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mass m = 1.660 10 -24 g = 939 MeV


spin: S=½


magnetic moment                        = -1.91 nuclear magnetons

Instead of k we often find:


Energy


momentum


velocity


wavelength
The state of neutron is describe by its wave vector k 


and its spin  component Sz=±½


neutron properties
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pending upon the relative orientations of the atomic and
neutron magnetic moments. It is to be emphasized that
the square of D in Eq. (5) is a classical or numerical
square, in contrast to the quantum mechanical square
which appeared in Eq. (3) describing paramagnetic
scattering. In oriented, magnetic lattice scattering, only
a single-spin state is existent, and, hence, the square
of the amplitude involves S rather than S(S+1).
The term q' in Eq. (5) depends upon the relative

orientation of the two unit vectors e and x, where e is
the scattering vector given by

where h and k' are the incident and scattered wave
vectors, and x is a unit vector along the direction of
alignment of the atomic magnetic moments. H-J show
that

so that
q= eX (eXx),

q'=1—(e x)'.
It is seen that q' can attain values between 0 and 1 and,
for the particular case where x is randomly directed,

q' (random) =-', .
This dependence of q' upon the relative directions of
scattering and magnetization has been given a direct
experimental test in the scattering from magnetized,
ferromagnetic substances, " and these data show the
correctness of the above formulation.
The differential scattering cross section F' determines

what is available for coherent neutron scattering but
tells nothing about the angular distribution of scattered
intensity from a magnetic lattice. Details of the scat-
tered intensity in the diGraction pattern will be deter-
mined (as in x-ray or electron diffraction) by the crystal
structure factors, and from the experimental deter-
mination of these factors, one can hope to establish the
magnetic lattice. It is interesting to note that according
to Eq. (5) there is no coherent interference between the
magnetic and nuclear portions of the scattering, and
that in essence the two intensities of scattering are
merely additive. This is a consequence of the treatment
for unpolarized incident neutron radiation and would
not be the situation if the neutron magnetic moments
were all aligned in the incident beam. For the latter
case, the differential scattering cross section contains
cross terms between the nuclear and magnetic ampli-
tudes in addition to the above square terms.
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dered sample was contained in a thin walled cylindrical
capsule held within a low temperature cryostat. Both
patterns were taken of the same sample before and
after introduction of liquid nitrogen coolant. The room
temperature pattern shows both magnetic diffuse scat-
tering and the Debye-Scherrer diffraction peaks at
positions indicated for nuclear scattering. There should
be coherent nuclear scattering at both all-odd and
all-even reQection positions from this NaCl-type lattice,
and since the signs of the nuclear scattering amplitudes
are opposite for Mn and for 0, the odd reflections, (111)
and (311),are strong whereas the even reflections, (200)
and (220), are very weak. When the material is cooled
to a low temperature, there is no change in the nuclear
scattering pattern, '" but the magnetic scattering has
now become concentrated in Debye-Scherrer peaks at
new positions. As can be seen from the 6gure, these
extra magnetic reQections cannot be indexed on the
basis of the conventional chemical unit cell of edge
length 4.426A. The innermost reQection for this cell is
the (100), falling at about 132"in angle, and there exists
a strong magnetic reQection inside of this angle at about
11~". It is possible to index the magnetic reQections,
however, on the basis of a cubic unit cell whose axial
length is just twice the above, or 8.85A. For this cell
the magnetic reQections are all-odd, intensity being
observed at the (111),(311), (331), and (511)positions.
The (311) ~ is on the shoulder of the (111)„,~, as can
be seen from the asymmetry of this reQection.
This twice-enlarged magnetic unit cell indicates that

successive manganese ions along the cube axis directions
are oriented differently, so that the repetition distance
(for identical scattering power) along the axis is 8.85A

MaO

As already mentioned, MnO is thought to be anti-
ferromagnetic below its Curie temperature of j.20'K;
and Fig. 4 shows neutron powder diffraction patterns
taken for this material at 300'K and at 80'K. The pow-
"Shull, %'ollan, and Strauser, Phys. Rev. 81, 483 (1951}.See

also discussion by D. J. Hughes and M. T. Surgy, Phys. Rev. 81,
498 (1951}.
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Fzo. 4. Neutron diGraction patterns for MnO taken at liquid
nitrogen and room temperatures. The patterns have been cor-
rected for the various forms of extraneous, di6'use scattering
mentioned in the text. Four extra antiferromagnetic rejections
are to be noticed in the low temperature pattern.

" The nuclear intensities will increase by a few percent due
to a slight increase in the Debye-%aller temperature factor.
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Neutron scattering and diffraction studies on a series of paramagnetic and antiferromagnetic substances
are reported in the present paper. The paramagnetic diffuse scattering predicted by Halpern and Johnson
has been studied, resulting in the determination of the magnetic form factor for Mn++ ions. From the form
factor, the radial distribution of the electrons in the 3d-shell of Mn~ has been determined, and this is com-
pared with a theoretical distribution of Dancoff. Antiferromagnetic substances are shown to produce strong,
coherent scattering effects in the diffraction pattern. The antiferromagnetic reflections have been used to
determine the magnetic structure of the material below the antiferromagnetic Curie temperature. For some
substances the magnetic unit cell is found to be larger than the chemical unit cell. The temperature de-
pendence of the antiferromagnetic intensities has been studied, and the directional effects which characterize
neutron scattering by aligned atomic moments have been used to determine the moment alignment with
respect to crystallographic axes. From studies with magnetic ions possessing both orbital and spin moments,
it is found that the antiferromagnetic intensities contain partial orbital moment components along with the
spin moment component. The degree of orbital moment contribution agrees satisfactorily with that pre-
dicted by models of lattice quenching.

INTRODUCTION The present paper is concerned with measurements on
the scattering or diffraction pattern which is obtained
when monochromatic neutrons are incident upon a sub-
stance whose atoms possess magnetic moments. Experi-
mental data will be presented for the scattering by
various paramagnetic and antiferromagnetic materials,
and the interpretation will be given in terms of a mag-
netic lattice with spin and orbital moment alignment.
In a second paper in preparation, we shall extend the
discussion to include scattering by magnetized and
unmagnetized ferromagnetic materials, treating also
some of the neutron polarization phenomena which are
associated with ferromagnetic scattering.

AGNKTIC scattering effects with neutrons
- ~ were 6rst investigated theoretically by Bloch, '

Schwinger, ' and Halpern and co-workers. ' The early
theoretical developments focused upon the interpreta-
tion of experiments designed to determine the value of
the neutron's magnetic moment through its interaction
with the experimentally known and theoretically
understood magnetic moments of various atoms and
ions in paramagnetic and ferromagnetic substances.
Since this time, however, more powerful resonance
techniques have been applied which give high precision
in the determination of the neutron magnetic moment,
and, in consequence, present-day interest in magnetic
scattering effects with neutrons has been directed
toward a more complete understanding of the basic
phenomena which characterize magnetic media.
Early experimentation on neutron scattering by

paramagnetic materials was performed by Whitaker
and co-workers4 in a series of transmission and scat-
tering type experiments. Because of the relative weak-
ness and heterogeneous nature of the neutron beams
from their Ra™Besource, coupled with the complexity
of crystal scattering effects, only general, qualitative
conclusions couM be drawn from the data. The more
recent work at this laboratory' and at Columbia Uni-
versity by Ruderman' has shown unambiguously the
general features of paramagnetic scattering as predicted
theoretically by Halpern and Johnson' and has yielded
information on the nature of the magnetic form factor.

SCATTERING OF NEUTRONS BY PARAMAGNETIC
SUBSTANCES

The theory of neutron scattering by a true paramag-
netic substance has been given in detail by Halpern and
Johnson. In such a substance, there exist permanent
magnetic moments at individual atomic sites caused by
unbalanced electronic moments within the atoms, and
these atomic moments are completely uncoupled to
each other and directed in random orientation. Because
of this randomness the substance will display no per-
manent macroscopic magnetic moment. Application
of an external magnetic 6eld will, however, disturb the
randomness and cause partial alignment of the atomic
moments, so that an induced macroscopic magnetic
moment is evidenced. Thermal disordering effects tend
to oppose the alignment caused by the magnetic GeM,
and Langevin showed that the magnetic susceptibility
(induced moment per unit Geld) should vary inversely
with absolute temperature, as erst determined experi-
mentally by Curie. This can be described by the well-
known Curie law,

' F. Bloch, Phys. Rev. 50, 259 (1936).' J. S. Schwinger, Phys. Rev. 51, 544 (1937)'O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939);
O. Halpern and T. Holstein, Phys. Rev. 59, 960 (1941);Halpern,
Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941).

4 M. D. Khitaker, Phys. Rev. 52, 384 (1937);Whitalmr, Beyer,
and Dunning, Phys. Rev. 54, 771 (1938); M. D. Whitaker and
W. C. Bright, Phys. Rev. 57„1076(1940); 60, 280 (1941).

~ C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949).' I. W. Ruderman, Phys. Rev. 76, 1572 (1949).
where x is the magnetic susceptibility, T the absolute
temperature, and C~ the Curie constant which is

333
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pending upon the relative orientations of the atomic and
neutron magnetic moments. It is to be emphasized that
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square, in contrast to the quantum mechanical square
which appeared in Eq. (3) describing paramagnetic
scattering. In oriented, magnetic lattice scattering, only
a single-spin state is existent, and, hence, the square
of the amplitude involves S rather than S(S+1).
The term q' in Eq. (5) depends upon the relative

orientation of the two unit vectors e and x, where e is
the scattering vector given by

where h and k' are the incident and scattered wave
vectors, and x is a unit vector along the direction of
alignment of the atomic magnetic moments. H-J show
that

so that
q= eX (eXx),

q'=1—(e x)'.
It is seen that q' can attain values between 0 and 1 and,
for the particular case where x is randomly directed,

q' (random) =-', .
This dependence of q' upon the relative directions of
scattering and magnetization has been given a direct
experimental test in the scattering from magnetized,
ferromagnetic substances, " and these data show the
correctness of the above formulation.
The differential scattering cross section F' determines

what is available for coherent neutron scattering but
tells nothing about the angular distribution of scattered
intensity from a magnetic lattice. Details of the scat-
tered intensity in the diGraction pattern will be deter-
mined (as in x-ray or electron diffraction) by the crystal
structure factors, and from the experimental deter-
mination of these factors, one can hope to establish the
magnetic lattice. It is interesting to note that according
to Eq. (5) there is no coherent interference between the
magnetic and nuclear portions of the scattering, and
that in essence the two intensities of scattering are
merely additive. This is a consequence of the treatment
for unpolarized incident neutron radiation and would
not be the situation if the neutron magnetic moments
were all aligned in the incident beam. For the latter
case, the differential scattering cross section contains
cross terms between the nuclear and magnetic ampli-
tudes in addition to the above square terms.
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mental data will be presented for the scattering by
various paramagnetic and antiferromagnetic materials,
and the interpretation will be given in terms of a mag-
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discussion to include scattering by magnetized and
unmagnetized ferromagnetic materials, treating also
some of the neutron polarization phenomena which are
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AGNKTIC scattering effects with neutrons
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and, in consequence, present-day interest in magnetic
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phenomena which characterize magnetic media.
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paramagnetic materials was performed by Whitaker
and co-workers4 in a series of transmission and scat-
tering type experiments. Because of the relative weak-
ness and heterogeneous nature of the neutron beams
from their Ra™Besource, coupled with the complexity
of crystal scattering effects, only general, qualitative
conclusions couM be drawn from the data. The more
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versity by Ruderman' has shown unambiguously the
general features of paramagnetic scattering as predicted
theoretically by Halpern and Johnson' and has yielded
information on the nature of the magnetic form factor.

