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The location of the curve on the 9 axis can be
shifted to larger angles by increasing V, and R
(thus maintaining the well-known VR ambiguity
in the optical model) and to sma, lier angles by in-
creasing V, and I q j, the energy difference between
entrance and exit channels, which is determined
experimentally and not treated as a parameter.
The effect of varying V, is much larger than that
of varying V„since V, determines two optical-
model wave functions, V, only determines one.
It was found that a large difference between V,
and V, was necessary to locate the curves proper-
ly. The values quoted are not unique.
The over-all width is determined almost exclu-

sively by R~. Increasing R~ decreases the over-
all width and increases the magnitude of the cross
section at the center of the curve. It is found that
when the best value of R~ is used in each state,
the relative magnitudes are automatically fitted
well.
The effects of increasing W„S'„and a are

small. Increasing W, and W, decreases the mag-
nitude of both curves slightly. In fitting the P-
state curve, V, and V, have opposite effects on
the ratio of peak heights. Increasing V, increases
the ratio. Increasing both V, and V, reduces the
depth of the minimum by a very small amount.
The physical conclusions which we tentatively

draw from this calculation are rather significant.
For finite potentials there cannot be significant
differences between single-particle wave functions
whose principal quantum number, angular momen-
tum, binding energy, and rms radius are given.
Hence it seems that a distorted-wave analysis of
(P, 2P) experiments determines the single-particle

wave functions very well.
The rms radius of the charge distribution in C"

given by our empirical values of R& is 2. 5 F. The
experimental value obtained from electron scat-
tering is 2. 4 F. The rms radius for s-state pro-
tons is 1.7 F, which is the experimental value
for the a particle. Whether this is true for s
states in other light nuclei is, at present, being
investigated by a systematic study of the available
data. Finer points concerning curve fitting are
also being investigated.
We would like to thank Dr. M. A. Melkanoff,
Dr. J. S. Nodvik, Dr. D. S. Saxon, and Dr. D. G.
Cantor for the use of their optical-model code
SCAT 4 which was used to calculate our optical-
model wave functions, and Dr. C. A. Hurst and
Mr. K. A. Amos for valuable discussions.
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We present here an analysis of leptonic decays
based on the unitary symmetry for strong inter-
actions, in the version known as "eightfold way, "
and the V-A theory for weak interactions. '&3 Our
basic assumptions on J&, the weak current of
strong interacting particles, are as follows. '
(1) 2 transforms according to the eightfold

representation of SU~. This means that we neg-
lect currents with bS =-AQ, or LE=3/2, which
should belong to other representations. This
limits the scope of the analysis, and we are not

able to treat the complex of K' leptonic decays,
or Z+-n+e + v in which AS= -AQ currents play
a role. For the other processes we make the
hypothesis that the main contributions come from
that part of J& which is in the eightfold represen-
tation.
(2) The vector part of J& is in the same octet as

the electromagnetic current. The vector contri-
bution can then be deduced from the electromag-
netic properties of strong interacting particles.
For AS=0, this assumption is equivalent to vector-
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current conservation.
Together with the octet of vector currents, j

we assume an octet of axial currents, g . In
each of these octets we have a current with b,S
=0, A@=1, j '0', and g '0', and a current with
AS=A@=1, j ~', and g "'. Their isospin selec-
tion rules are, respectively, M=1 and M=1/2.
From our first assumption we then get

J =a(j '0'+g 'o') + b( j u'+g
A restriction a = b = 1 would not ensure univer-

sality in the usual sense (equal coupling for all
currents), because if 8& [as given in Eq. (1)]
is coupled, we can build a current, b(j &@'+g @')

-a(j&u'+g&u'), which is not coupled. We want,
however, to keep a weaker form of universality,
by requiring the following:
(3) 2 has "unit length, " i.e. , a~+ 5' = l.
%e then rewrite J& as~

= cosH( j 0'+g 'o')+ sin8( j u'+g u'), (2)

For an independent determination of 8, let us con-
sider K+- v'+e++ v. The matrix element for
this process can be connected to that for v+- no
+e++ v, known from the conserved vector-cur-
rent hypothesis (2nd assumption). From the rate
for K —v'+e++ v, we get

8 =0.26. (5)

The two determinations coincide within experi-
mental errors; in the following we use 6I = 0.26.
We go now to the leptonic decays of the baryons,

of the type A -B+e+v. The matrix element of
any member of an octet of currents a.mong two
baryon states (also members of octets) can be
expressed in terms of two reduced matrix ele-
ments'

(A [j +g [B)=if .0 +d E(i) (i)
aa& ~ was (6)

where tan8 = b/a. Since J, as well as the baryons
and the pseudoscalar mesons, belongs to the oc-
tet representation of SU3, we have relations (in
which 8 enters as a parameter) between process-
es with bS=0 and processes with AS =1.
To determine 0, let us compare the rates for

K )Lf, +v and & p. +v', we find+

1 (K+- pv)/I (w+- gv)
=tan'8M (1-M '/M ) /M (1-M /M )' (3)K p. K

From the experimental data, we then gets~6

8 =0.257.

the f 's and d's are coefficients defined in Gell-
Mann's paper. '~' It is sufficient to consider only
allowed contributions and write

O, E O, E
p, 5

From the connection with the electromagnetic
current we get the vector coefficients: I' =1,
F+ =0; from neutron decay we get

H +H =1 25.0 E
(6)

%e remain with one parameter which can be de-
termined from the rate for Z -A+e +v. The
relevant matrix element for this is
cos8(Z Ij "'+g "'IA&

=cos8(')" E =( ) cos8H y y . (9)
p, 5

Taking the branching ratio for this mode to be
0.9&10 4,' we get

H =~0.95. (10)

Table I. Predictions for the leptonic decays of hy-
pe rons.

Decay

Branching ratio
From Present

reference 2 work
Type of
interaction

A —P+e +v
n+e +v
A+e +v
Z+e +v—Z++e + v

1.4 k
5. 1
1.4 %
0.14%
0.28%

0. 75 x10 3

1.9 x10 3

0.35 x10
0.07 x10 3

0.26 x10 3

V-0. 72A
V+ 0.65A
V+ 0.02A
V-1.25A
V- 1.25 A

The negative solution can be discarded because
it produces a large branching ratio for Z -n
+e +v, of the order of 1%. The positive solu-
tion (H =0.95, H =0.30) is good, because it
produces a cancellation of the axial contribution
to this process. This explains the experimental
result that this mode is more depressed than the
A —p+e + v in respect to the predictions of
Feynman and Gell-Mann. ' In Table I we give a
summary of our predictions for the electron
modes with hS =1. The branching ratios for
A-p+e +v and Z -n+e +v are in good agree-
ment with experimental data.
As a final remark, the vector-coupling constant

for P decay is not G, but Gcos8. This gives a
correction of 6.6% to the ft value of Fermi tran-
sitions, in the right direction to eliminate the
discrepancy between 0'~ and muon lifetimes.

…

…
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Visionary! 

Hypothesis that the weak 
hadronic current has ‘unit 

length’ in flavor space.  

Ratio of strangeness 
changing and conserving  
weak couplings controlled 

by the Cabibbo angle. 
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• In the Standard Model:  Cabibbo universality  ⇐  unitarity of the quark mixing matrix (CKM) 

Cabibbo universality in the SM and beyond

Cabibbo-Kobayashi-Maskawa
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δVus/Vus ~ 0.2%  δVud/Vud ~ 0.03%  δVub/Vub ~ 5% 

~1.5 ⨉10-5~0.05 ~0..95 

  Vud and Vus are the most accurately known 
elements of the CKM matrix ⇒ 

1st row provides the most stringent test of 
universality & sensitivity to new physics 
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• In the Standard Model:  Cabibbo universality  ⇐  unitarity of the quark mixing matrix (CKM) 

Cabibbo universality in the SM and beyond

1/Λ2     

+
?

Current precision ⇒  probe effective scale Λ ~ 10 TeV

New physics can spoil universality:   
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at low 
energy

 GF(μ) Vij  ~ 1/v2 Vij

Interesting and timely, but also challenging!
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.                 

