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Plan

2

• Intro to magnetic structures/symmetries, topological 
textures for multi-k structures, homotopy, winding 
numbers, … 

• Samples. Neutron diffraction experiments 
• Magnetic structures 1k, 2k and 3k in respective 

Magnetic Superspace Groups MSSG  
• Calculation of topological charges 
• Summary

For both MnGe and CeAlGe
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Magnetic structure
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Examples

0th cell

k=[0,0]
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S01 = Sx + Sy
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Magnetic structure
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Examples

0th cell

k=[0,0]
AFM

S01 = Sx + Sy

1

2

S02 = �S01

0th cell

k=[0,0]
FM

S01 = Sx + Sy

1
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2k magnetic structure

4

Zeroth cell contains 13 spins of Tb3+. 
Conventional magnetic unit cell contains 126 
spins of Tb3+!!

Antiferromagnetic (à la cycloidal spiral) three sub−lattice ordering in 
Tb14Ag51

k−vector:  kK=[1/3, 1/3, 0]



Magnetic moment amplitudes S0  
Propagation vector k of magnetic structure 

Magnetic moment

position of spin in the lattice

S(tn) =
1
2
(S0e

+2�itnk + S⇤0e
�2�itnk)

⌘ |S0↵|cos(2⇡tnk+ �↵), ↵ = x, y, z
<latexit sha1_base64="SUqn8nX9i5tA4EQWC7CVQHWSh18="></latexit>

propagation vector k =[0,b,0]

real space Diffraction: reciprocal space

Modulated magnetic  structure 

qy(Å-1)

<latexit sha1_base64="6eNsVgNrCCBOFdxTYbYttMmoa+M="></latexit>

⌘ |S0↵|ê↵ cos(2⇡tnk+ �↵), ↵ = x, y, z
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multi-k structures
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View along the z-(c-)axis of the magnetic structure of CeAlGe. 
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real space Diffraction: reciprocal space

k2=[b,0,0]

k1=[0,b,0]]

<latexit sha1_base64="OfzVgPzOHRPueG1qjYBg4t1yhHo="></latexit>

S(tn) =
mX

l=1

|S0↵,l|ê↵ cos(2⇡tnkl + �↵,l), ↵ = x, y, z
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3-arms 0½0

Examples of propagation vector stars

7

3+3=6-arms 0b0 3-arms ½½0

P2_13: 8 symops, three 2-fold and there 3-fold rotations 

DT                       MnGe X M
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3-arms 0½0

Examples of propagation vector stars

7

3+3=6-arms 0b0 3-arms ½½0

P2_13: 8 symops, three 2-fold and there 3-fold rotations 

4+4=8-arm uuu

◦ u u u
◦ -u -u u
◦ -u u -u
◦ u -u -u

1-arm ½½½

LD                            MnSi R

DT                       MnGe X M
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Magnetic Space Groups MSG and propagation vector

8

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC) 

• incommensurate IC |k|≠ m/n 

MSG: only 3D-crystallographic symmetry elements, e.g. no 
arbitrary rotation angles, only 60, 90, 120, 180 degrees

⇠ cos(2⇡tnk+ ')S(tn) = Re
�
CS0e

2⇡itnk
�
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Magnetic Space Groups MSG and propagation vector

8

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC) 

• incommensurate IC |k|≠ m/n 

MSG: only 3D-crystallographic symmetry elements, e.g. no 
arbitrary rotation angles, only 60, 90, 120, 180 degrees

⇠ cos(2⇡tnk+ ')S(tn) = Re
�
CS0e

2⇡itnk
�

1

modulated (in)commensurate 

helix SDW
cycloidal
spiral

 k=[0,0,kz]
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Superspace group concept

9

x4  - internal coordinate is 
“just” a 2π normalised 
phase

x1   - x 
x2   - y 
x3   - z

propagation vector k
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Example of MSSGs

10

x1   - x 
x2   - y 
x3   - z
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Example of MSSGs
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This MSSG restrict all atoms 
located in special positions to be 
in phase and only AM is allowed 
for them.

Some simple, maybe unexpected, exemplary consequences 

<latexit sha1_base64="gu2ax4S3uRuzPxnRKILstsrthrs="></latexit>

M(�x4) = M(x4) ! M ⇠ m · cos(2⇡x4)

x1   - x 
x2   - y 
x3   - z
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Famous metallic topological materials with long 
magnetic periodicity
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MnSi                                CeAlGe                               MnGe

200 Å                                                      70 Å                                                   30 Å 
TN=35K                                                    4K                                                    170K

Magnetic modulation length 

                                                          Weyl semi-metal                                  

2k-structure
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Non coplanar magnetic textures                     defined by multi-k magnetic 
structure, have non zero topological charge Q, responsible for THE etc.