SCATTERING OF NEUTRONS BY PARAMAGNETIC
SUBSTANCES

The theory of neutron scattering by a true paramag-
netic substance has been given in detail by Halpern and
Johnson. In such a substance, there exist permanent
magnetic moments at individual atomic sites caused by
unbalanced electronic moments within the atoms, and
these atomic moments are completely uncoupled to
each other and directed in random orientation. Because
of this randomness the substance will display no per-
manent macroscopic magnetic moment. Application
of an external magnetic 6eld will, however, disturb the
randomness and cause partial alignment of the atomic
moments, so that an induced macroscopic magnetic
moment is evidenced. Thermal disordering effects tend
to oppose the alignment caused by the magnetic GeM,
and Langevin showed that the magnetic susceptibility
(induced moment per unit Geld) should vary inversely
with absolute temperature, as erst determined experi-
mentally by Curie. This can be described by the well-
known Curie law,

' F. Bloch, Phys. Rev. 50, 259 (1936).' J. S. Schwinger, Phys. Rev. 51, 544 (1937)'O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939);
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4 M. D. Khitaker, Phys. Rev. 52, 384 (1937);Whitalmr, Beyer,
and Dunning, Phys. Rev. 54, 771 (1938); M. D. Whitaker and
W. C. Bright, Phys. Rev. 57„1076(1940); 60, 280 (1941).

~ C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949).' I. W. Ruderman, Phys. Rev. 76, 1572 (1949).
where x is the magnetic susceptibility, T the absolute
temperature, and C~ the Curie constant which is
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Types of (magnetic) neutron 
diffraction techniques

• spin-polarised: 

• nuclear/magnetic interference for non-spin 
flip. Purely magnetic for spin-flip channel. 

• Full 3D analysis of neutron polarization - 
spherical neutron polarimetry.  

• unpolarised: nuclear and magnetic intensities 
are always independent

• powder/single crystal

• λ=const: I(2θ),  Time Of Flight TOF: I(t), Laue

8



Pomjakushin diffraction 
SINQ, 2015, Hercules

Diffraction instruments at swiss continuous 
spallation source SINQ. λ=const

• HRPT - High Resolution Powder 
Diffractometer for Thermal Neutrons,  
λ=0.94 - 2.96 Å, High Q-range ≤11Å-1


• DMC – High Intensity Powder Diffractometer 
for Cold Neutrons,     
λ=2.35 - 5.4 Å, High flux and good 
resolution at low and moderate Q ≤4Å-1


• TriCS/Zebra - Single crystal diffractometer,  
λ=1.18, 2.3 Å, Thermal Neutrons


• TASP (triple axes) with MuPAD for polarised 
ND, Cold Neutrons, λ=1.8 - 6.0 Å

9
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Literature on (magnetic) neutron 
scattering

Neutron scattering (general)
S.W. Lovesey, “Theory of Neutron Scattering from Condensed Matter”, 
Oxford Univ. Press, 1987. Volume 2 for magnetic scattering. Definitive 
formal treatment

G.L. Squires, “Intro. to the Theory of Thermal Neutron Scattering”, C.U.P., 
1978, Republished by Dover, 1996. Simpler version of Lovesey. 

All you need to know about magnetic neutron 
diffraction. Symmetry, representation analysis

 Yu. A. Izyumov, V. E. Naish and R. P. Ozerov, ”Neutron diffraction of magnetic 
materials”, New York [etc.]: Consultants Bureau, 1991. Obsolete with 
respect to magnetic space groups and magnetic (super)symmetry.

10
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Literature on magnetic neutron 
scattering

Modern way of magnetic symmetry and representation 
analysis 

“Magnetic superspace groups and symmetry constraints in incommensurate magnetic 
phases”, J M Perez-Mato, J L Ribeiro, V Petricek and M I Aroyo, J. Phys.: Condens. Matter 
24 (2012) 163201 


“MAGNDATA: towards a database of magnetic structures.” 

Gallego, Perez-Mato, Elcoro, Tasci, Hanson, Momma, Aroyo & Madariaga

JOURNAL OF APPLIED CRYSTALLOGRAPHY (2016) Volume: 49 Pages: 1750-1776, 
1941-1956


“Tabulation of irreducible representations of the crystallographic space groups and their 
superspace extensions” 

Harold T. Stokes, Branton J. Campbell and Ryan Cordes 

Acta Cryst. (2013). A69, 388–395 


11
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Web/computer resources to perform group theory 
symmetry analysis, in particular magnetic structures. 

12

General tools for representation analysis, Shubnikov groups, 3D+n, 
and much more...  
Web sites with  a collection of software which applies group 
theoretical methods to the analysis of phase transitions in crystalline 
solids.

• Harold T. Stokes, Dorian M. Hatch, and Branton J. Campbell    

ISODISTORT: ISOTROPY Software Suite, http://iso.byu.edu

M. I. Aroyo, J. M. Perez-Mato, D. Orobengoa, E. Tasci, G. de la Flor, A. Kirov 
• Bilbao Crystallographic Server 

                                                  http://www.cryst.ehu.es/

http://iso.byu.edu
http://www.cryst.ehu.es
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Computer programs to construct symmetry adapted 
magnetic structures and fit the experimental data.

• Juan Rodríguez Carvajal (ILL) et al, http://www.ill.fr/sites/fullprof/ 
Fullprof suite

• Vaclav Petricek, Michal Dusek (Prague) Jana2006 http://
jana.fzu.cz/

13

Workhorses: Computer programs for representation analysis to be used 
together with the diffraction data analysis programs to determine magnetic 
structure from neutron diffraction (ND) experiment. 

http://www.ill.fr/sites/fullprof/
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Basic principles of magnetic neutron 
diffraction

14
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e
r

ŝ
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Magnetic neutron scattering on an atom

�re =�0.54·10�12cm=�5.4 fm(⇤S)

“magnetic scattering amplitude” = �re
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⇥
,

x-ray scattering length: Zre

16

  Comparison of neutron scattering lengths (fm)
       
magnetic
Mn3+ (S=2):  -10.8,   Cu2+ (S=½):  -2.65
nuclear 
Mn            :   -3.7,    Cu:               7.7

neutron magnetic moment in μn -1.91 classical electron radius
e2

mc2

1. The size

fm=fermi=10-13 cm
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magnetic scattering intensity can be  
larger than the nuclear one

magnetic
nuclear
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Elastic scattering intensity

20

Neutron scattering cross-section (for unpolarised neutron beam)

d�

d�
� |Q�|2| hQ̂?i |2 =

<latexit sha1_base64="OqFRz5vCwRI+t5KnFJLR/wOqpVY="></latexit>
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Term FerroMagnetism (FM): lodestone in Greek writings by the year 800 B.C., magnetit FeO-Fe203 
used as compass. First “theory” Rene Descartes (1596-1650)

Order parameter: FM seen macroscopically

Submitted on 1 Jan 1907

FM is not possible in classical physics! Bohr–
van Leeuwen theorem was discovered by Niels 
Bohr in 1911 in his doctoral dissertation


QM 1925-27
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FerroMagnetism (FM): in Greek writings by the year 800 B.C., magnetit FeO-Fe203 used as compass 
bcc iron, Fe, I4/mm’m'

Order parameter: sub-lattice 
magnetisations Mup Mdown are not 
directly seen macroscopically

 bcc MnO, MnS, Fm-3m, 

magnetic Cc2/c

Mup

Mdown

Order parameter: FM seen macroscopically

Submitted on 1 Jan 1907

AntiFerroMagnetism (AFM): In 1932, Néel put forward the idea of antiferromagnetism to explain the 
temperature independent paramagnetic susceptibility of such metals as Cr and Mn

Magnetic diffraction 
peaks in MnO

Neutron diffraction: one 
of the direct techniques 
Shull, et al 1951

NEUTRON D I F F RACT I ON 337

pending upon the relative orientations of the atomic and
neutron magnetic moments. It is to be emphasized that
the square of D in Eq. (5) is a classical or numerical
square, in contrast to the quantum mechanical square
which appeared in Eq. (3) describing paramagnetic
scattering. In oriented, magnetic lattice scattering, only
a single-spin state is existent, and, hence, the square
of the amplitude involves S rather than S(S+1).
The term q' in Eq. (5) depends upon the relative

orientation of the two unit vectors e and x, where e is
the scattering vector given by

where h and k' are the incident and scattered wave
vectors, and x is a unit vector along the direction of
alignment of the atomic magnetic moments. H-J show
that

so that
q= eX (eXx),

q'=1—(e x)'.
It is seen that q' can attain values between 0 and 1 and,
for the particular case where x is randomly directed,

q' (random) =-', .
This dependence of q' upon the relative directions of
scattering and magnetization has been given a direct
experimental test in the scattering from magnetized,
ferromagnetic substances, " and these data show the
correctness of the above formulation.
The differential scattering cross section F' determines

what is available for coherent neutron scattering but
tells nothing about the angular distribution of scattered
intensity from a magnetic lattice. Details of the scat-
tered intensity in the diGraction pattern will be deter-
mined (as in x-ray or electron diffraction) by the crystal
structure factors, and from the experimental deter-
mination of these factors, one can hope to establish the
magnetic lattice. It is interesting to note that according
to Eq. (5) there is no coherent interference between the
magnetic and nuclear portions of the scattering, and
that in essence the two intensities of scattering are
merely additive. This is a consequence of the treatment
for unpolarized incident neutron radiation and would
not be the situation if the neutron magnetic moments
were all aligned in the incident beam. For the latter
case, the differential scattering cross section contains
cross terms between the nuclear and magnetic ampli-
tudes in addition to the above square terms.