Hadron decays Lepton decays

Nucl.  0+ →0+ 
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The challenge of CKM precision tests

7

Extract  Vus=sinθC =λ and  Vud=cosθC ≃1 - λ2/2  
with sub-percent precision from decays involving hadrons       

(currently δλ/λ ~ 0.2-0.5%)
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The challenge of CKM precision tests

7

Extract  Vus=sinθC =λ and  Vud=cosθC ≃1 - λ2/2  
with sub-percent precision from decays involving hadrons       

(currently δλ/λ ~ 0.2-0.5%)

Experimental input

Lifetimes, 
BRs

Q-values, form 
factors, … →
phase space

Muon 
decay
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The challenge of CKM precision tests

7

Extract  Vus=sinθC =λ and  Vud=cosθC ≃1 - λ2/2  
with sub-percent precision from decays involving hadrons       

(currently δλ/λ ~ 0.2-0.5%)

Theory input

Hadronic / nuclear matrix elements of the weak V-A current,  
including small corrections such as those induced by 

electromagnetic radiative corrections  [(α/π)~ 2.⨉ 10-3]
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Experimental input with sub-% precision from broad array of facilities and techniques 

K, π, Hyperons: 
Meson factories & fixed target experiments  

(KLOE, KTeV, NA48 ,…), with future 
experiment possible at CERN and PSI

𝜏 decays: 
LEP (ALEPH, OPAL),  Babar,  Belle,  
Belle-II, future tau-charm factory 

Nuclear beta decay experiments

Cold and Ultra Cold Neutron sources

ANL Townhall meeting, November 14th, 2022

Superallowed Transisiton Beta-Neutrino Decay Ion 
Coincidence Trap (St. Benedict)

Paul Trap

Gas Catcher
Cooler-Buncher

RF Carpet & RFQ

• Gas catcher from ANL: RF/DC & vacuum tested; transport tests underway
• RF carpet tested; ion guide assembled and RF circuit being tested
• Cooler/buncher commissioned
• Paul trap has been simulated and manufactured
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Hadronic matrix elements:  ‘Vector - Axial’ quark current

A

<0 | Aμ |M>
(decay constants)
from Lattice QCD

[~0.2%]

V,  A

Use combination of 
data and theory 

(pQCD + lattice QCD)
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corrections are 2nd order in                     
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Need experimental input on 
<f |A|i> / <f |V |i> 

For neutron and hyperons, 
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a b c

FIG. 3: Contributions to neutron decay from three classes of
diagrams described in the text. The solid lines are the nucle-
ons, electron and neutrino and the wiggly line is the photon.
The open boxes denote the insertion of the weak-interaction
vertices. The gray ellipse denotes the non-perturbative QCD
corrections which include the radiative pion contributions,
among others.

Neutron decay rate to O(↵✏/⇡) —

Connection to previous literature — Recent ap-
proaches using current algebra and dispersion techniques
[11, 12] evaluated axial contributions as originating from
vertex and �W box diagrams. The latter was found to
be largely consistent with the vector contribution using
experimental data of the polarized Bjorken sum rule [11]
and additional nucleon scattering data [12], as such in-
cluding inelastic contributions without explicit calcula-
tion. The vertex corrections, on the other hand, have
only been calculated in limiting scenarios. Following the
notation of Ref. [11], the a priori non-zero contribution
depends on a three-point function

D� =

Z
d
4
k

k2

Z
d
4
ye

iq̄y

Z
d
4
xe

ikx

⇥ hpf |T
�
@µJ

µ
W (y)J�

� (x)J
�
� (0)

 
|pii (15)

where �(W ) denotes electromagnetic (weak) currents,
and T{. . .} the time-ordered product. In the chiral
limit the divergence of the weak axial current vanishes
(@µAµ

/ m⇡ ! 0), while the vector current is more gen-
erally conserved. Ref. [11] only considered the asymp-
totic and elastic contributions to Eq. (15), i.e. inserting
a complete set of states in between every current and
retaining only the nucleon interaction. In that case, as-
suming isospin symmetry leads to a vanishing contribu-
tion simply by using the SU(2) isospin algebra, recover-
ing Ref. [11]. The work presented here goes beyond this
simplified approach through explicit calculation of pion
degrees of degrees of freedom and corresponding isospin
breaking e↵ects.

Determining the LECs in lattice QCD — The per-
turbative nature of QED allows for a “factorization”
of the corrections into three general diagrams, de-
picted in Fig. 3: a) The self-energy correction to the
electron (including undepicted Bremsstrahlung radia-
tion); b) The interference “triangle” diagram (including

Bremsstrahlung); c) The non-perturbative nucleon struc-
ture corrections, including the elastic Born terms, the
nucleon self-energy corrections (and Bremsstrahlung) as
well as the radiative pion corrections determined in this
work. This last diagram represents a well defined correla-
tion function that can be computed with lattice QCD +
QED. One natural scheme for including QED with lattice
QCD calculations is QEDM, in which an explicit photon
mass is introduced to regulate the infrared behavior [33].
With such a setup, the lattice calculation would naturally
exclude the Bremsstrahlung radiation as the photon exci-
tation would be gapped by the photon mass, which is typ-
ically m�/m⇡ ⇡ 1/2 in QEDM calculations. The ground
state correlation function would then contain ln(m�) di-
vergences, which could be identified and cancelled ana-
lytically, prior to taking the m� ! 0 limit [34]. There
are further subtleties that must be considered such as
the renormalization of the quark level operators which do
not factorize from the leptonic legs citeDiCarlo:2019knp.
Also, diagram c) is not gauge invariant on its own, but
the EFT calculation can be performed in the same gauge
as the lattice calculation in which case the LECs will
depend upon the gauge.
Outlook —
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APPENDIX

E↵ective Lagrangians and power counting — We start
from two-flavor QCD in presence of external sources

L = LQCD � q̄R(s+ ip)qL � q̄R(s� ip)qL

+ q̄L�
µ
lµqL + q̄R�

µ
rµqR (16)

where qT = (u, d) and s(x), p(x), lµ(x), rµ(x) are external
sources, which in the Standard Model at low-energy take
the form

� ⌘ B0(s+ ip) = B0mq (17a)

lµ = �eQ
EM
L Aµ + Q

W
L J

lept

µ + Q
W†
L J

lept†
µ (17b)

rµ = �eQ
EM
R Aµ (17c)

where B0 is a constant with dimension of mass, QEM
L =

Q
EM
R = diag(qu, qd) (with qu = 2/3, qd = �1/3),

Q
W
L = �2

p
2GFVud ⌧

+, and J
lept
µ = ēL�µ⌫eL. In or-

der to implement the external sources and the e↵ect of
virtual photons in the low-energy chiral Lagrangian, it is
convenient to treat Q

EM
L,R and Q

W
L as “spurions”, trans-

forming under the chiral group (qL ! LqL, qR ! RqR

with L,R 2 SU(2)L,R) as Q
EM,W
L ! LQ

EM,W
L L

† and
Q

EM
R ! RQ

EM
R R

†, so that

� ! R�L
† (18a)

lµ ! LlµL
† (18b)

rµ ! RrµR
†
. (18c)
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γ γ

γ
JWJW JW
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ons, electron and neutrino and the wiggly line is the photon.
The open boxes denote the insertion of the weak-interaction
vertices. The gray ellipse denotes the non-perturbative QCD
corrections which include the radiative pion contributions,
among others.
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proaches using current algebra and dispersion techniques
[11, 12] evaluated axial contributions as originating from
vertex and �W box diagrams. The latter was found to
be largely consistent with the vector contribution using
experimental data of the polarized Bjorken sum rule [11]
and additional nucleon scattering data [12], as such in-
cluding inelastic contributions without explicit calcula-
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only been calculated in limiting scenarios. Following the
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where �(W ) denotes electromagnetic (weak) currents,
and T{. . .} the time-ordered product. In the chiral
limit the divergence of the weak axial current vanishes
(@µAµ

/ m⇡ ! 0), while the vector current is more gen-
erally conserved. Ref. [11] only considered the asymp-
totic and elastic contributions to Eq. (15), i.e. inserting
a complete set of states in between every current and
retaining only the nucleon interaction. In that case, as-
suming isospin symmetry leads to a vanishing contribu-
tion simply by using the SU(2) isospin algebra, recover-
ing Ref. [11]. The work presented here goes beyond this
simplified approach through explicit calculation of pion
degrees of degrees of freedom and corresponding isospin
breaking e↵ects.

Determining the LECs in lattice QCD — The per-
turbative nature of QED allows for a “factorization”
of the corrections into three general diagrams, de-
picted in Fig. 3: a) The self-energy correction to the
electron (including undepicted Bremsstrahlung radia-
tion); b) The interference “triangle” diagram (including

Bremsstrahlung); c) The non-perturbative nucleon struc-
ture corrections, including the elastic Born terms, the
nucleon self-energy corrections (and Bremsstrahlung) as
well as the radiative pion corrections determined in this
work. This last diagram represents a well defined correla-
tion function that can be computed with lattice QCD +
QED. One natural scheme for including QED with lattice
QCD calculations is QEDM, in which an explicit photon
mass is introduced to regulate the infrared behavior [33].
With such a setup, the lattice calculation would naturally
exclude the Bremsstrahlung radiation as the photon exci-
tation would be gapped by the photon mass, which is typ-
ically m�/m⇡ ⇡ 1/2 in QEDM calculations. The ground
state correlation function would then contain ln(m�) di-
vergences, which could be identified and cancelled ana-
lytically, prior to taking the m� ! 0 limit [34]. There
are further subtleties that must be considered such as
the renormalization of the quark level operators which do
not factorize from the leptonic legs citeDiCarlo:2019knp.
Also, diagram c) is not gauge invariant on its own, but
the EFT calculation can be performed in the same gauge
as the lattice calculation in which case the LECs will
depend upon the gauge.
Outlook —
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APPENDIX

E↵ective Lagrangians and power counting — We start
from two-flavor QCD in presence of external sources

L = LQCD � q̄R(s+ ip)qL � q̄R(s� ip)qL

+ q̄L�
µ
lµqL + q̄R�

µ
rµqR (16)

where qT = (u, d) and s(x), p(x), lµ(x), rµ(x) are external
sources, which in the Standard Model at low-energy take
the form

� ⌘ B0(s+ ip) = B0mq (17a)

lµ = �eQ
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L J
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µ + Q
W†
L J

lept†
µ (17b)

rµ = �eQ
EM
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where B0 is a constant with dimension of mass, QEM
L =

Q
EM
R = diag(qu, qd) (with qu = 2/3, qd = �1/3),

Q
W
L = �2

p
2GFVud ⌧

+, and J
lept
µ = ēL�µ⌫eL. In or-

der to implement the external sources and the e↵ect of
virtual photons in the low-energy chiral Lagrangian, it is
convenient to treat Q

EM
L,R and Q

W
L as “spurions”, trans-

forming under the chiral group (qL ! LqL, qR ! RqR

with L,R 2 SU(2)L,R) as Q
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† and
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†, so that
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FIG. 3: Contributions to neutron decay from three classes of
diagrams described in the text. The solid lines are the nucle-
ons, electron and neutrino and the wiggly line is the photon.
The open boxes denote the insertion of the weak-interaction
vertices. The gray ellipse denotes the non-perturbative QCD
corrections which include the radiative pion contributions,
among others.
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retaining only the nucleon interaction. In that case, as-
suming isospin symmetry leads to a vanishing contribu-
tion simply by using the SU(2) isospin algebra, recover-
ing Ref. [11]. The work presented here goes beyond this
simplified approach through explicit calculation of pion
degrees of degrees of freedom and corresponding isospin
breaking e↵ects.