<latexit sha1_base64="iLXjhSdaXZdZn+YOMfTk5XQ8n2o="></latexit>
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Topology. Homotopy. Winding numbers or 
topological charges

12
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Topology, homotopy

13

Topology is the appropriate mathematical framework for the study of spaces (ℝn, Sn )* which can 
(and cannot) be continuously deformed into each other. Continuous deformations include 
twisting and stretching but not tearing or puncturing.

homotopy group of a skyrmion
π2(S2) ∼= ℤ (integers)

a homeomorphism between sphere and cube

https://en.wikipedia.org/wiki/Homotopy

a coffee mug and a donut (torus) are homeomorphic. 
A homotopy between two embeddings of the torus 
into ℝ3

Spaces in which topology is important are given names

★

★

An often-repeated mathematical joke is that topologists 
cannot tell the difference between a coffee mug and a 
donut

https://en.wikipedia.org/wiki/Homotopy
https://en.wikipedia.org/wiki/Embedding
https://en.wikipedia.org/wiki/Torus
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Homotopy of paths in topological space X 

14

homotopy group of a skyrmion
π2(S2) ∼= ℤ (integers)

https://en.wikipedia.org/wiki/Homotopy

The two dashed paths shown above are 
homotopic relative to their endpoints. The 
animation represents one possible 
homotopy.

Topological space X: (e.g. ℝ2 or  S2)

https://en.wikipedia.org/wiki/Homotopy
https://en.wikipedia.org/wiki/Path_(topology)
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Homotopy of paths in topological space X 

14

homotopy group of a skyrmion
π2(S2) ∼= ℤ (integers)

https://en.wikipedia.org/wiki/Homotopy

The two dashed paths shown above are 
homotopic relative to their endpoints. The 
animation represents one possible 
homotopy.

Topological space X: (e.g. ℝ2 or  S2)

homotopy is a broader concept

Condensed Matter Physics 2006, Vol. 9, No 2(46), pp. 283–304

https://en.wikipedia.org/wiki/Homotopy
https://en.wikipedia.org/wiki/Path_(topology)
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Homotopic loops, homotopy classes

15

homotopy group of a skyrmion
π2(S2) ∼= ℤ (integers)homotopy group of a circle

π1(S1) ∼= ℤ (integers)

These classes can then be mapped onto a mathematic homotopy groups (given the symbol π1 , π2, …)

n is winding number 
or charge specifies a 
class

Consider the space given by the circumference of a circle S1

n=0

n=+1

n=+2

make a loop by joining 
the ends of the path

loops that can be 
continuously deformed into 
each other are homotopic 
and make a class
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Homotopy. Mapping physical space to the order parameter space

16

a two-dimensional physical space        filled with 
normalised planar magnetisation n(x,y) order parameter space

n=0

n=+2

<latexit sha1_base64="CO3F4CEILKo72+RQJ+DGNt1xGB8="></latexit>

n(x, y) = êx cos'(x, y) + êy sin'(x, y)

Since n(x,y) is continuous on the contour 
this angle must be an integral multiple of 
2π - winding number n

Specifying  the order parameter along the contour in real space 
determines a mapping of that contour into order parameter space

<latexit sha1_base64="xE7prrksRiawGbivASYb8Bs0kck="></latexit>

n(x, y) = nx(x, y) + ny(x, y)
<latexit sha1_base64="xE7prrksRiawGbivASYb8Bs0kck="></latexit>

n(x, y) = nx(x, y) + ny(x, y)

N. D. Mermin RevModPhys.51.591 (1979)

 S1

<latexit sha1_base64="DXPCpTUhJPzn6Ovi2+fMrkIuFKQ="></latexit>

n(x, y) = êx cos'(x, y) + êy sin'(x, y)

<latexit sha1_base64="JXCbwVbkHDRgJQidXF5ZLMSjzCk="></latexit>

R2
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Example of isolated 2D skyrmion with Q=1

17

zoom
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z-component is by color

3D magnetisation texture                on a 2D xy-plane
<latexit sha1_base64="CAbSlRkFLQBYvxozpk+YxVK7awU="></latexit>

n(x, y)
<latexit sha1_base64="M7blPennw/NzHQyn4+ok7yft0ww="></latexit>

n(x, y) = nx(x, y) + ny(x, y) + nz(x, y)

x

y

z

<latexit sha1_base64="RzdXXUdIdtTTaWqaoMPWZwK4+nQ="></latexit>

n(x, y) = n(✓,�) = (sin ✓ cos�, sin ✓ sin�, cos ✓)
<latexit sha1_base64="r8APBaY2UkJ0geDrP1bcdNltSUM="></latexit>

� = Q'+ ⌘
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Single skyrmion and topological charges Q

18

★

★

• T Skyrme was a British physicist. In 1962 he proposed topological soliton to model a particle like neutron or proton. These 
entities would later in 1982 became known as skyrmions. 

