leading	disconnected	diagrams

Connected	contribu6on:

2

The HVP contribution is the largest hadronic contri-
bution and can be computed from a dispersion relation
and experimental e+e� annihilation data. This is a well-
developed method with a fractional-percent error. The
leading-order HVP contribution is 692.3(4.2)⇥ 10�10 [8]
or 694.9(4.3) ⇥ 10�10 [9]. This dispersive approach is
an active research area and results with reduced errors
should be expected [10]. The HVP contribution can also
be calculated with lattice QCD. With recently developed
methods and increased computational power, similar or
even higher precision results may be possible [11–15].
In contrast, the HLbL contribution is at present only
estimated by model calculations which give a result of
10.5(2.6) ⇥ 10�10 [16, 17] or 11.6(3.9) ⇥ 10�10 [1]. This
method is di�cult to improve further although it is pos-
sible to compare the model result for hadronic light-by-
light scattering with a lattice result for this scattering
amplitude [18]. A dispersion relation analysis of the
HLbL contribution is not available although work is un-
derway in this direction [19–24].

Combining these results gives the standard model pre-
diction asm

µ

= 11659184.0(5.9)⇥10�10 which di↵ers from
the experimental value above by aexp

µ

�asm
µ

= 24.0(6.9)⇥
10�10, about twice the estimate for the HLbL contribu-
tion. Thus, a systematically improvable, lattice determi-
nation of the HLbL contribution is needed to resolve or
firmly establish the discrepancy.

The complete set of HLbL diagrams include the con-
nected diagrams in Fig. 2 and the disconnected diagrams
in Fig. 3, 4, and 5. Only quark loops that are directly
connected to photons are drawn in the figures. This is be-
cause only these quark propagators need to be explicitly
calculated on the lattice. The e↵ects of gluons and other
quark loops are included automatically through the eval-
uation of these explicit quark propagators and the use
of an unquenched gauge ensemble. Although there are
many di↵erent types of disconnected diagrams, only one
type, shown in Fig. 3, survives in the SU(3) limit. The
other diagrams, shown in Figs. 4 and 5, vanish in SU(3)
limit because they contain quark loops that couple only
to one photon and the sum of the charges of the u, d, s
quarks is zero. Also, because the strange quark carries
only 1/3 of the electron charge, diagrams that are sup-
pressed by the di↵erence between the strange and light
quark masses are suppressed by their charge factors too.

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnky′,σ′ x′, ρ′ z′,κ′

xop, ν

z,κ
y,σ x, ρ

Figure 2. Connected hadronic light-by-light diagrams. There
are four additional diagrams resulting from further permuta-
tions of the photon vertices on the muon line.

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Figure 3. Leading-order disconnected diagram which is non-
zero in SU(3) limit. There are additional diagrams which can
be obtained from permutation of the photon vertices on the
muon line.

xsrc xsnky′,σ′ x′, ρ′ z′,κ′

xop, ν

z,κy,σ x, ρ

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κy,σ x, ρ

Figure 4. Disconnected diagrams of orderms�ml. There are
additional diagrams which can be obtained from permutation
of the photon vertices on the muon line.

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

xsrc xsnky′,σ′ x′, ρ′ z′,κ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′
y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Figure 5. Disconnected diagrams of order (ms � ml)
2 and

higher. There are additional diagrams which can be obtained
from permutation of the photon vertices on the muon line.

The first attempt using lattice QCD to compute the
connected contribution to HLbL was made by Blum,
Chowdhury, Hayakawa, and Izubuchi [25], which demon-
strated the possibility of performing such calculation.
A series of improvements in methodology were made
in Ref. [26], eliminating two sources of systematic ef-
fects arising from the use of larger-than-physical electric
charge and non-zero momentum transfer. The methods
presented in Ref. [26] also lead to a substantial reduction
in the statistical noise making a direct lattice calcula-
tion with a physical pion mass possible. Here, we report
the result of the first connected HLbL lattice calculation
with physical pion mass. In addition to the connected
HLbL calculation, we extended the methods of Ref. [26]
and compute the leading disconnected diagrams shown
in Fig. 3 using the same set of configurations. This is the
first disconnected HLbL calculation and the result sug-

(ahlbl
µ )disc = (�62.5 ± 8.0) · 10�11
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Exact	QED	kernel	in	posiTon	space
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Determine	QED	part	perturba6vely	in	the	con6nuum	in	infinite	volume	
	no	power-law	volume	effects

a

hlbl
µ = F2(0) =

me

6

3

Z
d

4
y

Z
d

4
xL[⇢,�];µ⌫�(x, y) i⇧⇢;µ⌫��(x, y)

QCD	four-point	func6on:
i⇧⇢;µ⌫��(x, y) = �

Z
d

4
z z⇢

D
Jµ(x)J⌫(y)J�(z)J�(0)

E

QED	kernel	func6on: L[⇢,�];µ⌫�(x, y)
• Infra-red	finite;	can	be	computed	semi-analy6cally	

• Admits	a	tensor	decomposi6on	in	terms	of	six	weight	func6ons	
which	depend	on

x

2, y

2, x · y

3D	integra6on	instead	of	
Z

d

4
x

Z
d

4
y

Weight	func6ons	computed	and	stored	on	disk

[Asmussen,	Green,	Meyer,	Nyffeler,	in	prep.]
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Accumulated	connected	contribu6on

[Asmussen,	Gérardin,	Nyffeler,	Meyer,	arXiv:1811.08320]

a

chlbl

µ =
me

6

3

2⇡2

Z
y

max

0

|y|3 d|y|
Z

d

4

xL
[⇢,�];µ⌫�(x, y) i⇧⇢;µ⌫��(x, y)
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QED kernel L̄[⇢,�];µ⌫�(x, y)

)

Figure 4: Coordinate-space Feynman diagram for a

hlbl
µ

, where the QED part, on the left,
can be computed (semi-)analytically and treated as a kernel weighting the vertex positions of
the QCD four-point function of the vector current.

represents all the QED parts, i.e. muon and photon propagators. Two collaborations have so
far embarked on this challenging endeavour [7].