Determining the LECs in lattice QCD — The per-
turbative nature of QED allows for a “factorization”
of the corrections into three general diagrams, de-
picted in Fig. 3: a) The self-energy correction to the
electron (including undepicted Bremsstrahlung radia-
tion); b) The interference “triangle” diagram (including

Bremsstrahlung); c) The non-perturbative nucleon struc-
ture corrections, including the elastic Born terms, the
nucleon self-energy corrections (and Bremsstrahlung) as
well as the radiative pion corrections determined in this
work. This last diagram represents a well defined correla-
tion function that can be computed with lattice QCD +
QED. One natural scheme for including QED with lattice
QCD calculations is QEDM, in which an explicit photon
mass is introduced to regulate the infrared behavior [33].
With such a setup, the lattice calculation would naturally
exclude the Bremsstrahlung radiation as the photon exci-
tation would be gapped by the photon mass, which is typ-
ically m�/m⇡ ⇡ 1/2 in QEDM calculations. The ground
state correlation function would then contain ln(m�) di-
vergences, which could be identified and cancelled ana-
lytically, prior to taking the m� ! 0 limit [34]. There
are further subtleties that must be considered such as
the renormalization of the quark level operators which do
not factorize from the leptonic legs citeDiCarlo:2019knp.
Also, diagram c) is not gauge invariant on its own, but
the EFT calculation can be performed in the same gauge
as the lattice calculation in which case the LECs will
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Figure 2: Representative diagrams contributing to radiative corrections to nuclear b decays. Double solid lines
represent nucleons, single solid lines represent leptons, single (double) wavy lines represent photons (W bosons),
dashed lines represent pions. The quark-W vertex is proportional to Vud . The blue ellipse represents the strong
interaction among nucleons and the red and green ellipses represent the infinite diagrams contributing to the nuclear
wavefunction. In terms of the corrections introduced in Eq. (1), the left topology contributes (in various regimes) to
DV

R and d 0
R, the two middle ones to dNS, and the right one to dC.

and weak interaction eigenstates of quarks. CKM unitarity implies DCKM ⌘ |Vud |2 + |Vus|2 + |Vub|2 �1 = 0,
where Vud , Vus, Vub represent the mixing of up with down, strange, and beauty quarks, respectively. In prac-
tice |Vub|2 < 10�5 can be neglected and CKM unitarity reduces to the original Cabibbo universality, with
the identifications Vud = cosqC and Vus = sinqC, where qC is the Cabibbo angle [2]. Measurements of the b
decay of the neutron and of nuclei, with precision between 0.1% and 0.01%, are very competitive probes of
BSM physics, sensitive to both CKM unitarity and to “non V-A” BSM interactions.

The CKM mixing parameters VuD (D = d,s) are determined from various hadronic and nuclear weak
decays hi ! h f `n` (` = e,µ). Currently, the most precise determination of Vud is obtained by nuclear
0+ ! 0+ decays through the relation [4]

log2
f t

=
G2

Fm5
e |Vud |2

p3 (1+DV
R +d 0

R +dNS �dC) (1)

where t is the measured partial half life, f is a dimensionless phase space factor determined by the measured
Q value, GF is the Fermi constant extracted from muon decay, and DV

R , dNS, d 0
R, and dC are theoretical

corrections of % size. DV
R denotes the so-called “inner radiative corrections” and does not depend on the

particular transition considered: it can be calculated at the single-nucleon level and its nucleon-structure
dependence arises from the so-called g�W box diagrams [5–7] (see top part of left panel in Fig. 2), in which
a virtual photon is exchanged between the electron and the charged hadrons. d 0

R and dNS parameterize the
transition-dependent part of the electromagnetic radiative corrections. d 0

R is the “outer radiative correction”
and depends only on the electron’s energy and the Z of the decay product [8–11] (left panel in Fig. 2). dNS
depends on the nuclear structure details and arises form generalized g �W box diagrams in which a virtual
photon is exchanged between the electron and a proton that is not interacting with the W boson [12–15]
(middle panel in Fig. 2). Finally, dC is a correction arising from isospin breaking effects in the nuclear
wavefunctions, due to the fact that isobaric analog nuclei participating in superallowed transitions are not
pure isospin states in presence of Coulomb (right panel in Fig. 2) and other isospin-breaking nucleon-level
interactions [11, 16–19]. The most recent survey [4] of experimental and theoretical input leads to Vud =
0.97373(31). This incorporates a reduction in the uncertainty in DV

R [5, 7] and an increase in uncertainty due
to nuclear-structure dependent effects with input from Refs. [6, 14, 15]. Currently, the theoretical uncertainty
on the nuclear-structure dependent electromagnetic corrections dNS �dC dominates the error on Vud .

Thanks to higher precision measurements of the lifetime [20] and beta asymmetry [21] (see Ref. [22]
for a recent review), neutron decay is becoming competitive with superallowed beta decays on the precision
of Vud . Following the PDG analysis [23] one finds Vud = 0.97338(33)t(32)gA(10)RC = 0.97338(47), with
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The CKM mixing parameters VuD (D = d,s) are determined from various hadronic and nuclear weak
decays hi ! h f `n` (` = e,µ). Currently, the most precise determination of Vud is obtained by nuclear
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depends on the nuclear structure details and arises form generalized g �W box diagrams in which a virtual
photon is exchanged between the electron and a proton that is not interacting with the W boson [12–15]
(middle panel in Fig. 2). Finally, dC is a correction arising from isospin breaking effects in the nuclear
wavefunctions, due to the fact that isobaric analog nuclei participating in superallowed transitions are not
pure isospin states in presence of Coulomb (right panel in Fig. 2) and other isospin-breaking nucleon-level
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0.97373(31). This incorporates a reduction in the uncertainty in DV
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to nuclear-structure dependent effects with input from Refs. [6, 14, 15]. Currently, the theoretical uncertainty
on the nuclear-structure dependent electromagnetic corrections dNS �dC dominates the error on Vud .

Thanks to higher precision measurements of the lifetime [20] and beta asymmetry [21] (see Ref. [22]
for a recent review), neutron decay is becoming competitive with superallowed beta decays on the precision
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the identifications Vud = cosqC and Vus = sinqC, where qC is the Cabibbo angle [2]. Measurements of the b
decay of the neutron and of nuclei, with precision between 0.1% and 0.01%, are very competitive probes of
BSM physics, sensitive to both CKM unitarity and to “non V-A” BSM interactions.

The CKM mixing parameters VuD (D = d,s) are determined from various hadronic and nuclear weak
decays hi ! h f `n` (` = e,µ). Currently, the most precise determination of Vud is obtained by nuclear
0+ ! 0+ decays through the relation [4]
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R and dNS parameterize the
transition-dependent part of the electromagnetic radiative corrections. d 0

R is the “outer radiative correction”
and depends only on the electron’s energy and the Z of the decay product [8–11] (left panel in Fig. 2). dNS
depends on the nuclear structure details and arises form generalized g �W box diagrams in which a virtual
photon is exchanged between the electron and a proton that is not interacting with the W boson [12–15]
(middle panel in Fig. 2). Finally, dC is a correction arising from isospin breaking effects in the nuclear
wavefunctions, due to the fact that isobaric analog nuclei participating in superallowed transitions are not
pure isospin states in presence of Coulomb (right panel in Fig. 2) and other isospin-breaking nucleon-level
interactions [11, 16–19]. The most recent survey [4] of experimental and theoretical input leads to Vud =
0.97373(31). This incorporates a reduction in the uncertainty in DV

R [5, 7] and an increase in uncertainty due
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on the nuclear-structure dependent electromagnetic corrections dNS �dC dominates the error on Vud .

Thanks to higher precision measurements of the lifetime [20] and beta asymmetry [21] (see Ref. [22]
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Figure 1: Feynman diagrams corresponding to the amplitude
in (4) which contribute at order O(↵/⇡) to neutron � decay
and are sensitive to the hadronic scale.

We summarize in this Letter the essential features of our
analysis that lead us to these values, and defer details to
an upcoming longer paper [21].