• Now it is established that proton is made of quarks… But in solid state physics we have such objects: magnetic skyrmions.

Single skyrmion

n(x,y) in  infinite 2D plane ℝ2

order parameter on the sphere  S2

Topological charge or winding number Q counts how many times n(r) wraps S2 (4π) as x,y spans the whole 2D-plane ℝ2

homotopy group of a 
2D-skyrmion
π2(S2) ∼= ℤ (integers)

Normalised magnetisation n(x,y)=M(x,y)/M

n||r

<latexit sha1_base64="Nq0lClQHBvXX4b1lCNpl+76KyyE="></latexit>

Q =

ZZ

R2

1

4⇡
(n · [@n

@x
⇥ @n

@y
])dxdy

https://en.wikipedia.org/wiki/Topological_soliton
https://en.wikipedia.org/wiki/Skyrmion
https://en.wikipedia.org/wiki/Skyrmion
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★

• T Skyrme was a British physicist. In 1962 he proposed topological soliton to model a particle like neutron or proton. These 
entities would later in 1982 became known as skyrmions. 

• Now it is established that proton is made of quarks… But in solid state physics we have such objects: magnetic skyrmions.

Single skyrmion

n(x,y) in  infinite 2D plane ℝ2

order parameter on the sphere  S2

Topological charge or winding number Q counts how many times n(r) wraps S2 (4π) as x,y spans the whole 2D-plane ℝ2

homotopy group of a 
2D-skyrmion
π2(S2) ∼= ℤ (integers)

Normalised magnetisation n(x,y)=M(x,y)/M

stereographic projection for 
this specific skyrmion

stereographic projection

or real n on the sphere S2 by  

n||r

<latexit sha1_base64="Nq0lClQHBvXX4b1lCNpl+76KyyE="></latexit>

Q =

ZZ

R2

1

4⇡
(n · [@n

@x
⇥ @n

@y
])dxdy

https://en.wikipedia.org/wiki/Topological_soliton
https://en.wikipedia.org/wiki/Skyrmion
https://en.wikipedia.org/wiki/Skyrmion
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Skyrmions in magnetic materials

Contemporary Physics 
60, 2019 - Issue 3, 246

Topological skyrmion (Q=+1)

meron (Q = ±1/2)

Neel-type                                                            Bloch-type

Neel antiskyrmion Q=-1

<latexit sha1_base64="RzdXXUdIdtTTaWqaoMPWZwK4+nQ="></latexit>

n(x, y) = n(✓,�) = (sin ✓ cos�, sin ✓ sin�, cos ✓)
<latexit sha1_base64="r8APBaY2UkJ0geDrP1bcdNltSUM="></latexit>

� = Q'+ ⌘

https://www.tandfonline.com/journals/tcph20
https://www.tandfonline.com/toc/tcph20/60/3
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Skyrmion/meron lattice vs. isolated skyrmion
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Topological charge density w(x,y)

Topological number/charge over S
<latexit sha1_base64="XOoBgBL2oqoReuhemEdgCmLkjVg="></latexit>

Q =

ZZ

S⇢R2

!(x, y)dxdy

n

�nx
<latexit sha1_base64="vXr67SoiAmDTcx6uyf9oncHn9dM="></latexit>

�ny
<latexit sha1_base64="YpBkgVpzWgF/sK7HEHUUPfkzIZM="></latexit>

topological charge/winding density  ~ solid angle for our systems of interest

n = M/M
<latexit sha1_base64="Uq3XeZkmNPNkBt/0XLdPPDh6NG8="></latexit>

Skyrmion (Q=+1), 
Antiskyrmion (Q=-1)  
Meron-Antimeron (Q = ±1/2) for periodic magnetization textures.

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 10

 11

 0  1  2  3  4  5  6  7  8  9  10  11

y

x

-3

-2

-1

 0

 1

 2

 3

Normalised magnetisation n(x,y)=M(x,y)/M

<latexit sha1_base64="UN+4kGNqeE8rGOqOomj1PvqBhtk="></latexit>
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Skyrmions and topological charges Q for the 3D-magnetisation textures given by 
propagation vectors

Propagation vectors define dimension of a different space where M(r) changes /twist 

1D

no topological objects are expected - both ∂n/dy AND ∂n/dx must be ≠ 0!
topological density/winding  ~ solid angle == 0

Normalised magnetisation n(x,y,z)=M(x,y,z)/M
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Skyrmions and topological charges Q for the 3D-magnetisation textures given by 
propagation vectors

Propagation vectors define dimension of a different space where M(r) changes /twist 

1D

no topological objects are expected - both ∂n/dy AND ∂n/dx must be ≠ 0!