100
BSI) (58)

f os~8.85K

60

jK 20

IOO '

p 80.
I

60

(I00) (IIO) (III) (200)

MnO

Te ~ I 20'K
293 K

(sii)
ac*443 )L

40.

dered sample was contained in a thin walled cylindrical
capsule held within a low temperature cryostat. Both
patterns were taken of the same sample before and
after introduction of liquid nitrogen coolant. The room
temperature pattern shows both magnetic diffuse scat-
tering and the Debye-Scherrer diffraction peaks at
positions indicated for nuclear scattering. There should
be coherent nuclear scattering at both all-odd and
all-even reQection positions from this NaCl-type lattice,
and since the signs of the nuclear scattering amplitudes
are opposite for Mn and for 0, the odd reflections, (111)
and (311),are strong whereas the even reflections, (200)
and (220), are very weak. When the material is cooled
to a low temperature, there is no change in the nuclear
scattering pattern, '" but the magnetic scattering has
now become concentrated in Debye-Scherrer peaks at
new positions. As can be seen from the 6gure, these
extra magnetic reQections cannot be indexed on the
basis of the conventional chemical unit cell of edge
length 4.426A. The innermost reQection for this cell is
the (100), falling at about 132"in angle, and there exists
a strong magnetic reQection inside of this angle at about
11~". It is possible to index the magnetic reQections,
however, on the basis of a cubic unit cell whose axial
length is just twice the above, or 8.85A. For this cell
the magnetic reQections are all-odd, intensity being
observed at the (111),(311), (331), and (511)positions.
The (311) ~ is on the shoulder of the (111)„,~, as can
be seen from the asymmetry of this reQection.
This twice-enlarged magnetic unit cell indicates that

successive manganese ions along the cube axis directions
are oriented differently, so that the repetition distance
(for identical scattering power) along the axis is 8.85A

MaO

As already mentioned, MnO is thought to be anti-
ferromagnetic below its Curie temperature of j.20'K;
and Fig. 4 shows neutron powder diffraction patterns
taken for this material at 300'K and at 80'K. The pow-
"Shull, %'ollan, and Strauser, Phys. Rev. 81, 483 (1951}.See

also discussion by D. J. Hughes and M. T. Surgy, Phys. Rev. 81,
498 (1951}.

10 20' Rl'
SCATTERING ANGLE

50'

Fzo. 4. Neutron diGraction patterns for MnO taken at liquid
nitrogen and room temperatures. The patterns have been cor-
rected for the various forms of extraneous, di6'use scattering
mentioned in the text. Four extra antiferromagnetic rejections
are to be noticed in the low temperature pattern.

" The nuclear intensities will increase by a few percent due
to a slight increase in the Debye-%aller temperature factor.

~Mup2
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FerroMagnetism (FM),  AntiFerroMagnetism (AFM), Ferrimagnetism, …

Order parameter is a magnetic moment of the atom: an 
axial vector M: dipole, or tensor of rank 1: Mi, i=1..3

M

If M is small or zero: Can we have another 
magnetic order parameter?

spherically symmetric 
distribution of moment 
density

Yes we can! We can have ordering of 
multipoles, or tensors of rank >1: Mijk…

Deviations from spherically symmetric 
distribution of moment density: 
quadrupole, octupole, …

d-orbital

Y22

f-orbital

Y32
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magnetic multipole moments: 3D-tensors of rank R

Mi =
X

n

Sni, i = 1, 2, 3(x, y, z)
<latexit sha1_base64="eQnCdX776SQDQw41Yc/vdpXTHEQ="></latexit>

S2

Dipole, tensor of rank R=1: 21=2 charges

… n-dipoles

S1

i, j, k... = 1, 2, 3(x, y, z)
<latexit sha1_base64="iWT+xYi4Gxj31ztgPfs6fwHRtpI="></latexit>

nomenclature is Greek 2R-numbers

n runs over all dipoles
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nomenclature is Greek 2R-numbers

n runs over all dipoles
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A
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magnetic multipole moments: 3D-tensors of rank R

Mi =
X

n

Sni, i = 1, 2, 3(x, y, z)
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Dipole, tensor of rank R=1: 21=2 charges

… n-dipoles

S1

i, j, k... = 1, 2, 3(x, y, z)
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nomenclature is Greek 2R-numbers

Octupole, R=3: 23=8 charges

… 
S1 S2

S3 S4

r1

r2

r3
r4

Mijk =
X

n

Snirnjrnk
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n runs over all dipoles
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Magnetic-octupoles ordering

Magnetic order parameters overview

PHYSICAL REVIEW B 72, 144401 ︎2005︎ NpO2
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Magnetic-octupoles ordering

Magnetic order parameters overview

PHYSICAL REVIEW B 72, 144401 ︎2005︎ NpO2

New exotics! 
Dirac magnetoelectric dipole (anapole) in 
zero-magnetization ferromagnet Sm0.976Gd0.024Al2  

S W Lovesey et al PRL 122, 047203 (2019)
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Magnetic objects neutrons sensitive to
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sketch of multipole expansion, octupoles
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Magnetic objects neutrons sensitive to

28

d-orbital

Y22

f-orbital

Y32

J. Phys. Soc. Jpn. 87, 041008 (2018)

sketch of multipole expansion, octupoles

UO2

NpO2
I

anapole, toroidal multipole

r]

s

T=[s x r]

III

Dipole approximation

II
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Expansion of the scattering operator Q in powers 
of (k.r). Splitting neutron and electron variables

29

k=k/k where k is the neutron scattering wavevector

We measure an expectation value of the scattering operator
Q? = [⇥Q⇥ ]

<latexit sha1_base64="FfmtwlmqBI4FJdbYQ7txHWbTteM="></latexit>

expectation value of Q is hQi ⌘ h ATOM |Q| ATOM i
<latexit sha1_base64="R6YdNXmcXZ6t2E9B/zmbO3HoDKU="></latexit>

~ ~

~r    s    p    

electron    neutron    

spin   momentum ->  L  

~ (q==k)
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Expansion of the scattering operator Q in powers 
of (k.r). Splitting neutron and electron variables

29

k=k/k where k is the neutron scattering wavevector

We measure an expectation value of the scattering operator
Q? = [⇥Q⇥ ]
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expectation value of Q is hQi ⌘ h ATOM |Q| ATOM i
<latexit sha1_base64="R6YdNXmcXZ6t2E9B/zmbO3HoDKU="></latexit>

mathematical difficulty is related to the 
expansion of the exponent and further calculus

will give 
multipoles    

use of Racah tensor-algebra, is required S.W. 
Lovesey, “Theory of Neutron Scattering from 
Condensed Matter”, Oxford Univ. Press, 1987 

exp(k r)=

~ ~

~r    s    p    

electron    neutron    

spin   momentum ->  L  

~ (q==k)
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Expansion of the scattering operator Q in powers 
of (k.r). Splitting neutron and electron variables

29

k=k/k where k is the neutron scattering wavevector

We measure an expectation value of the scattering operator
Q? = [⇥Q⇥ ]

<latexit sha1_base64="FfmtwlmqBI4FJdbYQ7txHWbTteM="></latexit>

expectation value of Q is hQi ⌘ h ATOM |Q| ATOM i
<latexit sha1_base64="R6YdNXmcXZ6t2E9B/zmbO3HoDKU="></latexit>

jn=0,1,2(x) =
<latexit sha1_base64="uOVf0Mk8fauEWM8U70No8rQSCFQ="></latexit>

Spherical Bessel functions
Pn=0,1,2,3(x) =

<latexit sha1_base64="DKKQ7AgSMgAHUsG/lnbNSwYxNrc="></latexit>

Legendre polynomials

We expand in powers of (k r), (i.e. YL0)

~ ~

~r    s    p    

electron    neutron    

spin   momentum ->  L  

~

Some mathematics…

(q==k)
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Spherical Bessel functions
Pn=0,1,2,3(x) =
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Legendre polynomials
multipoles (parity even)  Sketch of spin multipole expansion for Q.

hQ̂ii '
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Dipole approximation

31

even S odd L

We expand in powers of (k r), (i.e. YL0)
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Dipole approximation

31

even S odd L

We expand in powers of (k r), (i.e. YL0)

r    s    p    

electron    neutron    

spin   momentum   

~

is a term, which contains a linear combination of the spin and orbital angular 
moment of the magnetic ion, S and L, respectively.

hQi =
<latexit sha1_base64="Phogeeqkw6/iJau1gnz5IdWH1Qo="></latexit>

jn=0,1,2(x) =
<latexit sha1_base64="uOVf0Mk8fauEWM8U70No8rQSCFQ="></latexit>

Spherical Bessel functions
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Examples of dipole and contribution 
to neutron scattering

32

Intensity ~ |                                         |2
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Experimental example of incoherent and coherent 
dipole magnetic scattering on a lattice of spins

incoherent I �
�
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⇥
= S(S + 1)

33
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Experimental example of incoherent and coherent 
dipole magnetic scattering on a lattice of spins

incoherent I �
�
Ŝ2

⇥
= S(S + 1)

33

incoherent magnetic 
scattering

q, Å�2

I ⇠ S(S + 1)f2(q), f(q) = hj0(q)i
<latexit sha1_base64="+3koRaQIgGQMMOK45SwHMSUKXoU="></latexit>
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Experimental example of incoherent and coherent 
dipole magnetic scattering on a lattice of spins

incoherent I �
�
Ŝ2

⇥
= S(S + 1)