Among the various contributions atO(↵/⇡) to the neu-
tron � decay amplitude, Sirlin established [22] that the
only one sensitive to the hadronic scale is the part in the
�W box amplitude (Fig. 1),

MV A = 2
p
2e2GFVud

Z
d4q

(2⇡)4



ūe(k)�µ(/k � /q +me)�⌫PLv⌫(k)

q2[(k � q)2 �m2
e]

M2
W

q2 �M2
W

Tµ⌫
V A

�
, (4)

involving the nucleon matrix element of the product of
the electromagnetic (EM) and the axial part of the weak
charged current

Tµ⌫
V A =

1

2

Z
d4x eiqxhp(p)|T [Jµ

em(x)J
⌫
W,A(0)]|n(p)i . (5)

After inserting the nucleon matrix element parametrized
in terms of the P -odd invariant function Tµ⌫

V A =
i✏µ⌫↵�p↵q�

2p·q T3 into the amplitude (4), the correction to the

tree level amplitude is expressed as [22]
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dQ2 M2

W

M2
W +Q2
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p
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d⌫

⌫

4(Q2 + ⌫2)3/2

⇡MQ4
T3(⌫, Q
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where after Wick rotation the azimuthal angles of the
loop momentum have been integrated over and the re-
maining integrals have been expressed in terms of Q2 =
�q2 and ⌫ = (p · q)/M . With negligible error, we assume
a common nucleon massM in the isospin symmetric limit
and we work in the recoil-free approximation. This con-
tributes to the nucleus-independent EWRC as

�V
R = 2⇤V A

�W + . . . , (7)

where the ellipses denote all other corrections insensitive
to the hadronic scale.

Marciano and Sirlin estimate ⇤V A
�W by phenomenolog-

ically treating the ⌫-integral FM.S.(Q2) ⌘
R
d⌫ . . . in the

second line of (6) as a function of Q2, and parametriz-
ing it piecewise over three domains: in the short distance
domain Q2 > (1.5 GeV)2, the leading term in the OPE
corrected by high order perturbative QCD is used; in
the long distance domain Q2 < (0.823 GeV)2, the elas-
tic nucleon with dipole form factors is used with a 10%
uncertainty; and at intermediate scales (0.823 GeV)2 <
Q2 < (1.5 GeV)2, an interpolating function inspired by
VMD is used and is assigned a generous 100% uncer-
tainty. Performing the integration over Q2 in (6) yields
their value of �V

R quoted above.
Our evaluation of ⇤V A

�W begins by first separating the
invariant amplitude T3 with respect to isosinglet and

isotriplet components of the EM current T3 = T (0)
3 +T (3)

3 .

Crossing symmetry implies T (0)
3 is odd under ⌫ ! �⌫

while T (3)
3 is even. Since the ⌫ integration measure in

(6) is odd, only T (0)
3 contributes to ⇤V A

�W . We then

write a dispersion relation in ⌫ for T (0)
3 , taking into ac-

count the physical sheet singularities. Poles at ⌫B =
±Q2/(2M) correspond to the elastic single-nucleon in-
termediate state, and branch points at ⌫⇡ = ±(m2

⇡ +
2Mm⇡ + Q2)/(2M) correspond to single pion produc-

tion thresholds. We identify the discontinuity of T (0)
3

across the cut as the �W -interference structure function,

4⇡F (0)
3 (⌫, Q2) = T (0)

3 (⌫ + i✏, Q2) � T (0)
3 (⌫ � i✏, Q2), so

that the dispersion relation reads

T (0)
3 (⌫, Q2) = �4i⌫

Z 1

0
d⌫0

F (0)
3 (⌫0, Q2)

⌫02 � ⌫2
. (8)

where F (0)
3 contains both the elastic and inelastic contri-

butions. No subtraction constant appears since T (0)
3 is an

odd function of ⌫. Only I = 1/2 intermediate states con-
tribute because the EM current is isoscalar. After insert-
ing (8) into (6), performing the ⌫-integral, and changing
the integration variable ⌫0 ! Q2/(2Mx) we obtain

⇤V A
�W =

3↵

2⇡

Z 1

0

dQ2

Q2

M2
W

M2
W +Q2

M (0)
3 (1, Q2), (9)

where M (0)
3 (1, Q2) is the first Nachtmann moment of the

structure function F (0)
3 [23, 24]

M (0)
3 (1, Q2) =

4

3

Z 1

0
dx

1 + 2r

(1 + r)2
F (0)
3 (x,Q2), (10)

and r =
p
1 + 4M2x2/Q2. To estimate ⇤V A

�W , we require

the functional form of F (0)
3 depending on x and Q2, or

equivalently, W 2 = M2 + (1� x)Q2/x and Q2.
We draw attention to the fact that (9) relates [MS]’s

phenomenological function to the first Nachtmann mo-
ment

FM.S.(Q
2) =

12

Q2
M (0)

3 (1, Q2) , (11)

V
(⇡�)
ud = 0.97386 (281)BR (9)⌧⇡ (14)RC (28)I⇡ [283]total

V
n,PDG
ud = 0.97430(2)�f

(13)�R(82)�(28)⌧n [88]total

V
n,best
ud = 0.97402(2)�f

(13)�R(35)�(20)⌧n [42]total

V
0+!0+

ud = 0.97367(11)exp(13)�V
R
(27)NS[32]total

Vus

Vud

����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡(16)�RC [51]total

Vus

Vud

����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡(16)RC+IB[51]total

V
K`3
us = 0.22330(35)exp(39)f+(8)RC+IB[53]total,

2
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as

�n =
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 ·

�
1 +�f

�
·
�
1 +�R

�
, (107)

where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
2

✓
1 +

´
x0

1 w(x, x0)FNR (�(x)) (1 + �recoil (xme)) �RC (xme, µ�) dx

f0(1 +�f )

◆
, (110)

where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2

 
1 +

↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (E0)

!!
� 1, (113)

where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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• To separate hadronic and electroweak contributions to gV (µ�), and to make contact with some of
the previous literature, we provide the fixed-order result

�R = 2⇤V

Had(µ0) +
↵

2⇡


2
⇣
1�

↵s

4⇡

⌘
ln

M
2
Z

µ2
0

+
3

2
ln

µ
2
0

m2
e

+ ĝ (E0)

�
. (114)

In the above relations, the explicit dependence on µ0 is canceled by the implicit dependence in

⇤V

Had(µ0). The hadronic physics is included in ⇤V

Had, while the two logarithms in Eq. (114), which
are proportional to the anomalous dimensions, correspond to the ratios between electroweak vs
hadronic and hadronic vs beta-decay scales.

• Our numerical result for �R is
�R = 4.044(27)%, (115)

which, apart from the uncertainty coming from gV discussed in Sect. 5.4, includes a perturbative
uncertainty of 0.005% obtained by varying the scale of the calculation µ� in the range m2

e/2  µ
2
� 

2m2
e. Our result for �R is 0.061% above the most recent evaluation [8] based on Refs. [1–6]. The

sources of this di↵erence are discussed in Section 2. Combining �f and �R in the factorization
scheme of Eq. (107) we obtain

�TOT = 7.761(27)%. (116)

Using the results from Refs. [1–6, 8], one gets �TOT = 7.735(27)%, about one � below our result.
The di↵erence is due to two competing factors in our analysis: a positive shift of +0.061% in �R

and a negative shift of �0.035% in �f .

• As a consistency check on the accuracy of the calculation and the size of cross terms (such as recoil
⇥ electromagnetic corrections), we have performed the phase-space integration in a di↵erent scheme
that does not assume factorization of FNR and �recoil, defined by

�n !
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 · (1 +�gV ) ·

✓
1 +�recoil +�C +�RC

◆
, (117)

with

�gV = [gV (µ�)]
2
� 1, (118)

�C =
1

f0

ˆ
x0

1
w(x, x0)

"
FNR (� (x))�

 
11�

(E0 �me)
2

3m2
e

!
↵
2

4� (x)
� 1

#
dx, (119)

�RC =
1

f0

ˆ
x0

1
w(x, x0) �RC (xme, µ�) dx, (120)

�recoil =
1

f0

ˆ
x0

1
w(x, x0) �recoil (xme) dx. (121)

For the numerical values in this scheme, we find �gV = 5.060(27)%, �C = 3.375%, �RC = �0.969%,
�recoil = 0.173%, leading to�TOT = 7.770%. The latter di↵ers from the factorized result by 0.009%,
consistent with its expected size of O(↵2) and the uncertainties quoted above.

Finally, we extract the CKM matrix element Vud from precise measurements of the neutron lifetime
with our updated calculation of radiative corrections and present the results in Section 2.
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3 STEYERL 12 is a detailed reanalysis of neutron storage loss corrections to the raw data
of MAMPE 89, and it replaces that value.

4WILSON 21 extract the value from the flux of n escaping the moon using data from the
Lunar Prospector Neutron Spectrometer.

5YUE 13 differs from NICO 05 in that a different and better method was used to measure
the neutron density in the fiducial volume. This shifted the lifetime by +1.4 seconds and
reduced the previously largest source of systematic uncertainty by a factor of five.

6ARZUMANOV 12 reanalyzes its systematic corrections in ARZUMANOV 00 and obtains
this corrected value.

7 IGNATOVICH 95 calls into question some of the corrections and averaging procedures
used by MAMPE 93. The response, BONDARENKO 96, denies the validity of the
criticisms.

8The NESVIZHEVSKII 92 measurement has been withdrawn by A. Serebrov.
9The BYRNE 80 measurement has been withdrawn (J. Byrne, private communication,
1990).