2D

might have skyrmions and merons for non-coplanar structure
topological density/winding  ~ solid angle

Q =
R R

w(x, y)dxdy
<latexit sha1_base64="N4rbV+brQG1LtLxcV47dHt2kaLM="></latexit>

topological density/winding  ~ solid angle == 0

Normalised magnetisation n(x,y,z)=M(x,y,z)/M
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Skyrmions and topological charges Q for the 3D-magnetisation textures given by 
propagation vectors

Propagation vectors define dimension of a different space where M(r) changes /twist 

1D

no topological objects are expected - both ∂n/dy AND ∂n/dx must be ≠ 0!

3D

might have objects like 3D skyrmion/hedgehog/
monopole with singularity in the centre

2D

might have skyrmions and merons for non-coplanar structure
topological density/winding  ~ solid angle

Q =
R R

w(x, y)dxdy
<latexit sha1_base64="N4rbV+brQG1LtLxcV47dHt2kaLM="></latexit>

topological density/winding  ~ solid angle == 0

Normalised magnetisation n(x,y,z)=M(x,y,z)/M
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Motivation to study MnGe

23

Apply a state-of-the-art analysis of all possible magnetic superspace structures allowed by the 
crystal symmetry in metallic MnGe (P213) that are consistent with neutron diffraction data.  

MnGe has been long-studied for its remarkable phenomena related to the topological magnetic 
order, but surprisingly, the detailed magnetic structure underlying such phenomena was not 
addressed before this study.
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MnGe samples

24

1. Single crystals are not possible to grow. 
2. Powders are difficult - only high pressure (8 GPa) synthesis was known - Y. Fujishiro, 
N.Kanazawa

new chemical route to synthesize MnGe!  
a combined mechanochemical and solid-state route at ambient pressures and 
moderate temperatures 

Katja Pomjakushina Igor’ Plokhikh

infernal machine
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Crystal structure. Neutron diffraction patterns

25
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 Crystal structure. P2_13 space group T=@300K

26
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Pure magnetic neutron diffaction pattern “2K”-“300K”

27
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magnetic domain sizes: L ≃ 520 Å  
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Magnetic and crystal symmetry analysis for single- and multi-k 
structures

28

Harold T. Stokes, Dorian M. Hatch, and Branton J. Campbell 

ISODISTORT: ISOTROPY Software Suite   http://iso.byu.edu 

M. I. Aroyo, J. M. Perez-Mato, D. Orobengoa, E. Tasci, G. de la Flor, and A. Kirov 
 Bilbao Crystallographic Server    http://www.cryst.ehu.es/

Two main web sites with  a collection of software which applies group theoretical 
methods to the analysis of phase transitions in crystalline solids. 
General tools for representation analysis, Shubnikov groups, 3D+n, and much more... 

http://iso.byu.edu
http://www.cryst.ehu.es
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P 1

P 21

P 212121

R 3

P 213

P 2131

Magnetic SuperSpace subGroups for P2_13 [a,0,0]+[0,a,0]+[0,0,a] 

6D irrep mDT2
3 coupled 
incommensurate 
modulations

1, 2 or 3 incommensurate 
modulations

P2_13.1'(a,0,0)00s(0,a,0)00s(0,0,a)00s

R3.1'(a,b,g)0s(-a-b,a,g)0s(b,-a-b,g)0s

P2_12_12_1.1'(a1,0,0)000s(0,b2,0)000s(0,0,g3)000s

P2_12_12_1.1'(0,0,g)000s

OPD= P (a,0;a,0;a,0)

P2_12_12_1.1'(0,b1,0)000s(0,0,g2)000s
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P 1

P 21

P 212121

R 3

P 213

P 2131

Magnetic SuperSpace subGroups for P2_13 [a,0,0]+[0,a,0]+[0,0,a] 

6D irrep mDT2
3 coupled 
incommensurate 
modulations

1, 2 or 3 incommensurate 
modulations

P2_13.1'(a,0,0)00s(0,a,0)00s(0,0,a)00s

R3.1'(a,b,g)0s(-a-b,a,g)0s(b,-a-b,g)0s

P2_12_12_1.1'(a1,0,0)000s(0,b2,0)000s(0,0,g3)000s

P2_12_12_1.1'(0,0,g)000s

Data analysis★: 
1. Simulated annealing 

search for 3D+3, 
3D+2 and 3D+1 
MSSG 

2. standard LSQ fit

★Juan Rodríguez Carvajal (ILL) et al, http://
www.ill.fr/sites/fullprof/ Fullprof suite