33

coherent Bragg scattering

Magnetic Bragg 
peaks

I ⇠ | hSi |2F 2
HKL

hj0(q)i2
<latexit sha1_base64="hCgwJ4EqZT6pkKaTY9L6odPxQb0="></latexit>



34

magnetic peaks are in red
MnS, λ=1.886Å

I ⇠ | hSi |2F 2
HKL

hj0(q)i2
<latexit sha1_base64="hCgwJ4EqZT6pkKaTY9L6odPxQb0="></latexit>

Experimental example of coherent dipole magnetic 
scattering MnS/MnO
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magnetic peaks are in red
MnS, λ=1.886Å

I ⇠ | hSi |2F 2
HKL

hj0(q)i2
<latexit sha1_base64="hCgwJ4EqZT6pkKaTY9L6odPxQb0="></latexit>

Experimental example of coherent dipole magnetic 
scattering MnS/MnO
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Conventional multipoles. Naive visualisations of octopole 

magnetic multipoles == tensors of rank R
i, j, k... = 1, 2, 3(x, y, z)

<latexit sha1_base64="iWT+xYi4Gxj31ztgPfs6fwHRtpI="></latexit>

electron spin or 
total J    

M̂ijk... = Ŝirjrk...
<latexit sha1_base64="N8v93Gstt+7crc/Hu4j0hc0Wf2I="></latexit>

electron spin 
coordinates    R

: :
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Conventional multipoles. Naive visualisations of octopole 

magnetic octopole: rank R=3 -
Ôijk = Ŝirjrk
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operator in QM and has 
classical counterpart

dipole ⇢(r)
<latexit sha1_base64="Wdl2tsomMRAlB1RMrT9Jvf/C0+k="></latexit>

octupole

magnetic multipoles == tensors of rank R
i, j, k... = 1, 2, 3(x, y, z)

<latexit sha1_base64="iWT+xYi4Gxj31ztgPfs6fwHRtpI="></latexit>

electron spin or 
total J    

M̂ijk... = Ŝirjrk...
<latexit sha1_base64="N8v93Gstt+7crc/Hu4j0hc0Wf2I="></latexit>

electron spin 
coordinates    R

: :
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Conventional multipoles. Naive visualisations of octopole 

spin is axial vector = product of two polar vectors 

time inversion    (1’) S = -S 
space inversion (-1) S = S 
conventional odd-rank magnetic multipoles fulfil 
this: dipole (vector), octupole (rank-3 tensor),…

L+ S ⇠ [p⇥ r] = m[
dr

dt
⇥ r]

<latexit sha1_base64="fhI1Jm7GNCOFpAC9E5AlbbwSx70="></latexit>

R=1,3,… 2n+1

magnetic octopole: rank R=3 -
Ôijk = Ŝirjrk

<latexit sha1_base64="dERXQYrMjVkhBJh+RyCPzsnQR30=">AAACSXicbVBNTxsxEPWGzy5fgR57sQhInKJdONBLJUQv3KCiIZGy0crr9RITe3dlz0aKLP+B/hpOSO2VY38BP4NDUdVTvUkuAZ5kz8x7Y834JaXgGoLgyWssLa+srq1/8Dc2t7Z3mrt7N7qoFGUdWohC9RKimeA56wAHwXqlYkQmgnWT0dda746Z0rzIv8OkZANJbnOecUrAUXHzIBoSMJc2NvxuZL9Mq+u6sljF5s66a2TjZi toB1Pgt0k4T1pnB38eHscbL1fxrrcVpQWtJMuBCqJ1PwxKGBiigFPBrO9HlWYloSNyy8z0FxYfOirFWaHcyQFP2YU+IrWeyMR1SgJD/Vqryfe0fgXZ54HheVkBy+lsUFYJDAWuLcEpV4yCmGBCqVu4IuD2oEOiCAVn3cKcRNpDnBQixfUcP0pZFo0ZbYXGmEjJKJEu1pKSrdDW8B2cgeFru94mN8ft8KR9/M05eY5mWEef0D46QiE6RWfoAl2hDqLoB7pHP9Ev77f37P31/s1aG978zUe0gMbSf36btXc=</latexit>

operator in QM and has 
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dipole ⇢(r)
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magnetic multipoles == tensors of rank R
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J. Phys. Soc. Jpn. 76, 094702 (2007)

J. Phys. Soc. Jpn. 80 (2011) SB008

J. Phys. Soc. Jpn. 87, 041008 (2018)

UO2

NpO2

Multipole moments visualisation (qualitative, symmetry 
properties) and their q-dependence 

f-orbital

Y33

Ce1-︎xLaxB6

Radial integrals <jn> 
for multipoles
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Symmetry of multipoles

neutron scattering specifics
1. Only time reversal odd multipoles 
because of n-e interaction Hamiltonian

10 · M̂ijk... = �M̂ijk...
<latexit sha1_base64="odZS9CXHigu/F/hB4lYYb3GgUiQ="></latexit>

magnetic multipoles == tensors of rank R
i, j, k... = 1, 2, 3(x, y, z)

<latexit sha1_base64="iWT+xYi4Gxj31ztgPfs6fwHRtpI="></latexit>

electron spin or 
total J    

M̂ijk... = Ŝirjrk...
<latexit sha1_base64="N8v93Gstt+7crc/Hu4j0hc0Wf2I="></latexit>

electron spin 
coordinates    R

one can construct multipoles 
from pure Jx, Jy, Jz, angular 
operators -> can be mapped to Q
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10 · M̂ijk... = �M̂ijk...
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2. If wave function of unpaired electrons has definitive 
parity, i.e. under space inversion  


we can have only parity even multipoles -> rank R -odd, 
e.g. no conventional quadrupoles

1̄| >= ±| >
<latexit sha1_base64="IYR6L2/Dx6y7b2dKhVdIe4cEtMY="></latexit>
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conventional multipoles R=1,3,… 2n+1<  |M̂ijk...| > 6= 0
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Literature on neutron scattering on Dirac multipoles
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S W Lovesey  and D D Khalyavin “Neutron scattering by Dirac multipoles”, 
J. Phys.: Condens. Matter 29 (2017) 215603

S W Lovesey, “Magneto-electric operators in neutron scattering from 
electrons” J. Phys.: Condens. Matter 26 (2014) 356001 

S W Lovesey, “Theory of neutron scattering by electrons in magnetic 
materials”, Phys. Scr. 90 (2015) 108011. Main paper

3. Dirac dipoles (anapoles) that are polar 
(parity odd) and magnetic (time odd).

What are the magnetic objects neutrons sensitive to?
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S W Lovesey, “Theory of neutron scattering by electrons in magnetic 
materials”, Phys. Scr. 90 (2015) 108011. Main paper

3. Dirac dipoles (anapoles) that are polar 
(parity odd) and magnetic (time odd).

What are the magnetic objects neutrons sensitive to?

If wave function of unpaired electrons has no parity we 
can have parity odd multipoles 

spinor

orbitals with opposite parities

spinor

| >= (a

����s,+
1

2

�
|3di+ b|

����s,�
1

2

�
|2pi)
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Literature on neutron scattering on Dirac multipoles
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S W Lovesey, “Theory of neutron scattering by electrons in magnetic 
materials”, Phys. Scr. 90 (2015) 108011. Main paper

3. Dirac dipoles (anapoles) that are polar 
(parity odd) and magnetic (time odd).

What are the magnetic objects neutrons sensitive to?

anapole, toroidal dipole moment

r
s

T=[S x r]

<  |[S⇥ n]| > 6= 0,n = r/r
<latexit sha1_base64="qD6gZnt+PmXBPzU+Lc/rH9Om1aI="></latexit>
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anapole, toroidal dipole moment

r
s

T=[S x r]

<  |[S⇥ n]| > 6= 0,n = r/r
<latexit sha1_base64="qD6gZnt+PmXBPzU+Lc/rH9Om1aI="></latexit>

If wave function of unpaired electrons has no parity we 
can have parity odd multipoles 
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toroidal magnetic field is localised

⌦S = [S⇥ n],⌦L = [L⇥ n]� [n⇥ L]
<latexit sha1_base64="zLkCtw6xHNHyWaqzQJz7jOwAynA="></latexit>
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1. Description of magnetic structures 

and 
2. their determination by neutron diffraction

40

1.1 How do we describe/classify/predict 
magnetic symmetries and structures?


1.2 How do we construct all symmetry allowed 
magnetic structures for a given crystal structure?

Magnetic structure factors, practical 
applications…
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Magnetic structure

41

Examples
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S01 = Sx + Sy
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Magnetic structure

41

Examples

0th cell

k=[0,0]
AFM

S01 = Sx + Sy

1

2

S02 = �S01

0th cell

k=[0,0]
FM

S01 = Sx + Sy

1



Examples of magnetic structures.  
Propagation vector formalism k≠0. 

S0 = Sxei�x + Syei�y + Sze
i�zFourie amplitude is complex 

(one can not avoid this)

Magnetic moment 
is a real quantity

position of spin in the lattice

S(tn) =
1
2
(S0e

+2�itnk + S⇤0e
�2�itnk)

⌘ |S0↵|cos(2⇡tnk+ �↵), ↵ = x, y, z
<latexit sha1_base64="SUqn8nX9i5tA4EQWC7CVQHWSh18="></latexit>

⌘ |S0↵| cos(2⇡tnk+ �↵), ↵ = x, y, z
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Examples of magnetic structures.  
Propagation vector formalism k≠0. 

S0 = Sxei�x + Syei�y + Sze
i�zFourie amplitude is complex 

(one can not avoid this)

k=[1/2,1/2] AFM

1

S01 = Sy

Magnetic moment 
is a real quantity

position of spin in the lattice

S(tn) =
1
2
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+2�itnk + S⇤0e
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Examples of magnetic structures.  
Propagation vector formalism k≠0. 

S0 = Sxei�x + Syei�y + Sze
i�zFourie amplitude is complex 

(one can not avoid this)
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SDW
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0th cell
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Propagation vector formalism k≠0. 

S0 = Sxei�x + Syei�y + Sze
i�zFourie amplitude is complex 

(one can not avoid this)
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cycloidal
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Magnetic moment 
is a real quantity

position of spin in the lattice

0th cell

S(tn) =
1
2
(S0e

+2�itnk + S⇤0e
�2�itnk)
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S(tn) = Sx cos('n) + Sy sin('n)
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Examples of magnetic structures.  
Propagation vector formalism k≠0. 