WEIGHTED AVERAGE
878.4±0.5 (Error scaled by 1.8)

SEREBROV 05 CNTR 0.0
PICHLMAIER 10 CNTR 1.6
STEYERL 12 CNTR 3.9
ARZUMANOV 15 CNTR 2.2
SEREBROV 18 CNTR 11.0
PATTIE 18 CNTR 0.9
EZHOV 18 CNTR 0.0
GONZALEZ 21 CNTR 3.7

χ2

      23.3
(Confidence Level = 0.0015)

874 876 878 880 882 884 886 888

neutron mean life (s)

n MAGNETIC MOMENTn MAGNETIC MOMENTn MAGNETIC MOMENTn MAGNETIC MOMENT

See the “Quark Model” review.

VALUE (µN ) DOCUMENT ID TECN COMMENT

−1.91304273±0.00000045−1.91304273±0.00000045−1.91304273±0.00000045−1.91304273±0.00000045 TIESINGA 21 RVUE 2018 CODATA value

• • • We do not use the following data for averages, fits, limits, etc. • • •

−1.91304273±0.00000045 MOHR 16 RVUE 2014 CODATA value
−1.91304272±0.00000045 MOHR 12 RVUE 2010 CODATA value
−1.91304273±0.00000045 MOHR 08 RVUE 2006 CODATA value
−1.91304273±0.00000045 MOHR 05 RVUE 2002 CODATA value
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Citation: R.L. Workman et al. (Particle Data Group), Prog.Theor.Exp.Phys. 2022, 083C01 (2022) and 2023 update

WEIGHTED AVERAGE
-1.2754±0.0013 (Error scaled by 2.7)

BOPP 86 SPEC
YEROZLIM... 97 CNTR 17.7
LIAUD 97 TPC 5.5
MOSTOVOI 01 CNTR
SCHUMANN 08 CNTR
MUND 13 SPEC 0.2
BROWN 18 UCNA 0.8
MAERKISCH 19 SPEC 3.4
BECK 20 SPEC 7.5
HASSAN 21 SPEC

χ2

      35.1
(Confidence Level < 0.0001)

-1.29 -1.28 -1.27 -1.26 -1.25 -1.24

λ ≡ gA / gV
1HASSAN 21 include earlier data of DARIUS 17. The value is extracted from the angular
correlation coefficient a.

2 BECK 20 calculates this value from the measurement of the β-decay e–νe angular
correlation coefficient a.

3MAERKISCH 19 gets A = −0.11985 ± 0.00017 ± 0.00012.
4BROWN 18 gets A = −0.12054 ± 0.00044 ± 0.00068 and λ = −1.2783 ± 0.0022.
We quote the combined values that include the earlier UCNA measurements (MENDEN-
HALL 13).

5This MUND 13 value includes earlier PERKEO II measurements (ABELE 02 and
ABELE 97D).

6MOSTOVOI 01 measures the two P-odd correlations A and B, or rather SA and SB,
where S is the n polarization, in free neutron decay.

7YEROZOLIMSKY 97 makes a correction to the EROZOLIMSKII 91 value.
8 SAUL 20 quote this value of λ under the SM assumption of the Fierz term b = 0. In a
combined fit authors extract a value of λ = −1.2792 ± 0.0060.

9DARIUS 17 calculates this value from the measurement of the a parameter (see below).
Data is included in HASSAN 21.

10MENDENHALL 13 gets A = −0.11954 ± 0.00055 ± 0.00098 and λ = −1.2756 ±
0.0030. We quote the nearly identical values that include the earlier UCNA measurement
(PLASTER 12), with a correction to that result.

11This PLASTER 12 value is identical with that given in LIU 10, but the experiment is
now described in detail.

12This is the combined result of ABELE 02 and ABELE 97D.
13These experiments measure the absolute value of gA/gV only.
14KROHN 75 includes events of CHRISTENSEN 70.
15KROPF 74 reviews all data through 1972.
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This is the neutron-spin electron-momentum correlation coefficient. Unless otherwise
noted, the values are corrected for radiative effects and weak magnetism. In the
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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• To separate hadronic and electroweak contributions to gV (µ�), and to make contact with some of
the previous literature, we provide the fixed-order result
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In the above relations, the explicit dependence on µ0 is canceled by the implicit dependence in

⇤V

Had(µ0). The hadronic physics is included in ⇤V

Had, while the two logarithms in Eq. (114), which
are proportional to the anomalous dimensions, correspond to the ratios between electroweak vs
hadronic and hadronic vs beta-decay scales.

• Our numerical result for �R is
�R = 4.044(27)%, (115)

which, apart from the uncertainty coming from gV discussed in Sect. 5.4, includes a perturbative
uncertainty of 0.005% obtained by varying the scale of the calculation µ� in the range m2

e/2  µ
2
� 

2m2
e. Our result for �R is 0.061% above the most recent evaluation [8] based on Refs. [1–6]. The

sources of this di↵erence are discussed in Section 2. Combining �f and �R in the factorization
scheme of Eq. (107) we obtain

�TOT = 7.761(27)%. (116)

Using the results from Refs. [1–6, 8], one gets �TOT = 7.735(27)%, about one � below our result.
The di↵erence is due to two competing factors in our analysis: a positive shift of +0.061% in �R

and a negative shift of �0.035% in �f .

• As a consistency check on the accuracy of the calculation and the size of cross terms (such as recoil
⇥ electromagnetic corrections), we have performed the phase-space integration in a di↵erent scheme
that does not assume factorization of FNR and �recoil, defined by
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with

�gV = [gV (µ�)]
2
� 1, (118)
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�RC =
1

f0

ˆ
x0

1
w(x, x0) �RC (xme, µ�) dx, (120)

�recoil =
1

f0

ˆ
x0

1
w(x, x0) �recoil (xme) dx. (121)

For the numerical values in this scheme, we find �gV = 5.060(27)%, �C = 3.375%, �RC = �0.969%,
�recoil = 0.173%, leading to�TOT = 7.770%. The latter di↵ers from the factorized result by 0.009%,
consistent with its expected size of O(↵2) and the uncertainties quoted above.

Finally, we extract the CKM matrix element Vud from precise measurements of the neutron lifetime
with our updated calculation of radiative corrections and present the results in Section 2.
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Tensions in the Vud-Vus plane
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with uncertainty entirely dominated by experiment [22]. A
competitive determination requires a dedicated experimental
campaign, as planned at the PIONEER experiment [26].

The best information on Vus comes from kaon decays, K`2 =
K ! `⌫` and K`3 = K ! ⇡`⌫`. The former is typically ana-
lyzed by normalizing to ⇡`2 decays [27], leading to a constraint
on Vus/Vud, while K`3 decays give direct access to Vus when the
corresponding form factor is provided from lattice QCD [28].
Details of the global fit to kaon decays, as well as the input
for decay constants, form factors, and radiative corrections, are
discussed in Sec. 2, leading to

Vus

Vud

�����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡ (16)IB[51]total,

VK`3
us = 0.22330(35)exp(39) f+ (8)IB[53]total, (7)

where the errors refer to experiment, lattice input for the matrix
elements, and isospin-breaking corrections, respectively. To-
gether with the constraints on Vud, these bands give rise to the
situation depicted in Fig. 1: on the one hand, there is a ten-
sion between the best fit and CKM unitarity, but another ten-
sion, arising entirely from meson decays, is due to the fact that
the K`2 and K`3 constraints intersect away from the unitarity
circle. Additional information on Vus can be derived from ⌧
decays [29, 30], but given the larger errors [31, 32] we will
continue to focus on the kaon sector.

The main point of this Letter is that given the various ten-
sions in the Vud–Vus plane, there is urgent need for additional
information on the compatibility of K`2 and K`3 data, especially
when it comes to interpreting either of the tensions (CKM uni-
tarity and K`2 versus K`3) in terms of physics beyond the SM
(BSM). In particular, the data base for K`2 is completely dom-
inated by a single experiment [33], and at the same time the
global fit to all kaon data displays a relatively poor fit quality.
All these points could be scrutinized by a new measurement of
the Kµ3/Kµ2 branching fraction at the level of a few permil, as
possible at the NA62 experiment. Further, once the experimen-
tal situation is clarified, more robust interpretations of the en-
suing tensions will be possible, especially regarding the role of
right-handed currents both in the strange and non-strange sec-
tor. To make the case for the proposed measurement of the
Kµ3/Kµ2 branching fraction, we first discuss in detail its impact
on the global fit to kaon data and the implications for CKM uni-
tarity in Sec. 2. The consequences for physics beyond the SM
are addressed in Sec. 3, before we conclude in Sec. 4.

2. Global fit to kaon data and implications for CKM uni-
tarity

The current values for Vus and Vus/Vud given in Eq. (7) are
obtained from a global fit to kaon decays [34–37], updated
to include the latest measurements, radiative corrections, and
hadronic matrix elements. In particular, the fit includes data on
KS decays from Refs. [38–44], on KL decays from Refs. [45–
56], and on charged-kaon decays from Refs. [33, 57–70]. Since
we focus on the impact of a new Kµ3/Kµ2 measurement, e.g.,
at NA62, we reproduce the details of the charged kaon fit in
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Figure 1: Constraints in the Vud–Vus plane. The partially overlapping vertical
bands correspond to V0+!0+

ud (leftmost, red) and Vn, best
ud (rightmost, violet). The

horizontal band (green) corresponds to VK`3
us . The diagonal band (blue) corre-

sponds to (Vus/Vud)K`2/⇡`2 . The unitarity circle is denoted by the black solid
line. The 68% C.L. ellipse from a fit to all four constraints is depicted in yel-
low (Vud = 0.97378(26), Vus = 0.22422(36), �2/dof = 6.4/2, p-value 4.1%),
it deviates from the unitarity line by 2.8�. Note that the significance tends to
increase in case ⌧ decays are included.