OPD= P (a,0;a,0;a,0)

P2_12_12_1.1'(0,b1,0)000s(0,0,g2)000s

http://www.ill.fr/sites/fullprof/
http://www.ill.fr/sites/fullprof/
http://www.ill.fr/sites/fullprof/
http://www.ill.fr/sites/fullprof/
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3D+3 General formula for magnetic moments

30

1st arm

P2_13.1'(a,0,0)00s(0,a,0)00s(0,0,a)00s

2nd arm 3rd arm

Magnetic moments on four Mn (4a) (x,x,x) - six 
parameters to find: m1, m2, m3 , α1 , α2 , α3

Usually in crystallography one uses sin and cos-components:

<latexit sha1_base64="V6LJJsBe5BugGMcn6/+1KkNt29I="></latexit>

[Mx,My,Mz]1 =

<latexit sha1_base64="MJYpocamhUqVV7AfU68GynxHvms="></latexit>

[Mx,My,Mz]2 =

<latexit sha1_base64="cTkw2XNmmrS+J8IIL9b1/c3en7Q="></latexit>

[Mx,My,Mz]3 =

<latexit sha1_base64="tyzV2WWkY6DP9UiW3Qyo4GPs8x8="></latexit>

[Mx,My,Mz]4 =

<latexit sha1_base64="rux0znc3bmwXFtFQTV4TswmS7yc="></latexit>

ỹ = 2⇡ky

<latexit sha1_base64="RqMiEh+6LzDfU8xSKHP74JO3efI="></latexit>

m1 cos(ỹ + ↵1) = m1 cos↵1 cos ỹ �m1 sin↵1 sin ỹ
<latexit sha1_base64="LawHCB3EI0neA0DKpbShI+CiNXA="></latexit>

cos(ỹ + ↵1) = mc cos ỹ +ms sin ỹ

 Mx
 My
 Mz



V. Pomjakushin, “Topological magnetic structures in MnGe and CeAlGe.”, MLZ/FRM-II seminar, June 17, 2024

Models 3D+3, 3D+2

31
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Models 3D+3, 3D+2
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Models 3D+3, 3D+2
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Models 3D+3, 3D+2

31
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#D+3 Hedgehog model: refined by LSQ

32

0.950(1), 0 0, -0.950(1) 2.327(3)

m1 =-m3=0.950(1)µB , α1 =0

<latexit sha1_base64="VwnVyfVRMR9P2XLKhFBpaX3zCbg="></latexit>

[Mx,My,Mz] =
<latexit sha1_base64="uUwNjBWsgkHblr5pJLPQY1ABNtg="></latexit>

0.95[cos ỹ � sin z̃, cos z̃ � sin x̃, cos x̃� sin ỹ]µB

m3=0.950(1)µB , α3 =π/2

P2_13.1'(a,0,0)00s(0,a,0)00s(0,0,a)00s

<latexit sha1_base64="rux0znc3bmwXFtFQTV4TswmS7yc="></latexit>

ỹ = 2⇡ky …,etc
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Hedgehog 3D+3 magnetic structure - one refined parameter

33

cubic MSSG 198.3.206.1.m10.2 P2_13.1′ (a,0,0)00s(0,a,0)00s(0,0,a)00s

 
 
 
 
 
 
 
 
 
 
 
 

            
 
 
 
 
 
 
 
 
 
 
 
 

            

 
 
 
 
 
 
 
 
 
 
 
 

            
 
 
 
 
 
 
 
 
 
 
 
 

            
-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2
z=4

z=1 z=2

z=3



V. Pomjakushin, “Topological magnetic structures in MnGe and CeAlGe.”, MLZ/FRM-II seminar, June 17, 2024 34

Hedgehog 3D+3 magnetic cell contains 8 monopoles
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Hedgehog 3D+3 magnetic cell contains 8 monopoles. Each with |Q|=1

35

cubic MSSG 198.3.206.1.m10.2 P2_13.1′ (a,0,0)00s(0,a,0)00s(0,0,a)00s

0

0.5

1.0

1.5

Fragment of magnetization (edge π /2 around the 
center π/4,π/4,π/4). The total solid angle spanned on 
the cube faces is Q = +/−1 in 4π units. The color 
indicates the size of the magnetization.

Normalized Linearized Magnetization on 
unity sphere
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“Bloch” skyrmion (meron) 3D+2 magnetic structure

36

orthorhombic MSSG 19.2.29.2.m26.3 P2_12_12_1.1′ (0,b1,0)000s(0,0,g2)000s

z-component by color
 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 10

 11

 0  1  2  3  4  5  6  7  8  9  10  11

y

x

-3

-2

-1

 0

 1

 2

 3

The total topo-charge Q = 0 in 
zero  field.