The RBC/UKQCD collaboration has performed calculations of ahlbl
µ

using a coordinate-
space method in the muon rest-frame. The photon and muon propagators are either computed
on the same L⇥ L⇥ L⇥ T torus as the QCD fields – this approach goes under the name of
QED

L

and was first published in [31]; or they are computed in infinite volume in a method
called QED1 [32].

The Mainz group has used a manifestly Lorentz-covariant QED1 coordinate-space strat-
egy, presented in [33], averaging over the muon momentum using the Gegenbauer polynomial
technique. This technique relies on the anomalous magnetic moment of the muon being a
Lorentz scalar quantity; a fact that has been used extensively in the phenomenology commu-
nity.

A theoretical advantage of using the QED1 formulation is that no power-law finite-volume
e↵ects appear, which arise in QED

L

due to the massless photon propagators3. Specifically, in
the (Euclidean) notation used by the Mainz group, the master equation for computing a

hlbl
µ

is

a

hlbl
µ

=
me

6

3

Z
d

4
y

| {z }
=2⇡2|y|3d|y|

h Z
d

4
x L̄[⇢,�];µ⌫�(x, y)| {z }

QED

i

b⇧
⇢;µ⌫��(x, y)| {z }

= QCD “blob”

i
, (15)

i

b⇧
⇢;µ⌫��(x, y) = �

Z
d

4
z z

⇢

D
j

µ

(x) j
⌫

(y) j
�

(z) j
�

(0)
E
. (16)

The QED kernel L̄[⇢,�];µ⌫�(x, y) is computed in the continuum and in infinite-volume; it con-
sists of the muon and photon propagators depicted in Fig. 4. Once the two tensors appearing
in Eq. (15) are contracted, the integrand is a Lorentz scalar, and the integrals over x and
y reduce to an integral over three invariant variables, e.g. (x2, x · y, y2). In this sense, Eq.
(15) is the coordinate-space analogue of Eq. (11). In practical lattice calculations, one may
carry out the four-dimensional summation over one of the vertices (say x) in full, because this
tends to have a beneficial averaging e↵ect. For fixed vertex position y, the four-dimensional

3
Instead, the leading finite-size e↵ects are expected to be of order exp(�m⇡L/2).

8

Controlled	discre6sa6on	and	finite-volume	effects
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TransiTon	form	factor	π0	⟶	γ✻γ✻
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[Gérardin,	Meyer,	Nyffeler,	Phys	Rev	D94	(2016)	074507]
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Results	for	π0	contribu6on	to	hadronic	light-by-light	scaCering:
(ahlbl
µ )⇡0 = (65.0 ± 8.3) · 10�11 (LMD+V) (stat.	error	only)

✏µ⌫↵� q↵1 q�2 F⇡0�⇤�⇤ (m2
⇡; q2

1, q
2
2) ⌘ Mµ⌫

Introduction Form factor Lattice computation Conclusion

Lattice computation

M

µ⌫

(p, q1) = lim

t⇡!1

2E

⇡

Z

⇡

✓

Z 0

�1
d⌧ e

!1⌧
e

�E⇡(⌧�t⇡)
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⇡
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Z 1
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; ~p, ~q1)

◆

E

⇡

and Z

⇡

(overlap with our interpolating field) are extracted from the two-point correlation function :

C

(2)
(t) =

X

~x

⌦
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e
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t!1

|Z
⇡
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⇡
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�

,

Momenta are discrete on the lattice (finite volume) : |~q1|2 =

�

2⇡
L

�2 |~n|2 , |~n|2 = 1, 2, 3, 4, 5, 6, 8, . . .

!1 is a free parameter (where q1 = (!1, ~q1))

We choose ~p =

~

0

(

q

2
1 = !

2
1 � |~q1|2

q

2
2 = (m⇡ � !1)

2 � |~q1|2

! By varying continuously !1 we have access to different values of (q

2
1, q

2
2)

! But !1 such that q

2
1, q

2
2 < M

V

(bellow hadronic threshold)

Antoine Gérardin 10 Lattice calculation of the pion transition form factor ⇡0 ! �⇤�⇤
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Summary	&	Outlook

Precision	observables	

• Provide	promising	hints	for	new	physics	

• Complementary	to	searches	at	high-energy	colliders

Muon	anomalous	magneTc	moment	

• Beau6ful	interplay	between	theory	and	experiment	

• New	experiments	will	significantly	increase	sensi6vity	

• Laice	QCD:	model-independent	es6mates	for	hadronic	
contribu6ons	

• HVP:		challenge	to	reach	sub-percent	precision	

• HLbL:	10–15%	calcula6on	will	have	great	impact