Table 1, where, however, the value for Vus from K`3 decays in-
cludes all charge channels, accounting for correlations among
them. The extraction of Vus from K`3 decays requires further in-
put on the respective form factors, which are taken in the disper-
sive parameterization from Ref. [71], constrained by data from
Refs. [72–78]. This leaves form-factor normalizations, decay
constants, and isospin-breaking corrections in both K`2 and K`3
decays.

For K`2 we follow the established convention to consider the
ratio to ⇡`2 decays [27] (pion lifetime [62, 79–83] and branch-
ing fraction [84–87] are taken from Ref. [12]), since in this ratio
certain structure-dependent radiative corrections [88, 89] cancel
and only the ratio of decay constants FK/F⇡ needs to be pro-
vided. We use the isospin-breaking corrections from Ref. [90]
together with the Nf = 2 + 1 + 1 isospin-limit ratio of de-
cay constants FK/F⇡ = 1.1978(22) [91–94], where this aver-
age accounts for statistical and systematic correlations between
the results, some of which make use of the same lattice en-
sembles. For K`3 decays we use the radiative corrections from
Refs. [95–97] (in line with the earlier calculations [98, 99]), the
strong isospin-breaking correction �SU(2) = 0.0252(11) from
Refs. [98, 100] evaluated with the Nf = 2 + 1 + 1 quark-mass
double ratio Q = 22.5(5) and ratio ms/mud = 27.23(10), both
from Ref. [28] (the value of Q is consistent with Q = 22.1(7)
from ⌘ ! 3⇡ [101] and Q = 22.4(3) from the Cottingham
approach [102]), and the form-factor normalization f+(0) =
0.9698(17) [103, 104]. This global fit then defines the cur-

2
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VC-Crivellin-Hoferichter-Moulson  2208.11707  
[and references therein, including FLAG21]

• Bands don’t intersect in the same region                                
on the unitarity circle

• ~3σ effect in global fit (ΔCKM= −1.48(53) ⨉10-3)
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with uncertainty entirely dominated by experiment [22]. A
competitive determination requires a dedicated experimental
campaign, as planned at the PIONEER experiment [26].

The best information on Vus comes from kaon decays, K`2 =
K ! `⌫` and K`3 = K ! ⇡`⌫`. The former is typically ana-
lyzed by normalizing to ⇡`2 decays [27], leading to a constraint
on Vus/Vud, while K`3 decays give direct access to Vus when the
corresponding form factor is provided from lattice QCD [28].
Details of the global fit to kaon decays, as well as the input
for decay constants, form factors, and radiative corrections, are
discussed in Sec. 2, leading to

Vus

Vud

�����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡ (16)IB[51]total,

VK`3
us = 0.22330(35)exp(39) f+ (8)IB[53]total, (7)

where the errors refer to experiment, lattice input for the matrix
elements, and isospin-breaking corrections, respectively. To-
gether with the constraints on Vud, these bands give rise to the
situation depicted in Fig. 1: on the one hand, there is a ten-
sion between the best fit and CKM unitarity, but another ten-
sion, arising entirely from meson decays, is due to the fact that
the K`2 and K`3 constraints intersect away from the unitarity
circle. Additional information on Vus can be derived from ⌧
decays [29, 30], but given the larger errors [31, 32] we will
continue to focus on the kaon sector.

The main point of this Letter is that given the various ten-
sions in the Vud–Vus plane, there is urgent need for additional
information on the compatibility of K`2 and K`3 data, especially
when it comes to interpreting either of the tensions (CKM uni-
tarity and K`2 versus K`3) in terms of physics beyond the SM
(BSM). In particular, the data base for K`2 is completely dom-
inated by a single experiment [33], and at the same time the
global fit to all kaon data displays a relatively poor fit quality.
All these points could be scrutinized by a new measurement of
the Kµ3/Kµ2 branching fraction at the level of a few permil, as
possible at the NA62 experiment. Further, once the experimen-
tal situation is clarified, more robust interpretations of the en-
suing tensions will be possible, especially regarding the role of
right-handed currents both in the strange and non-strange sec-
tor. To make the case for the proposed measurement of the
Kµ3/Kµ2 branching fraction, we first discuss in detail its impact
on the global fit to kaon data and the implications for CKM uni-
tarity in Sec. 2. The consequences for physics beyond the SM
are addressed in Sec. 3, before we conclude in Sec. 4.

2. Global fit to kaon data and implications for CKM uni-
tarity

The current values for Vus and Vus/Vud given in Eq. (7) are
obtained from a global fit to kaon decays [34–37], updated
to include the latest measurements, radiative corrections, and
hadronic matrix elements. In particular, the fit includes data on
KS decays from Refs. [38–44], on KL decays from Refs. [45–
56], and on charged-kaon decays from Refs. [33, 57–70]. Since
we focus on the impact of a new Kµ3/Kµ2 measurement, e.g.,
at NA62, we reproduce the details of the charged kaon fit in
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Figure 1: Constraints in the Vud–Vus plane. The partially overlapping vertical
bands correspond to V0+!0+

ud (leftmost, red) and Vn, best
ud (rightmost, violet). The

horizontal band (green) corresponds to VK`3
us . The diagonal band (blue) corre-

sponds to (Vus/Vud)K`2/⇡`2 . The unitarity circle is denoted by the black solid
line. The 68% C.L. ellipse from a fit to all four constraints is depicted in yel-
low (Vud = 0.97378(26), Vus = 0.22422(36), �2/dof = 6.4/2, p-value 4.1%),
it deviates from the unitarity line by 2.8�. Note that the significance tends to
increase in case ⌧ decays are included.

Table 1, where, however, the value for Vus from K`3 decays in-
cludes all charge channels, accounting for correlations among
them. The extraction of Vus from K`3 decays requires further in-
put on the respective form factors, which are taken in the disper-
sive parameterization from Ref. [71], constrained by data from
Refs. [72–78]. This leaves form-factor normalizations, decay
constants, and isospin-breaking corrections in both K`2 and K`3
decays.

For K`2 we follow the established convention to consider the
ratio to ⇡`2 decays [27] (pion lifetime [62, 79–83] and branch-
ing fraction [84–87] are taken from Ref. [12]), since in this ratio
certain structure-dependent radiative corrections [88, 89] cancel
and only the ratio of decay constants FK/F⇡ needs to be pro-
vided. We use the isospin-breaking corrections from Ref. [90]
together with the Nf = 2 + 1 + 1 isospin-limit ratio of de-
cay constants FK/F⇡ = 1.1978(22) [91–94], where this aver-
age accounts for statistical and systematic correlations between
the results, some of which make use of the same lattice en-
sembles. For K`3 decays we use the radiative corrections from
Refs. [95–97] (in line with the earlier calculations [98, 99]), the
strong isospin-breaking correction �SU(2) = 0.0252(11) from
Refs. [98, 100] evaluated with the Nf = 2 + 1 + 1 quark-mass
double ratio Q = 22.5(5) and ratio ms/mud = 27.23(10), both
from Ref. [28] (the value of Q is consistent with Q = 22.1(7)
from ⌘ ! 3⇡ [101] and Q = 22.4(3) from the Cottingham
approach [102]), and the form-factor normalization f+(0) =
0.9698(17) [103, 104]. This global fit then defines the cur-
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with uncertainty entirely dominated by experiment [22]. A
competitive determination requires a dedicated experimental
campaign, as planned at the PIONEER experiment [26].

The best information on Vus comes from kaon decays, K`2 =
K ! `⌫` and K`3 = K ! ⇡`⌫`. The former is typically ana-
lyzed by normalizing to ⇡`2 decays [27], leading to a constraint
on Vus/Vud, while K`3 decays give direct access to Vus when the
corresponding form factor is provided from lattice QCD [28].
Details of the global fit to kaon decays, as well as the input
for decay constants, form factors, and radiative corrections, are
discussed in Sec. 2, leading to
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K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡ (16)IB[51]total,

VK`3
us = 0.22330(35)exp(39) f+ (8)IB[53]total, (7)

where the errors refer to experiment, lattice input for the matrix
elements, and isospin-breaking corrections, respectively. To-
gether with the constraints on Vud, these bands give rise to the
situation depicted in Fig. 1: on the one hand, there is a ten-
sion between the best fit and CKM unitarity, but another ten-
sion, arising entirely from meson decays, is due to the fact that
the K`2 and K`3 constraints intersect away from the unitarity
circle. Additional information on Vus can be derived from ⌧
decays [29, 30], but given the larger errors [31, 32] we will
continue to focus on the kaon sector.