S0 = Sxei�x + Syei�y + Sze
i�zFourie amplitude is complex 

(one can not avoid this)

 k=[0,0,kz]

1

modulated (in)commensurate 
helix

SDW
cycloidal
spiral

S01 = Sx + iSy + Sze
i�z

S01 = Sx + Sye
i�
2 = Sx + iSy

Magnetic moment 
is a real quantity

position of spin in the lattice

0th cell

S(tn) =
1
2
(S0e

+2�itnk + S⇤0e
�2�itnk)

⇥n = 2�itnk
S(tn) = Sx cos('n) + Sy sin('n)
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Scattering from the lattice of spins. 
Magnetic structure factor F(q)

43

In ND experiment we measure correlators of Fourier transform of magnetic lattice

polarized neutron 
(chiral) term. structure factor

d�

d⌦
/ (Q?(q) ·Q⇤

?(q) + iP · [Q?(q)⇥Q
⇤
?(q)]) · �(H± k� q)

<latexit sha1_base64="qgxsKPNYVYsJzWvmdSLChetbkaA="></latexit>
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Scattering from the lattice of spins. 
Magnetic structure factor F(q)

43

Bragg peak at

q = H⌥ k

In ND experiment we measure correlators of Fourier transform of magnetic lattice

polarized neutron 
(chiral) term. structure factor

d�

d⌦
/ (Q?(q) ·Q⇤

?(q) + iP · [Q?(q)⇥Q
⇤
?(q)]) · �(H± k� q)
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Scattering from the lattice of spins. 
Magnetic structure factor F(q)

43

Bragg peak at

q = H⌥ k

In ND experiment we measure correlators of Fourier transform of magnetic lattice

polarized neutron 
(chiral) term. 

Sum runs over all atoms in zeroth cell 

Complex amplitude 
of spin modulation 
perpendicular to q

position of spin in 
the zeroth cell

Q?(q)�k =
X

j

1

2
S
0j?

· exp(irjq)
<latexit sha1_base64="ULUBRYpjhhv1UTR9s3TVY3Tgnj4="></latexit>
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X

j

1

2
S
⇤

0j?
exp(irjq)
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structure factor
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/ (Q?(q) ·Q⇤

?(q) + iP · [Q?(q)⇥Q
⇤
?(q)]) · �(H± k� q)
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Example of modulated incommensurate 
structure and diffraction pattern



 

Example of commensurate magnetic structure

Zeroth cell:

only 5 magnetic modes, i.e. 
5 mixing coefficients C to 
find from experiment.

k-vector=[1/3, 1/3, 0]

P6/m

Antiferromagnetic (à la cycloidal spiral) three sub-lattice ordering in 
Tb14Au51

PHYSICAL REVIEW B 72, 134413 (2005) 

Zeroth cell contains 14 spins of Tb3+ 

Conventional magnetic unit cell contains 
126 spins of Tb3+!!

commensurate: k=m/n, m,n: integers
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Short note on non-polarized neutron 
diffraction

average over neutron polarization

I++ �
�
|Q��n + F |2

⇥
�n

46

nuclearmagnetic
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Short note on non-polarized neutron 
diffraction

0

no magnetic/nuclear interference 

Magnetic and nuclear scattering are completely independent and can be 
treated as two independent phases in the data analysis (Rietveld refinement)

I � |Q�|2 + |F |2

I � ⇥(Q⇥�n)(Q�
⇥�n) + FF � + �n(FQ�

⇥ + F �Q⇥)⇤�n

average over neutron polarization

I++ �
�
|Q��n + F |2

⇥
�n

46

nuclearmagnetic
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Introduction to irreducible representations 
irreps and magnetic Shubnikov groups

47
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Point groups. Magnetic moment rotations in 3D space. 
Notation of the group representation. Improper rotations. 

48

'z

0

@
cos ' � sin ' 0
sin ' cos ' 0

0 0 1

1

A

Rotation matrices can be used to construct 3-
dimensional representation matrices of proper 
rotations

3-dimensional  vector space of 
classical spin 

s =
X

j=x,y,z

sjej
 S

0 ex

ey

ez
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Point groups. Magnetic moment rotations in 3D space. 
Notation of the group representation. Improper rotations. 

48
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sin ' cos ' 0

0 0 1

1

A

Rotation matrices can be used to construct 3-
dimensional representation matrices of proper 
rotations

3-dimensional  vector space of 
classical spin 

s =
X

j=x,y,z

sjej
 S

0 ex

ey

ez

z
S = ”[v � r]”

Note: For improper rotations such as inversion (I) or 
mirror plane we should remember that spin is an axial 
vector. 

ĪS = S

mz=2zĪ
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Point groups. Magnetic moment rotations in 3D space. 
Notation of the group representation. Improper rotations. 
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Point groups. Magnetic moment rotations in 3D space. 
Notation of the group representation. Improper rotations. 

48
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Rotation matrices can be used to construct 3-
dimensional representation matrices of proper 
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3-dimensional  vector space of 
classical spin 

s =
X

j=x,y,z

sjej
 S

0 ex

ey

ez

mz=2zĪ

2z

z
S = ”[v � r]”

Note: For improper rotations such as inversion (I) or 
mirror plane we should remember that spin is an axial 
vector. 

ĪS = S

mz=2zĪ
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R1

Representation of point group 32 in 3D rotation 
space of spin S  

Example 

49

'z

0

@
cos ' � sin ' 0
sin ' cos ' 0

0 0 1

1

A

1. 3-dimensional representation

6 symmetry elements (rotations):  
R0=E, R1=2π/3, R2=4π/3 around z, R3, R4, R5, = π around resp. axes in xy-plane  

S
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R1

Representation of point group 32 in 3D rotation 
space of spin S  

Example 

49

'z

0

@
cos ' � sin ' 0
sin ' cos ' 0

0 0 1

1

A

1. 3-dimensional representation

6 symmetry elements (rotations):  
R0=E, R1=2π/3, R2=4π/3 around z, R3, R4, R5, = π around resp. axes in xy-plane  

... etc

R1=2π/3                                        R2=4π/3 around z          R3 = π around y
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R1

Representation of point group 32 in 3D rotation 
space of spin S  

Example 

49

'z

0

@
cos ' � sin ' 0
sin ' cos ' 0

0 0 1

1

A

1. 3-dimensional representation

6 symmetry elements (rotations):  
R0=E, R1=2π/3, R2=4π/3 around z, R3, R4, R5, = π around resp. axes in xy-plane  

... etc

R1=2π/3                                        R2=4π/3 around z          R3 = π around y

2. By taking the one dimensional space of vector ez alone we may generate 
very simple one-dimensional representation

S
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Space group irreps, examples  
dimensions up to 6 (cf. 3 for point groups)

50

Example 1

"
1 0

0 1

#"
0 �1

1 0

#"
�1 0

0 1

#"
0 �1

�1 0

#"
�1 0

0 1

#"
0 �1

�1 0

#"
1 0

0 1

#"
0 �1

1 0

#
2x 2y 2z -1 n m a1

G =

g  =
g: Group elements, G: matrices or irreducible representation irrep
 Pnma at X-point [1/2,0,0] of BZ, two 2D-irreps, e.g. mX1
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Space group irreps, examples  
dimensions up to 6 (cf. 3 for point groups)

50

1        1       1       1        1        1       1 

dkν(g)

    g
irreps: eight  1D τ1, τ2, τ3, τ4, τ5, τ6, τ7, τ8

Example 1

k=[0,0,0]b3
{k}

b2

label Г

●

Gk = G

Pnma k=[0,0,0], k19Example 2
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G =
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g: Group elements, G: matrices or irreducible representation irrep
 Pnma at X-point [1/2,0,0] of BZ, two 2D-irreps, e.g. mX1
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Space group irreps, examples  
dimensions up to 6 (cf. 3 for point groups)

50

Example 3  
Higher dimensions: Ia3d (#230) k=[1,0,0]: 1(6D) ⊕ 3(2D) 
                                                    k=[1/2,1/2,1/2]: 1(4D) ⊕ 2(2D)

1        1       1       1        1        1       1 

dkν(g)

    g
irreps: eight  1D τ1, τ2, τ3, τ4, τ5, τ6, τ7, τ8

Example 1

k=[0,0,0]b3
{k}

b2

label Г

●

Gk = G

Pnma k=[0,0,0], k19Example 2

"
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0 1

#"
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#"
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0 1
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0 �1

�1 0

#"
1 0

0 1

#"
0 �1

1 0

#
2x 2y 2z -1 n m a1

G =

g  =
g: Group elements, G: matrices or irreducible representation irrep
 Pnma at X-point [1/2,0,0] of BZ, two 2D-irreps, e.g. mX1
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Representation* Analysis (RA). Propagation vector k 
formalism. Magnetic mode S0 is specified in zeroth block 
of the cell == parent cell without centering translations

Magnetic moment 
below a phase transition S(tn) = Re

�
CS0e

2⇡itnk
�

⇠ cos(2⇡tnk+ ')

amplitude or 
mixing 
coefficients 

magnetic mode
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Representation* Analysis (RA). Propagation vector k 
formalism. Magnetic mode S0 is specified in zeroth block 
of the cell == parent cell without centering translations

Magnetic moment 
below a phase transition

*irreducible representation irrep:  
each group element g --> matrix τ(g) that 
specifies the spin transformation under element g

0th cell with many atoms in general
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Representation* Analysis (RA). Propagation vector k 
formalism. Magnetic mode S0 is specified in zeroth block 
of the cell == parent cell without centering translations

Magnetic moment 
below a phase transition

*irreducible representation irrep:  
each group element g --> matrix τ(g) that 
specifies the spin transformation under element g

0th cell with many atoms in general
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magnetic mode S0 for 
chosen irrep* specifies 
magnetic configuration 
of all spins in zeroth cell
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Representation* Analysis (RA). Propagation vector k 
formalism. Magnetic mode S0 is specified in zeroth block 
of the cell == parent cell without centering translations

Magnetic moment 
below a phase transition

0th cell with many atoms in general
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Representation* Analysis (RA). Propagation vector k 
formalism. Magnetic mode S0 is specified in zeroth block 
of the cell == parent cell without centering translations
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below a phase transition
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Representation* Analysis (RA). Propagation vector k 
formalism. Magnetic mode S0 is specified in zeroth block 
of the cell == parent cell without centering translations
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Magnetic symmetry. 1651 3D-Shubnikov (Sh 
or Ш) space groups