+½

-½



V. Pomjakushin, “Topological magnetic structures in MnGe and CeAlGe.”, MLZ/FRM-II seminar, June 17, 2024

“Bloch” skyrmion (meron) 3D+2 magnetic structure

37

orthorhombic MSSG 19.2.29.2.m26.3 P2_12_12_1.1′ (0,b1,0)000s(0,0,g2)000s
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Topological charges in MnGe in external field

38
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Superspace magnetic structure and topological 
charges in Weyl semimetal CeAlGe

39
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Motivation to study CeAlGe

40

CeAlGe was predicted theoretically to be an easy-plane FM type-II Weyl 
semimetal (WSM)*.

It has topologically nontrivial magnetization textures in real-space ==> 
topological Hall effect (THE).

* G. Chang, B. Singh, S.-Y. Xu, G. Bian, S.-M. Huang, C.-H. Hsu, I. Belopolski, N. Alidoust, D. S. Sanchez, H. Zheng, et al., 
Physical Review B 97 (2018).

It is still not clear if it is WSM… Instead, we have found that CeAlGe is an 
antiferromagnet with rich phase diagram

WSM has gapless electronic excitations Weyl fermions that are protected by topology and symmetry.



Samples: both powder and single crystals of CeAlGe grown at PSI in Solid State Chemistry group  

41

Samples CeAlGe: single crystals & powders

Neutron diffraction experiments: HRPT and DMC, SANS at PSI Switzerland, D33, at ILL France 
Resistivity: Topologicall Hall Effect in University of Tokyo

Space Group: 109 I4_1md C4v-11

non-centrosymmetric 
Lattice parameters: 

a=4.25717, c=14.64520

TN

Ce1 4a (0,0,z), z=-0.41000  single magnetic Ce site

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)
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Examples of raw experimental powder diffraction patterns for CeAlGe

42

4.5Å DMC
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powder diffraction patterns CeAlGe

4.5Å DMC
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Magnetic peaks are well seen from both powder and s.c. neutron diffraction

44

k1=[g,0,0], SM point of BZ, g=0.06503(22) ~65Å

all peaks +-k DMC 4.5A

Magnetic NPD difference profile taken between T = 1.7 K and 10 K

Gamma point k=0 does not fit NPD

CeAlGe

Q=0.15-2.6 Å-1 

Q=0.85Å-1 

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)
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Magnetic peaks are well seen from both powder and s.c. neutron diffraction

44

k1=[g,0,0], SM point of BZ, g=0.06503(22) ~65Å

all peaks +-k DMC 4.5A

Magnetic NPD difference profile taken between T = 1.7 K and 10 K

Gamma point k=0 does not fit NPD

CeAlGe
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Space group I41md:    
8 symops & I-centering,  
Ce 4a (0,0,z) single 
magnetic Ce site: 4 atoms 
per cell

Crystal structure. Magnetic atoms.
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Space group I41md:    
8 symops & I-centering,  
Ce 4a (0,0,z) single 
magnetic Ce site: 4 atoms 
per cell

Crystal structure. Magnetic atoms.

Two other Ce’s are generated by 
I-centering translations (½, ½, 
½)+

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

4(a) ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>
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subgroup tree for I4_1md [u,0,0]+[0,u,0] 

46

 I4_1md1’ 4D irrep SM2 <latexit sha1_base64="rjq7dTk3zdlFVgCWFdBfuoh9C8I="></latexit>0

BB@

a
b
c
d

1

CCA

 I2mm.1'(0,0,g)0s0s
OPD=(a,0;0,0)

Bm.1'(a,b,0)ss

OPD=(a,b;0,0)

OPDirrep

1 incommensurate 
modulation
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subgroup tree for I4_1md [u,0,0]+[0,u,0] 

46

 I4_1md1’ 4D irrep SM2 <latexit sha1_base64="rjq7dTk3zdlFVgCWFdBfuoh9C8I="></latexit>0

BB@

a
b
c
d

1

CCA

 I2mm.1'(0,0,g)0s0s
OPD=(a,0;0,0)

Bm.1'(a,b,0)ss

OPD=(a,b;0,0)

I4_1md.1'(a,0,0)000s(0,a,0)0s0s

OPD=(a,0;a,0)

 I2mm.1'(0,b1,0)00ss(0,0,g2)0s0s
OPD=(a,0;b,0)

2 incommensurate modulations

OPDirrep

1 incommensurate 
modulation
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CeAlGe: Maximal symmetry full star superspace 3D+2 magnetic group 
I4_1md1’(a00)000s(0a0)0s0s

47

View along the z-(c-)axis of the magnetic structure of CeAlGe. The 
x- and y-axes are in units of in-plane lattice parameter a.