The main point of this Letter is that given the various ten-
sions in the Vud–Vus plane, there is urgent need for additional
information on the compatibility of K`2 and K`3 data, especially
when it comes to interpreting either of the tensions (CKM uni-
tarity and K`2 versus K`3) in terms of physics beyond the SM
(BSM). In particular, the data base for K`2 is completely dom-
inated by a single experiment [33], and at the same time the
global fit to all kaon data displays a relatively poor fit quality.
All these points could be scrutinized by a new measurement of
the Kµ3/Kµ2 branching fraction at the level of a few permil, as
possible at the NA62 experiment. Further, once the experimen-
tal situation is clarified, more robust interpretations of the en-
suing tensions will be possible, especially regarding the role of
right-handed currents both in the strange and non-strange sec-
tor. To make the case for the proposed measurement of the
Kµ3/Kµ2 branching fraction, we first discuss in detail its impact
on the global fit to kaon data and the implications for CKM uni-
tarity in Sec. 2. The consequences for physics beyond the SM
are addressed in Sec. 3, before we conclude in Sec. 4.

2. Global fit to kaon data and implications for CKM uni-
tarity

The current values for Vus and Vus/Vud given in Eq. (7) are
obtained from a global fit to kaon decays [34–37], updated
to include the latest measurements, radiative corrections, and
hadronic matrix elements. In particular, the fit includes data on
KS decays from Refs. [38–44], on KL decays from Refs. [45–
56], and on charged-kaon decays from Refs. [33, 57–70]. Since
we focus on the impact of a new Kµ3/Kµ2 measurement, e.g.,
at NA62, we reproduce the details of the charged kaon fit in
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horizontal band (green) corresponds to VK`3
us . The diagonal band (blue) corre-

sponds to (Vus/Vud)K`2/⇡`2 . The unitarity circle is denoted by the black solid
line. The 68% C.L. ellipse from a fit to all four constraints is depicted in yel-
low (Vud = 0.97378(26), Vus = 0.22422(36), �2/dof = 6.4/2, p-value 4.1%),
it deviates from the unitarity line by 2.8�. Note that the significance tends to
increase in case ⌧ decays are included.

Table 1, where, however, the value for Vus from K`3 decays in-
cludes all charge channels, accounting for correlations among
them. The extraction of Vus from K`3 decays requires further in-
put on the respective form factors, which are taken in the disper-
sive parameterization from Ref. [71], constrained by data from
Refs. [72–78]. This leaves form-factor normalizations, decay
constants, and isospin-breaking corrections in both K`2 and K`3
decays.

For K`2 we follow the established convention to consider the
ratio to ⇡`2 decays [27] (pion lifetime [62, 79–83] and branch-
ing fraction [84–87] are taken from Ref. [12]), since in this ratio
certain structure-dependent radiative corrections [88, 89] cancel
and only the ratio of decay constants FK/F⇡ needs to be pro-
vided. We use the isospin-breaking corrections from Ref. [90]
together with the Nf = 2 + 1 + 1 isospin-limit ratio of de-
cay constants FK/F⇡ = 1.1978(22) [91–94], where this aver-
age accounts for statistical and systematic correlations between
the results, some of which make use of the same lattice en-
sembles. For K`3 decays we use the radiative corrections from
Refs. [95–97] (in line with the earlier calculations [98, 99]), the
strong isospin-breaking correction �SU(2) = 0.0252(11) from
Refs. [98, 100] evaluated with the Nf = 2 + 1 + 1 quark-mass
double ratio Q = 22.5(5) and ratio ms/mud = 27.23(10), both
from Ref. [28] (the value of Q is consistent with Q = 22.1(7)
from ⌘ ! 3⇡ [101] and Q = 22.4(3) from the Cottingham
approach [102]), and the form-factor normalization f+(0) =
0.9698(17) [103, 104]. This global fit then defines the cur-

2

Vus

Vud

 K→
 μν 

/ π→
 μν 

 

(0.22%)

K→ πlν (0.25%)

unitarity0+ → 0+ (0.031%)
Neutron (0.043%)

ΔCKM = |Vud|2 + |Vus|2  + |Vub|2 - 1

VC-Crivellin-Hoferichter-Moulson  2208.11707  
[and references therein, including FLAG21] • Expected experimental improvements: 

• neutron decay  (will match nominal nuclear uncertainty)

• pion beta decay (3x to 10x at PIONEER phases II, III)

• new Kμ3/Kμ2 BR measurement at NA62 (ongoing)

• Further theoretical scrutiny  

• Lattice:  K→π vector f.f.  and  rad. corr. for Kl3

• EFT for neutron and nuclei,  with goal δΔR ~ 2⨉ 10-4 

• …

• Possible BSM explanations:  EFT & specific models

Will discuss in this talk
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• Widely separated mass scales play a role in neutron and nuclear beta  decays
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Weak scale

χSB & nucleon mass scale

Pion mass  / hadronic structure

Q value,  nuclear excitations
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• Small ratios appear as expansion parameters and arguments of logarithms 

• At the required precision (~10-4), need to keep terms of O(GFɑ),  O(GFɑεχ), O(GFεrecoil),   along with                                          

leading logarithms (LL~ (ɑ ln(ε))n)  and next-to-leading logarithms (NLL ~ ɑ (ɑS ln(εW))n,  ɑ (ɑ ln(ε))n )
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Multi-step strategy
• Matching and running in a tower of EFTs:    SM → LEFT → ChPT → πEFT, χEFT /

VC, J. de Vries, L. Hayen, E. Mereghetti,  A. Walker-Loud  2202.10439,  PRL
VC,  W. Dekens, E. Mereghetti, O. Tomalak,  2306. 03138,  PRD

VC,  W. Dekens,, J.de Vries, S. Gandolfi,  M. Hoferichter,  E, Mereghetti,   2405.18469  &   2405.18464 

One nucleon

Multi nucleons

19
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• Matching and running in a tower of EFTs:    SM → LEFT → ChPT → πEFT, χEFT 
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E

Λχ 
 (~GeV)

kF, mπ

   MW.Z

Standard Model

LEFT

(Baryon) ChPT

Pion-less EFT

Integrate out 
pions 

Non-perturbative matching 

Perturbative matching

1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):
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GF√
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M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.
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1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.

1

fr
ee

d
om

.
In

th
e

ca
se

at
h
an

d
th

e
eff

ec
ti
ve

th
eo

ry
is

co
n
st

ru
ct

ed
by

in
te

gr
at

in
g

ou
t
th

e
W

fi
el

d

on
ly

.
T

h
e

m
at

ch
in

g
p
ro

ce
d
u
re

w
h
ic

h
gi

ve
s

th
e

va
lu

es
of

C
1

an
d

C
2

p
ro

ce
ed

s
in

th
re

e
st

ep
s

[6
1]

.
T

h
e

ex
p
li
ci

t
th

re
e

st
ep

s
p
re

se
nt

ed
b
el

ow
ar

e
su

ffi
ci

en
t

fo
r

th
e

su
b
se

qu
en

t
su

m
m

at
io

n
of

th
e

le
ad

in
g

lo
ga

ri
th

m
s

or
eq

u
va

le
nt

ly
fo

r
th

e
le

ad
in

g
te

rm
of

th
e

R
G

im
p
ro

ve
d

p
er

tu
rb

at
io

n

th
eo

ry
.

W
e

w
il
l
ge

n
er

al
iz

e
th

es
e

st
ep

s
in

th
e

n
ex

t
se

ct
io

n
in

or
d
er

to
b
e

ab
le

to
in

cl
u
d
e

al
so

th
e

N
L
O

te
rm

in
th

is
ex

p
an

si
on

.

H
er

e
w

e
go

:

S
te

p
1
:

C
a
lc

u
la

ti
o
n

o
f

A
f
u
ll

T
h
e

cu
rr

en
t-

cu
rr

en
t

d
ia

gr
am

s
of

fi
g.

15
(a

)–
(c

)
an

d
th

ei
r

sy
m

m
et

ri
c

co
u
nt

er
p
ar

ts
,
gi

ve
fo

r

th
e

fu
ll

am
p
li
tu

d
e

A
f
u
ll

to
O

(α
s
)

(m
i
=

0,
p2

<
0)

:

A
f
u
ll

=
G

F
√

2
V

∗ cs
V

u
d

[(

1
+

2C
F
α

s

4π
(1 ε

+
ln

µ
2

−
p2

))

S
2
+

3 N

α
s

4π
ln

M
2 W

−
p2

S
2

−
3
α

s

4π
ln

M
2 W

−
p2

S
1

]
(5

.2
3)

H
er

e:

S
1
≡

⟨Q
1
⟩ tr

ee
=

(s̄
α
c β

) V
−

A
(ū
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f) g) h) i)

e)
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FIG. 1: Diagrams contributing to the matching between �PT and /⇡EFT at O(✏0�). Single, double, wavy and dashed lines
denote, respectively, leptons, nucleons, photons and pions. Dots denote interactions from the lowest order chiral Lagrangians

L
p2
⇡ and L

p
⇡N , while diamonds on a pion line represent insertions of Le2p0

⇡ .

FIG. 2: Diagrams contributing to the matching between �PT and /⇡EFT at O(✏�). Circled dots denote interactions from the

NLO chiral Lagrangian L
p2

⇡N , while diamonds on a nucleon line represent insertions of Le2p0

⇡N . All other notation is as in Fig. 1.

Numerical impact — We now estimate the numerical

impact of the various corrections beginning with �(0,1)
em .