52

230 space groups (SG)

antisymmetry: Heesh (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups



V. Pomjakushin, Magnetic diffraction, ECM32 school
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spin reversal operator R or color change.  
R-group (1,R)

R( ♖) = ♜ 

R(☺)=☹ 
R( ↑) = ↓
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spin reversal operator R or color change.  
R-group (1,R)
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 Magnetic Groups = (subgroup of) 
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R-group (1,R)
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Magnetic symmetry. 1651 3D-Shubnikov (Sh 
or Ш) space groups

52

230 space groups (SG)
an additional element:  
spin reversal operator R or color change.  
R-group (1,R)

R( ♖) = ♜ 

R(☺)=☹ 
R( ↑) = ↓

⇒

additional elements:  
‘anti-elements’ g’=(g·R),  g⋳G 

y

2y

S = ”[v � r]”

y

2y’

 Magnetic Groups = (subgroup of) 
space group G ⊗ R-group

230 (gray) paramagnetic groups Shp 
1,1’ ⋳ Shp  ⇒ S=0 , e.g. Pnma1’

230 Single-color magnetic groups 
no antielements

antisymmetry: Heesh (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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Magnetic symmetry. 1651 3D-Shubnikov (Sh 
or Ш) space groups

52

230 space groups (SG)
an additional element:  
spin reversal operator R or color change.  
R-group (1,R)

R( ♖) = ♜ 

R(☺)=☹ 
R( ↑) = ↓

⇒

additional elements:  
‘anti-elements’ g’=(g·R),  g⋳G 

y

2y

S = ”[v � r]”

y

2y’

 Magnetic Groups = (subgroup of) 
space group G ⊗ R-group

230 (gray) paramagnetic groups Shp 
1,1’ ⋳ Shp  ⇒ S=0 , e.g. Pnma1’

230 Single-color magnetic groups 
no antielements

1191 black/whitе magnetic groups that contain 
additional ‘anti-elements’ g’=(g·R) except g=1 (identity). 
No primed 1’ 

antisymmetry: Heesh (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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Ferromagnetic groups: point 
symmetry allows FM 
orientation of spins  
Only 275 FM groups out of 
1651...
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Examples of Sh groups

53

recap:  
for ‘anti-elements’ g’=(g·R),  g⋳G  
g can be a pure translation t, so t’ 
gives centering/doubling

FIGURES 1.1 MAGNETIC SPACE GROUP LATTICES - 2

C 2a,a+b,c a-b,a+b,c '(a+b),b,c 2c '(a+b),b,2c P a+b,b,c a,b,cP  = P  = P        C = C       C  = C   C  = C  = Cá á á      t = a = (1,0,0)       t = c = (0,0,1)            t = '(a+b) = (',',0) Orthorhombic System

a,b,c 2a 2a,b,c 2b a,2b,cP = P                  P  = P              P  = P 2c a,b,2cP  = P     
á á á       t = a = (1,0,0)    t = b = (0,1,0)     t = c = (0,0,1)

C 2a,a+b,c F 2a,a+b,a+c A a,2b,b+cP  = P P  = P  P  = Pá a+b,b+c,a+c á t = a = (1,0,0)      = P t = b = (0,1,0)á t = a = (1,0,0)

Ferromagnetic groups: point 
symmetry allows FM 
orientation of spins  
Only 275 FM groups out of 
1651...
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1

Two ways of description of magnetic 
structures

1. How to make S(r) invariant? Find (new) symmetry elements.                                     
gnew S(r) = S(r) to itself, where gnew ∈ Gsh subgroup of PG 
paramagnetic space group: PG=G⊗1', where 1'=spin/time 
reversal, G (parent space group).                                

     or 

2. How should S(r) be transformed under elements of G ?                          
gS(r) = Snewg(r) to different functions for each    g ∈ G 

1

2

3

4

Magnetic structure is an axial vector function S(r) defined on the discreet 
system of points (atoms), e.g.  S(r) = s(r1) ⊕ s(r2) ⊕ s(r3) ⊕ s(r4)

Crystal with space group G
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Two ways of description of magnetic 
structures1. How to make S(r) invariant?                          

gS(r) = S(r) to itself, where g ∈ subgroup of PSG 
paramagnetic space group: PSG=SG⊗1’, where                   
1’=spin/time reversal, SG (parent space group).                                

2. How should S(r) be transformed?                          
gS(r) = Snewg(r) to different functions for each    g ∈ 
SG
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1. Magnetic or Shubnikov groups MSG. Historically the first way of 
description (Landau , Lifshitz 1951).   S(r) invariant under the 
Shubnikov subgroup Gsh of G⊗1' (1'=spin/time reversal). 
Identifying those symmetry elements that leave S(r) invariant.  
The MSG symbol looks similar to SG one, e.g.  I4/m' 

MSG Example: 

Two ways of description of magnetic 
structures1. How to make S(r) invariant?                          
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paramagnetic space group: PSG=SG⊗1’, where                   
1’=spin/time reversal, SG (parent space group).                                
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gS(r) = Snewg(r) to different functions for each    g ∈ 
SG
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description (Landau , Lifshitz 1951).   S(r) invariant under the 
Shubnikov subgroup Gsh of G⊗1' (1'=spin/time reversal). 
Identifying those symmetry elements that leave S(r) invariant.  
The MSG symbol looks similar to SG one, e.g.  I4/m' 

2. Representation analysis. (Bertaut 1967) S(r) is 
transformed to Si(r) under g ∈ G  (parent space group) 
according to a single irreducible representation* τi of G. 
Identifying/classifying all the functions Si(r) that appears 
under all symmetry operators of the same space group G 
with propagation vector k

MSG Example: 

*each group element g --> matrix τ(g)

Two ways of description of magnetic 
structures1. How to make S(r) invariant?                          

gS(r) = S(r) to itself, where g ∈ subgroup of PSG 
paramagnetic space group: PSG=SG⊗1’, where                   
1’=spin/time reversal, SG (parent space group).                                

2. How should S(r) be transformed?                          
gS(r) = Snewg(r) to different functions for each    g ∈ 
SG

vs.
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description (Landau , Lifshitz 1951).   S(r) invariant under the 
Shubnikov subgroup Gsh of G⊗1' (1'=spin/time reversal). 
Identifying those symmetry elements that leave S(r) invariant.  
The MSG symbol looks similar to SG one, e.g.  I4/m' 

2. Representation analysis. (Bertaut 1967) S(r) is 
transformed to Si(r) under g ∈ G  (parent space group) 
according to a single irreducible representation* τi of G. 
Identifying/classifying all the functions Si(r) that appears 
under all symmetry operators of the same space group G 
with propagation vector k

irrep Example: 
I4/m, k=0  has 8 1D irreps τ1,... τ8. 

MSG Example: 

*each group element g --> matrix τ(g)

Two ways of description of magnetic 
structures1. How to make S(r) invariant?                          

gS(r) = S(r) to itself, where g ∈ subgroup of PSG 
paramagnetic space group: PSG=SG⊗1’, where                   
1’=spin/time reversal, SG (parent space group).                                

2. How should S(r) be transformed?                          
gS(r) = Snewg(r) to different functions for each    g ∈ 
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vs.
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Example of Shubnikov group. Magnetic structure 
of Iron based superconductor KFeSe

I4/m, k=0  has 8 1D irreps τ1,... τ8.  
4 real irreps   <--> Shubnikov groups of I4/m  
4 complex irreps 

I4/m’

One unit cell with 16 Fe

vacancy

8 unique Fe

Phys. Rev. B 83, 144410 (2011)
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Example of Shubnikov group. Magnetic structure 
of Iron based superconductor KFeSe

I4/m, k=0  has 8 1D irreps τ1,... τ8.  
4 real irreps   <--> Shubnikov groups of I4/m  
4 complex irreps 

I4/m’

One unit cell with 16 Fe

vacancy

8 unique Fe

Recap: In RA magnetic mode S0 for  chosen irrep specifies 
magnetic configuration of all spins in zeroth cell. In this 1D-case it 
coincides with irrep matrices. Can be complex number… 

S0=(                                                                                       )
S0=(                                                                                       )

I4/m’

Phys. Rev. B 83, 144410 (2011)
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8 unique Fe



V. Pomjakushin, Magnetic diffraction, ECM32 school 57

Example of Shubnikov group. Magnetic structure 
of Iron based superconductor KFeSe

I4/m, k=0  has 8 1D irreps τ1,... τ8.  
4 real irreps   <--> Shubnikov groups of I4/m  
4 complex irreps 

I4/m’
C2’/m’

One unit cell with 16 Fe

vacancy

8 unique Fe

C2’/m’



V. Pomjakushin, Magnetic diffraction, ECM32 school 57

Example of Shubnikov group. Magnetic structure 
of Iron based superconductor KFeSe

I4/m, k=0  has 8 1D irreps τ1,... τ8.  
4 real irreps   <--> Shubnikov groups of I4/m  
4 complex irreps 

I4/m’
C2’/m’

One unit cell with 16 Fe

vacancy

8 unique Fe

C2’/m’

Recap: In RA magnetic mode S0 for  chosen irrep specifies 
magnetic configuration of all spins in zeroth cell. In this 1D-case it 
coincides with irrep matrices. Can be complex number… 

S0=(                                                                                       )
S0=(                                                                                       )⇥|C| exp(i') = 1

2
+ i

p
3

2
<latexit sha1_base64="v8DBvjmVpSWoW4nKIcfGZc2XfYQ="></latexit>
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Magnetic space groups and representation 
analysis: competing or friendly concepts?

58

E. F. Bertaut, CNRS, Grenoble

 Representation Analysis (RA)*

W. Opechovski, UBC, Vancouver

 Shubnikov magnetic space 
groups

In 1960th-70th opposed

even until recent times RA was considered to be more 
powerful in neutron scattering community.*

* Yu.A. Izyumov, V. E. Naish well known papers (1978-), book:, ”Neutron diffraction of 
magnetic materials”, New York [etc.]: Consultants Bureau, 1991.
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Magnetic space groups and representation 
analysis: competing or friendly concepts?