I4_1md1’(a,0,0)000s(0,a,0)0s0s      
single Ce site: Ce1 and Ce2 equivalent


k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

I41md1’ IR: mSM2 , k-active= (g,0,0),(0,g,0)
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View along the z-(c-)axis of the magnetic structure of CeAlGe. The 
x- and y-axes are in units of in-plane lattice parameter a.

I4_1md1’(a,0,0)000s(0,a,0)0s0s      
single Ce site: Ce1 and Ce2 equivalent


experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) µB. 

All Ce are equivalent and their moments are 
given symmetrically by 4 parameters 

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~

k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)

⌘
ez

<latexit sha1_base64="YMa/WR/PeGCbSYM5w+nPYpT5qNA="></latexit>

MCe2 = m2 sin(k̃x)ex +m1 sin(k̃y)ey +
⇣
m4 cos(k̃x) +m3 cos(k̃y)

⌘
ez

<latexit sha1_base64="xDaVDAi+sqdIpQ6EA63UV1rLWzA="></latexit>

I41md1’ IR: mSM2 , k-active= (g,0,0),(0,g,0)
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View along the z-(c-)axis of the magnetic structure of CeAlGe. The 
x- and y-axes are in units of in-plane lattice parameter a.

I4_1md1’(a,0,0)000s(0,a,0)0s0s      
single Ce site: Ce1 and Ce2 equivalent


experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) µB. 

All Ce are equivalent and their moments are 
given symmetrically by 4 parameters 

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~

k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)
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I41md1’ IR: mSM2 , k-active= (g,0,0),(0,g,0)
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Period about 15 cells, ~ 65 A
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non-continuos case: magnetic merons in CeAlGe

49

n = M/M
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 Experimentally observed multi-k magnetic structure. 
View along the z-(c-)axis of the normalized  
(i.e. n⃗ = M⃗ /|M⃗ |, where M⃗ is the local Ce moment)

topological density/winding  ~ solid angle
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experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) µB. 

n(x,y)

n(x+½,y) n(x,y+½)

Topological number/charge over S
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Topological density and charge. H=0
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Simulation of external field ~ FM component along z-axis

51

mf = 0 μB mf = 0.3 μB mf = 0.5 μB

experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

Topological charge per magnetic cell
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Experimental proof comes from behaviour in external field

52

mf = 0 μB mf = 0.3 μB
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The motivation: apply a state-of-the-art analysis of all possible magnetic superspace  structures 
allowed by the crystal symmetry in metallic MnGe (P213) that are consistent with neutron 
diffraction data. MnGe has been long-studied for its remarkable phenomena related to its 
topological magnetic order, but surprisingly, the detailed magnetic structure underlying such 
phenomena was not addressed before this study. 

Several maximal crystallographic symmetry magnetic structures are found to fit the data equally 
well. Among them: Topological multi-k 3k-hedgehog and 2k-meron structures that can account 
for the topological Hall effect should be preferable over the single-k helical- or AM-structures. 

New route to synthesize MnGe at ambient pressures and moderate temperatures, in addition to 
the traditional high pressure synthesis.  

Topological magnetic structures in MnGe: Neutron diffraction and 
symmetry analysis
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Summary on CeAlGe

• We report the discovery of topological magnetic order in the polar 
tetragonal magnetic Weyl semimetal candidate CeAlGe. 

•  CeAlGe has an incommensurate magnetic structure modulation 
length 70 Å [3D+2 group I4_1md.1’(a,0,0)000s(0,a,0)0s0s] hosting a 
lattice of magnetic particle-like objects called (anti)merons with half-
integer topological numbers Q=±1/2. 1k-structure cycloid structure 
in I2mm.1’(0,0,g)0s0s  fit the data as well  

• At intermediate magnetic fields H parallel to the c-axis one of 
merons flips sign leading to total Q=±1 in accordance with the 
observation of a topological Hall effect (THE) in the same range of 
H.
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Thank you!

55
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Crystal structure below T_N=170K P2_12_12_1

56
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Crystal structure below T_N=170K P2_12_12_1
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Bloch vs. Neel

57
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Note on continuous limit of modulated structures

there is a principal difficulty in the realisation of the continuous limit related 
to the crystallographic symmetries like rotations by the large crystallographic 
angles, such as 180, 120, 90, or 60 deg.