58

E. F. Bertaut, CNRS, Grenoble

 Representation Analysis (RA)*

W. Opechovski, UBC, Vancouver

 Shubnikov magnetic space 
groups

In 1960th-70th opposed

Currently > 2010-…
(Representation Analysis) and  (Magnetic space groups) are 
complementary and must be used together to fully identify the 
magnetic symmetry. 

even until recent times RA was considered to be more 
powerful in neutron scattering community.*

* Yu.A. Izyumov, V. E. Naish well known papers (1978-), book:, ”Neutron diffraction of 
magnetic materials”, New York [etc.]: Consultants Bureau, 1991.
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“Old new” trends in magnetic structure determination from  
ND.  Currently there is solid understanding that both RA 
and Shubnikov magnetic symmetry should be used 
together.   Big progress in software tools during last years in 
this way of analysis …

http://magcryst.org

http://magcryst.org
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• In many (most) cases this allows one to find a hidden symmetry, which is not 
evident from the representation analysis alone. 
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“Old new” trends in magnetic structure determination from  
ND.  Currently there is solid understanding that both RA 
and Shubnikov magnetic symmetry should be used 
together.   Big progress in software tools during last years in 
this way of analysis …

http://magcryst.org

• In many (most) cases this allows one to find a hidden symmetry, which is not 
evident from the representation analysis alone. 

• Regular practice for crystal structure transitions:   This approach is routinely used 
by crystallographers in the analysis of crystal phase transition, 

• Magnetic transitions: Usually, representation approach with a single arm and 
general direction of order parameter of propagation vector star.  Possible high 
symmetry Shubnikov subgroups are lost. 

http://magcryst.org
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Mn1
Mn2

Two examples of magnetic structures

60

Moments along x

multiferroic TmMnO3

one-arm two dimensional irrep  k=[1/2,0,0]. 

Ferro-electric phase polar magnetic group Pbmn21

V. Yu. Pomjakushin, et al New Journal of 
Physics vol. 11, 043019 (2009) 
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Mn1
Mn2

Two examples of magnetic structures

60

Moments along x

multiferroic TmMnO3

one-arm two dimensional irrep  k=[1/2,0,0]. 

Ferro-electric phase polar magnetic group Pbmn21

magnetic Weyl semimetal CeAlGe 
Topologically nontrivial magnetisation textures in real-
space ==> topological Hall effect (THE). Full star 
superspace 3D+2 group I4_1md1’(a00)000s(0a0)0s0s
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(Mx,My) components in the xy plane, Mz-component by color
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View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)

V. Yu. Pomjakushin, et al New Journal of 
Physics vol. 11, 043019 (2009) 
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Antiferromagnetic order in 
orthorhombic multiferroic TmMnO3

61

Mn

Re

O

1. one-arm two dimensional irrep  k=[1/2,0,0]. 
Ferro-electric phase polar magnetic group 
Pbmn21


2. Constraints on basis functions vs. superspace for the 
incommensurate two arm  k=[1/2±δ,0,0]. {k}={-k,+k}. 
Para-electric phase (3D+1) superspace magnetic group 
Pmcn1’(00g)000s [Pnma, bca]


 New Journal of Physics 11, 043019 (2009)
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Antiferromagnetic order in 
orthorhombic multiferroic TmMnO3

61

Mn

Re

O

1. one-arm two dimensional irrep  k=[1/2,0,0]. 
Ferro-electric phase polar magnetic group 
Pbmn21


2. Constraints on basis functions vs. superspace for the 
incommensurate two arm  k=[1/2±δ,0,0]. {k}={-k,+k}. 
Para-electric phase (3D+1) superspace magnetic group 
Pmcn1’(00g)000s [Pnma, bca]


 New Journal of Physics 11, 043019 (2009)
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Two magnetic modes E1 and E2 along x.

62

S01== E1= +1           +1            -1          -1   
S02== E2= +1            -1            -1         +1  

Mn-position  (1)            (2)           (3)            (4)                

TmMnO3

Pnma k=[1/2,0,0], k20, X 
irreps: two 2D τ1, τ2 

Mn mΓ: 3τ1 ⊕ 3τ2 

Mn

3 2

4
1
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Two magnetic modes E1 and E2 along x.

62

S01== E1= +1           +1            -1          -1   
S02== E2= +1            -1            -1         +1  

Mn-position  (1)            (2)           (3)            (4)                

Any linear combination, in general 
C1E1+C2E2 = C1+C2    C1-C2       -C1-C2   C1+C2 
(E1+E2)/2    =  +1            0             -1           0   
(E1- E2)/2    =    0           +1              0         -1  

TmMnO3

Pnma k=[1/2,0,0], k20, X 
irreps: two 2D τ1, τ2 

Mn mΓ: 3τ1 ⊕ 3τ2 

Mn

3 2

4
1
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Two magnetic modes E1 and E2 along x.

62

S01== E1= +1           +1            -1          -1   
S02== E2= +1            -1            -1         +1  

Mn-position  (1)            (2)           (3)            (4)                

Any linear combination, in general 
C1E1+C2E2 = C1+C2    C1-C2       -C1-C2   C1+C2 
(E1+E2)/2    =  +1            0             -1           0   
(E1- E2)/2    =    0           +1              0         -1  

TmMnO3

Pnma k=[1/2,0,0], k20, X 
irreps: two 2D τ1, τ2 

Mn mΓ: 3τ1 ⊕ 3τ2 

Mn

3 2

4
1

independent spins on 
red and blue atoms
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Symmetry analysis using both RA and magnetic subgroups

Mn1 Mn2

TmMnO3

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

Moments along x

RA with  arbitrary mixing coefficients 
gives different spin sizes for the same 
type of spins. Symmetry?
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Symmetry analysis using both RA and magnetic subgroups
http://stokes.byu.edu/iso/

Mn1 Mn2

TmMnO3

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

Moments along x

RA with  arbitrary mixing coefficients 
gives different spin sizes for the same 
type of spins. Symmetry?
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Symmetry analysis using both RA and magnetic subgroups
http://stokes.byu.edu/iso/

Mn1 Mn2

TmMnO3

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

P1 (a,0) 11.55   P_a2_1/m,  basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(1/2,0,0), s=2, i=4, k-active= (1/2,0,0)

P3 (a,a) 31.129 P_bmn2_1, basis={(0,1,0),(2,0,0),(0,0,-1)}, origin=(3/4,1/4,0), s=2, i=4, k-active= (1/2,0,0)

C1 (a,b) 6.21    P_am,          basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(0,1/4,0), s=2, i=8, k-active= (1/2,0,0)


Order parameter 
direction

Magnetic Shubnikov 
Space group

Moments along x

RA with  arbitrary mixing coefficients 
gives different spin sizes for the same 
type of spins. Symmetry?
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Symmetry analysis using both RA and magnetic subgroups
http://stokes.byu.edu/iso/

Mn1 Mn2

TmMnO3

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

P1 (a,0) 11.55   P_a2_1/m,  basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(1/2,0,0), s=2, i=4, k-active= (1/2,0,0)

P3 (a,a) 31.129 P_bmn2_1, basis={(0,1,0),(2,0,0),(0,0,-1)}, origin=(3/4,1/4,0), s=2, i=4, k-active= (1/2,0,0)

C1 (a,b) 6.21    P_am,          basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(0,1/4,0), s=2, i=8, k-active= (1/2,0,0)


Order parameter 
direction

Magnetic Shubnikov 
Space group

 0

 3  4 1  2

 6  1 0  8 7 5  9

 1 1
PS1

PS 1̄Pa21 Pa21PamPccPbc

Pa21/mPc21/cPbmn21Pana21

Pnma1′Bilbao Crystallographic Server 
http://www.cryst.ehu.es

(a,a) (a,0)

(a,b)

Moments along x

RA with  arbitrary mixing coefficients 
gives different spin sizes for the same 
type of spins. Symmetry?
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Moments along x
 0

 3  4 1  2

 6  1 0  8 7 5  9

 1 1
PS1

PS 1̄Pa21 Pa21PamPccPbc

Pa21/mPc21/cPbmn21Pana21

Pnma1′Bilbao Crystallographic Server 
http://www.cryst.ehu.es

(a,a) (a,0)

(a,b)

TmMnO3

irrep:  2D mX1(τ1)

Solution!

http://stokes.byu.edu/iso/

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

P1 (a,0) 11.55   P_a2_1/m,  basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(1/2,0,0), s=2, i=4, k-active= (1/2,0,0)

P3 (a,a) 31.129 P_bmn2_1, basis={(0,1,0),(2,0,0),(0,0,-1)}, origin=(3/4,1/4,0), s=2, i=4, k-active= (1/2,0,0)

C1 (a,b) 6.21    P_am,          basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(0,1/4,0), s=2, i=8, k-active= (1/2,0,0)


Order parameter 
direction

Magnetic Shubnikov 
Space group

Case 1: magnetic mode E1 -> most symmetric maximal subgroup 
of Pnma1’
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Electric polarisation

along c allowed

Moments along x
 0

 3  4 1  2

 6  1 0  8 7 5  9

 1 1
PS1

PS 1̄Pa21 Pa21PamPccPbc

Pa21/mPc21/cPbmn21Pana21

Pnma1′Bilbao Crystallographic Server 
http://www.cryst.ehu.es

(a,a) (a,0)

(a,b)

TmMnO3

irrep:  2D mX1(τ1)

Solution!

http://stokes.byu.edu/iso/

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

P1 (a,0) 11.55   P_a2_1/m,  basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(1/2,0,0), s=2, i=4, k-active= (1/2,0,0)

P3 (a,a) 31.129 P_bmn2_1, basis={(0,1,0),(2,0,0),(0,0,-1)}, origin=(3/4,1/4,0), s=2, i=4, k-active= (1/2,0,0)

C1 (a,b) 6.21    P_am,          basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(0,1/4,0), s=2, i=8, k-active= (1/2,0,0)


Order parameter 
direction

Magnetic Shubnikov 
Space group

orthorhombic Pmn21

Case 1: magnetic mode E1 -> most symmetric maximal subgroup 
of Pnma1’
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Mn1
Mn2

65

Moments along x
 0

 3  4 1  2

 6  1 0  8 7 5  9

 1 1
PS1

PS 1̄Pa21 Pa21PamPccPbc

Pa21/mPc21/cPbmn21Pana21

Pnma1′Bilbao Crystallographic Server 
http://www.cryst.ehu.es

(a,a) (a,0)