“true” topological charge
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Note on continuous limit of modulated structures
k=0.3
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y = 1, 2, 3...

one atom in unit cell 
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z)

61

Two independent sites. No 
symmetry relations between 
Ce1 and Ce2 

Ce1(0, 0, z)
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MCe(i) = mix sin(2⇡kx)ex +miz sin(2⇡kx+ 'i)ez, i = 1, 2
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Experimental values (µB) : 
Ce1: m1x= -0.64(1), m1z =-0.30(6) 
Ce2: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

• Cycloid in ac-plane for k1=[g,0,0], in bc=lane for k2=[0,g,0] 
• two magnetic domains (twins)

k=|k1|=|k2|=g

Lowest monoclinic MSSG 
8.1.4.2.m33.2 Bm.1'(a,b,0)ss

Solution: SM2 irreducible representation
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z)
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Two independent sites. No 
symmetry relations between 
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Experimental values (µB) : 
Ce1: m1x= -0.64(1), m1z =-0.30(6) 
Ce2: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

• Cycloid in ac-plane for k1=[g,0,0], in bc=lane for k2=[0,g,0] 
• two magnetic domains (twins)

k=|k1|=|k2|=g

             Note: if 𝜑1=𝜑2=0 → amplitude  
                                modulation, different 
                                 symmetry

Lowest monoclinic MSSG 
8.1.4.2.m33.2 Bm.1'(a,b,0)ss

Solution: SM2 irreducible representation
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Symmetry of cycloid. 3D+1 superspace group for SM2 irrep

62

I2mm1'(0,0,g)0s0s

Experimental values: 
Ce1: m1x= -0.64(1), m1z =-0.30(6) 
Ce2: m2x= -1.50(2), m2z = 0.46(8)

MCe(i) = mix sin(2⇡kx)ex +miz cos(2⇡kx)ez, i = 1, 2
<latexit sha1_base64="fhNMfzF9N6Ofar79JdAwTKCjib4="></latexit>

Advantage of magnetic symmetry when keeping {+k,-k}I41md1’ or
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Symmetry of cycloid. 3D+1 superspace group for SM2 irrep

62

I2mm1'(0,0,g)0s0s

Experimental values: 
Ce1: m1x= -0.64(1), m1z =-0.30(6) 
Ce2: m2x= -1.50(2), m2z = 0.46(8)

MCe(i) = mix sin(2⇡kx)ex +miz cos(2⇡kx)ez, i = 1, 2
<latexit sha1_base64="fhNMfzF9N6Ofar79JdAwTKCjib4="></latexit>

Advantage of magnetic symmetry when keeping {+k,-k}I41md1’

phase shift 90 degrees between x and y-components is 
fixed by symmetry!

or
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Topological density and charge. H=0

63

+½

-½ -½

+½
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MnGe synthesized by two different methods. Crystal structure.

64
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MnGe synthesized by two different methods. Magnetic structure.

65

The coherently scattering domains (or crystalline sizes) 
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2.33 <latexit sha1_base64="nm5UZ14pfETLqhqTcn5vrtXaWj4="></latexit>µB 2.57 <latexit sha1_base64="nm5UZ14pfETLqhqTcn5vrtXaWj4="></latexit>µB
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Continuous limit k->0 artificial full star magnetic structure

66

m1=m2=2 and m3=0.1, m4=0.11

w(x,y)

topological density/winding  ~ solid angle

n = M/M
<latexit sha1_base64="Uq3XeZkmNPNkBt/0XLdPPDh6NG8="></latexit>

Topological number/charge

Q =
R R

w(x, y)dxdy
<latexit sha1_base64="N4rbV+brQG1LtLxcV47dHt2kaLM="></latexit>

Q = ±1/2

MCe2 = m2 sin(x)ex +m1 sin(y)ey + (m4 cos(x) +m3 cos(y)) ez
<latexit sha1_base64="IGEPTGnIAasMCxgifGxhZMjToSg="></latexit>

MCe1 = m1 sin(x)ex +m2 sin(y)ey + (m3 cos(x) +m4 cos(y)) ez
<latexit sha1_base64="mL0/ehS+BqPXIat7kJm2y9Rr2k8="></latexit>
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Continuous limit k->0 artificial full star magnetic structure

67
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Extrema can be both in |M|=0 and at max |Mz|

in CeAlGe for Ce1 (mx, my, mz ) = [sin y,  sin x, 0.5(0.11 cos x +0.11cos y)].
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singularities and Bloch/Neel

69

Extrema can be only in |M|=0

(mx, my, mz ) = (cos y, − sin x, − sin y + 1.001cos x).

in CeAlGe for Ce1 (mx, my, mz ) = [sin y,  sin x, 0.5(0.11 cos x +0.11cos y)].
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Skyrmions

70

Neel skyrmion Q=-1Neel skyrmion Q = 1
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Merons

Neel meron Q = 1/2 Neel meron Q = -1/2
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non linear M(x,y). Q=+-1!

72