(a,b)

irrep:  2D mX1(τ1)

http://stokes.byu.edu/iso/

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

P1 (a,0) 11.55   P_a2_1/m,  basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(1/2,0,0), s=2, i=4, k-active= (1/2,0,0)

P3 (a,a) 31.129 P_bmn2_1, basis={(0,1,0),(2,0,0),(0,0,-1)}, origin=(3/4,1/4,0), s=2, i=4, k-active= (1/2,0,0)

C1 (a,b) 6.21    P_am,          basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(0,1/4,0), s=2, i=8, k-active= (1/2,0,0)


Order parameter 
direction

Magnetic Shubnikov 
Space group

conventional general solution in RA: lowest symmetry for the given irrep

monoclinic Pm

TmMnO3

Case 2: General solution in RA -> low symmetry non-maximal 
subgroup
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Samples: both powder and single crystals of CeAlGe grown at PSI in Solid State Chemistry group 


66

Superspace magnetic structure in Weyl semimetal CeAlGe. Multi arm 
antiferromagnetic order. Ref: P. Puphal et al, accepted PRL (2019) arxiv/nnn

Neutron diffraction experiments: HRPT and DMC, SANS at PSI Switzerland, D33, at ILL France

Resistivity: Topologicall Hall Effect in University of Tokyo

Space Group: 109 I4_1md C4v-11

non-centrosymmetric 
Lattice parameters: 

a=4.25717, c=14.64520

TN

Ce1 4a (0,0,z), z=-0.41000  single magnetic Ce site
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Magnetic peaks well seen from both 
powder and s.c. neutron diffraction

67

k1=[g,0,0], SM point of BZ, g=0.06503(22) ~65Å

all peaks +-k DMC 4.5A
Magnetic NPD difference profile taken between T = 1.7 K and 10 K

Single  crystal 

Gamma point k=0 does not fit NPD as well

CeAlGe

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)
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Magnetic peaks well seen from both 
powder and s.c. neutron diffraction

67

k1=[g,0,0], SM point of BZ, g=0.06503(22) ~65Å

all peaks +-k DMC 4.5A
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k1=[g,0,0], k2=[0,g,0]

Magnetic NPD difference profile taken between T = 1.7 K and 10 K
Single  crystal 

Gamma point k=0 does not fit NPD as well

CeAlGe

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)
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Analysis of magnetic symmetry in CeAlGe

• one propagation vector 1k (±k) magnetic structure


• 2k (full propagation vector star) magnetic structure: actual 
solution supported by magnetisation, topological hall effect 
and calculation of topological charges


• both 1k and 2k-structures give similar good description of 
neutron diffraction intensities

68



V. Pomjakushin, ECM32, Superspace magnetic structure and topological charges in Weyl semimetal CeAlGe 69

Space group I41md:   

8 symops & I-centering, 

Ce 4a (0,0,z) single 
magnetic Ce site: 4 
atoms per cell

One k-case, standard representation analysis 
without magnetic group symmetry arguments.
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Space group I41md:   

8 symops & I-centering, 

Ce 4a (0,0,z) single 
magnetic Ce site: 4 
atoms per cell

One k-case, standard representation analysis 
without magnetic group symmetry arguments.

Two other Ce’s are 
generated by I-centering 
translations (½, ½, ½)+

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

4(a) ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>



V. Pomjakushin, ECM32, Superspace magnetic structure and topological charges in Weyl semimetal CeAlGe

One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>
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One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>
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One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>

or
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One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>

or
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One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>

or

Group Gk has          
only 2 symops           out of 8!          
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One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

MCe(i) = mix sin(2⇡kx)ex +miz sin(2⇡kx+ 'i)ez, i = 1, 2
<latexit sha1_base64="yECVDxZ2eaxP78tWNDcJi5S+sYk="></latexit>

Experimental values:

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce2: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

Solution: tau2/SM2 irreducible representation

Cycloid in ac-plane for k1=[g,0,0], in bc=lane for k2=[0,g,0]

two magnetic domains (twins)

k=|k1|=|k2|=g
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One k-case, standard representation analysis without magnetic 
group symmetry arguments: Space group I41md, Ce 4a (0,0,z)

70

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

MCe(i) = mix sin(2⇡kx)ex +miz sin(2⇡kx+ 'i)ez, i = 1, 2
<latexit sha1_base64="yECVDxZ2eaxP78tWNDcJi5S+sYk="></latexit>

Experimental values:

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce2: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

Solution: tau2/SM2 irreducible representation

Cycloid in ac-plane for k1=[g,0,0], in bc=lane for k2=[0,g,0]

two magnetic domains (twins)

k=|k1|=|k2|=g

Note: if 𝜑1=𝜑2=0 → amplitude 

                                modulation, different

                                 symmetry



V. Pomjakushin, ECM32, Superspace magnetic structure and topological charges in Weyl semimetal CeAlGe

Symmetry of cycloid. 3D+1 superspace group for SM2 irrep

I2mm1'(0,0,g)0s0s, basis={(0,0,-1,0),(0,1,0,0),(1,0,0,0),(0,0,0,1)}, k-active= (g,0,0)

atom    site      x       y      z        occ         mx         my       mz 
 

Ce1_1 2a    0.41000  0.00000  0.00000  1.00000  
                                                         mx1          0         mz1         k1 amplitude
                                                         0          0.00000     90      k1 phase, degrees
Ce1_2 2b    0.66000  0.00000  0.50000  1.00000  
                                                         mx2          0         mz2         k1 amplitude
                                                        0          0.00000      90     k1 phase, degrees

phase shift 90 degrees is fixed by symmetry!

Experimental values:

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce1: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

MCe(i) = mix sin(2⇡kx)ex +miz cos(2⇡kx)ez, i = 1, 2
<latexit sha1_base64="fhNMfzF9N6Ofar79JdAwTKCjib4="></latexit>

http://iso.byu.edu

Advantage of magnetic symmetry even for 1k-caseI41md1’
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Symmetry of cycloid. 3D+1 superspace group for SM2 irrep

I2mm1'(0,0,g)0s0s, basis={(0,0,-1,0),(0,1,0,0),(1,0,0,0),(0,0,0,1)}, k-active= (g,0,0)

atom    site      x       y      z        occ         mx         my       mz 
 

Ce1_1 2a    0.41000  0.00000  0.00000  1.00000  
                                                         mx1          0         mz1         k1 amplitude
                                                         0          0.00000     90      k1 phase, degrees
Ce1_2 2b    0.66000  0.00000  0.50000  1.00000  
                                                         mx2          0         mz2         k1 amplitude
                                                        0          0.00000      90     k1 phase, degrees

Experimental values:

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce1: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

MCe(i) = mix sin(2⇡kx)ex +miz cos(2⇡kx)ez, i = 1, 2
<latexit sha1_base64="fhNMfzF9N6Ofar79JdAwTKCjib4="></latexit>

http://iso.byu.edu

Advantage of magnetic symmetry even for 1k-caseI41md1’

phase shift 90 degrees is fixed by symmetry!
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CeAlGe: Maximal symmetry full star superspace 3D+2 
magnetic group I4_1md1’(a00)000s(0a0)0s0s

View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

Parent Space Group: 109 I4_1md C4v-11, 

Ce1 4a (0,0,z), z=-0.41000  single Ce site


IR: mSM2 , k-active= (g,0,0),(0,g,0)

P (g,0;g,0) 109.2.67.4.m240.? I4_1md1'(a,0,0)000s(0,a,0)0s0s

k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms
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CeAlGe: Maximal symmetry full star superspace 3D+2 
magnetic group I4_1md1’(a00)000s(0a0)0s0s

View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

Parent Space Group: 109 I4_1md C4v-11, 

Ce1 4a (0,0,z), z=-0.41000  single Ce site


IR: mSM2 , k-active= (g,0,0),(0,g,0)

P (g,0;g,0) 109.2.67.4.m240.? I4_1md1'(a,0,0)000s(0,a,0)0s0s

experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

All Ce are equivalent and their moments 
are given symmetrically by 4 parameters 

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~

k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)

⌘
ez

<latexit sha1_base64="YMa/WR/PeGCbSYM5w+nPYpT5qNA="></latexit>

MCe2 = m2 sin(k̃x)ex +m1 sin(k̃y)ey +
⇣
m4 cos(k̃x) +m3 cos(k̃y)

⌘
ez

<latexit sha1_base64="xDaVDAi+sqdIpQ6EA63UV1rLWzA="></latexit>
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View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

Parent Space Group: 109 I4_1md C4v-11, 

Ce1 4a (0,0,z), z=-0.41000  single Ce site


IR: mSM2 , k-active= (g,0,0),(0,g,0)

P (g,0;g,0) 109.2.67.4.m240.? I4_1md1'(a,0,0)000s(0,a,0)0s0s

experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

All Ce are equivalent and their moments 
are given symmetrically by 4 parameters 
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CeAlGe: Maximal symmetry full star superspace 3D+2 
magnetic group I4_1md1’(a00)000s(0a0)0s0s
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Topological density and charge. H=0

74

�w(x, y) = 1
4⇡ (n · [�nx ⇥�ny])

<latexit sha1_base64="2fLw0WcaLUmk58HKA9axZIMjGNE="></latexit>

solid angle per square placket
Q =

P
x,y �w(x, y)

<latexit sha1_base64="M0pANryq3crJELmptjXpx33G8F0="></latexit>

experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)

⌘
ez

<latexit sha1_base64="YMa/WR/PeGCbSYM5w+nPYpT5qNA="></latexit>

MCe2 = m2 sin(k̃x)ex +m1 sin(k̃y)ey +
⇣
m4 cos(k̃x) +m3 cos(k̃y)

⌘
ez

<latexit sha1_base64="xDaVDAi+sqdIpQ6EA63UV1rLWzA="></latexit>

n = M/M
<latexit sha1_base64="aFjomaZKcORpvYcTCifAZRB4EJ4="></latexit>

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~

15:40 Tuesday, 20. August 2019 talk MS24-05 “Superspace 
Magnetic Structure and Topological Charges in Weyl Semimetal 
CeAlGe” at MS24: Magnetic Order: Methods and Properties
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The disadvantage of using only RA:  

In general:  there are no rules to make constraints,    (except ones based on physical grounds)  

but the constraints appear in a natural way from magnetic group symmetry arguments 

?
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Thank you!
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