Existing lattice data indicate that gA has a mild m⇡ de-

pendence [10], and we set g
(0)

A = gA = 1.27. Using the
physical masses of charged and neutral pions, the average
nucleon mass mN = 938.9 MeV, and F⇡ = 92.4 MeV, we
obtain Z⇡ = 0.81. The NLO LECs c3 and c4 have been
extracted from pion-nucleon scattering [31, 32]. They
show a sizable dependence on the chiral order at which
the fit to ⇡-N data is carried out (stabilizing between
N2LO and N3LO). In an EFT without explicit � degrees
of freedom, they are dominated by virtual � contribu-
tions and thus anomalously large. We then obtain

c3|NLO
= �3.61(5)GeV�1

, c4|NLO
= 2.17(3)GeV�1

c3|N2LO
= �5.39(5)GeV�1

, c4|N2LO
= 3, 62(3)GeV�1

.

c3|N3LO
= �5.67(6)GeV�1

, c4|N3LO
= 4.35(4)GeV�1

.

(12)

With this input, we obtain
↵

2⇡
�(0)

em
2 {0.25, 0.65} · 10�2

, (13)

↵

2⇡
�(1)

em
2 {1.15, 1.85} · 10�2

, (14)

↵

2⇡
�(1)

em
= {1.15, 1, 70, 1.85} · 10�2

, (15)

where the range in �(0)

em is obtained by setting Ĉ⇡(µ) = 0
and varying µ between mN/2 and mN . The range in

�(1)

em by taking NLO or N3LO extractions of c3,4 [32] (the
N2LO results would give 1.7 · 10�2). While the NLO
correction is somewhat larger than the LO correction,
we stress that this is not the full correction because of
the counter term contribution Ĉ⇡. Combining LO and
NLO corrections, we estimate a correction to gA at the
percent level

�gA/g
(0)

A =
↵

2⇡
�(0+1)

em
2 {1.4, 2.5} · 10�2

. (16)

This shift due to isospin breaking has no impact on the
current first-row CKM discrepancy as the most accurate
determination of gA is extracted from experiments, where
these corrections are automatically included. comment
on future work on isospin-breaking nuclear corrections?
The correction does have a big impact on first-principle
lattice-QCD computations of neutron � decay. Present
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FIG. 1: Diagrams contributing to the matching between �PT and /⇡EFT at O(✏0�) (upper panel) and O(✏�) (lower panel).
Single, double, wavy, and dashed lines denote, respectively, leptons, nucleons, photons, and pions. Dots refer to interactions

from the lowest-order chiral Lagrangians L
p2
⇡ and L

p
⇡N , while diamonds represent insertions of L

e2p0
⇡ . Circled dots denote

interactions from the NLO chiral Lagrangian L
p2

⇡N .

only considered the asymptotic and elastic contributions
to Eq. (11), i.e. inserting a complete set of states in
between every current and retaining only the nucleon.
Assuming isospin symmetry then leads to a vanishing
contribution for the three-point function [15]. Recogniz-
ing diagrams i1, j1, a2, . . . in Fig. 1 to correspond to an
explicit treatment of these vertex corrections, the results
presented here expand upon the simplified approach of
Ref. [15] to find much larger than anticipated isospin-
breaking corrections.

Numerical impact — We now estimate the numerical
impact of the various corrections, starting with our main
new finding, i.e., the electromagnetic shift to � = gA/gV .
Including BSM contributions, the relation between the
experimentally extracted � and the (isosymmetric) QCD
axial charge is given by [9]

� = g
QCD

A

⇣
1 + �

(�)
RC

� 2Re(✏R)
⌘
, (12)

where ✏R ⇠ (246GeV/⇤BSM)2 is a BSM right-handed
current contribution appearing at an energy scale ⇤BSM

[9, 10]. To the order we are working the radiative correc-
tion is

�
(�)
RC

=
↵

2⇡

⇣
�(0)

A,em +�(1)

A,em ��(0)

V em

⌘
. (13)

For the numerical evaluation of the loop contributions to

�(0),(1)
A,em we use Z⇡ = 0.81 (obtained from the physical

pion mass di↵erence and F⇡ = 92.4 MeV) and the av-
erage nucleon mass mN = 938.9 MeV. In the loops we

set g
(0)

A = gA ⇡ 1.27 [6], as the di↵erence formally con-
tributes to higher chiral order. Existing lattice data in-
deed indicate that gA has a mild m⇡ dependence [11, 42].
The NLO LECs c3 and c4 have been extracted from pion-
nucleon scattering [43, 44]. They show a sizable depen-
dence on the chiral order at which the fit to ⇡-N data is
carried out, with a big change between NLO and N2LO,
stabilizing between N2LO and N3LO. For the corrections
we find

�(0)

A�V,em 2 {2.4, 5.7} , �(1)

A,em = {10.0, 14.5, 15.9}, (14)

where the range in �(0)

A�V,em is obtained by setting

ĈA(µ)� ĈV = 0 and varying µ between 0.5 and 1 GeV,

while the three values of �(1)

A,em are obtained by using

c3,4 extracted to NLO, N2LO, and N3LO [44]. While the
NLO correction is somewhat larger than the LO one, we
stress that we do not know the full LO correction because
we have set the counter term contribution ĈA � ĈV to
zero. In addition, in an EFT without explicit � degrees
of freedom, c3 and c4 are dominated by � contributions
and thus anomalously large. Combining the corrections,
we estimate a correction to � at the percent level,

�
(�)
RC

2 {1.4, 2.6} · 10�2
. (15)

This shift has no impact on the current first-row CKM
discrepancy because the most accurate determination
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only considered the asymptotic and elastic contributions
to Eq. (11), i.e. inserting a complete set of states in
between every current and retaining only the nucleon.
Assuming isospin symmetry then leads to a vanishing
contribution for the three-point function [15]. Recogniz-
ing diagrams i1, j1, a2, . . . in Fig. 1 to correspond to an
explicit treatment of these vertex corrections, the results
presented here expand upon the simplified approach of
Ref. [15] to find much larger than anticipated isospin-
breaking corrections.

Numerical impact — We now estimate the numerical
impact of the various corrections, starting with our main
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axial charge is given by [9]
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A = gA ⇡ 1.27 [6], as the di↵erence formally con-
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For the numerical evaluation of the loop contributions to
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pion mass di↵erence and F⇡ = 92.4 MeV) and the av-
erage nucleon mass mN = 938.9 MeV. In the loops we

set g
(0)

A = gA ⇡ 1.27 [6], as the di↵erence formally con-
tributes to higher chiral order. Existing lattice data in-
deed indicate that gA has a mild m⇡ dependence [11, 42].
The NLO LECs c3 and c4 have been extracted from pion-
nucleon scattering [43, 44]. They show a sizable depen-
dence on the chiral order at which the fit to ⇡-N data is
carried out, with a big change between NLO and N2LO,
stabilizing between N2LO and N3LO. For the corrections
we find
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c3,4 extracted to NLO, N2LO, and N3LO [44]. While the
NLO correction is somewhat larger than the LO one, we
stress that we do not know the full LO correction because
we have set the counter term contribution ĈA � ĈV to
zero. In addition, in an EFT without explicit � degrees
of freedom, c3 and c4 are dominated by � contributions
and thus anomalously large. Combining the corrections,
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Figure 3: HBChPT diagrams contributing to the anomalous dimension of gV and to �̃RC at two loop.
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We thus arrive to our final form for the di↵erential decay rate:
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Compared to state-of-the-art analyses of neutron decay in the literature (see e.g. Ref. [38]), our result (104)
amounts to replacing the relativistic Fermi function [53, 109–111, 124–127] with the nonrelativistic one,
F0 ! FNR. While we arrived at this result by constructing the relevant terms of the amplitude in the
EFT framework, one could also argue for this replacement along the following lines. First, recall that
the leading corrections to the phase space coming from the distortion of the electron wavefunction in the
Coulomb field of the proton is usually captured by the function [53]

F0(�) =
2

1 + �
F (�) = 4(2Ee�R)2(��1)

e
⇡y

|�(� + iy)|2

(�(1 + 2�))2
, y =

↵

�
, � =

p
1� ↵2. (105)

This form is obtained by solving the Dirac equation for an electron moving in the charge distribution
of a uniformly charged sphere of radius R [53], but corresponds to a rescaling of the solution of the
Dirac equation for a point-like proton, F (�), evaluated not at the origin, where the wavefunction diverges
logarithmically, but at the “nucleon radius” R. R corresponds to a mass scale much larger than me, and
e↵ectively acts as a UV regulator. So we see that while F0(�) coincides with FNR(�) at one-loop level, F0

includes a dependence on the UV regulator via the logarithms of R that first appear at O(↵2). Expanding
F0 in series of ↵, one obtains

F0(�) = FNR (�)
⇥
1� ↵

2 (�E � 3 + ln(2EeR�)) +O(↵4)
⇤
. (106)

The dependence on the UV regulator R ⇠ 1/µ does not match the µ-dependence of gV (µ) in the MS�
scheme presented so far. In dimensional regularization, indeed, the lnR term in Eq. (106) corresponds to
a UV singularity that appears in the first two diagrams in Fig. 3, when we consider only the contribution
arising from picking the two nucleon poles. This is only one piece of the full anomalous dimension �̃1. In
order not to double-count large logarithms, one should set the logarithmic term in F0 to zero when using
the RGEs to evaluate the large logarithms as we do here. The remaining O(↵2) terms in Eq. (106) are
incomplete and beyond the accuracy of our calculation, which allows us to drop them and replace the
relativistic Fermi function F0 by its nonrelativistic counterpart FNR.
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not include O(↵↵2
s) terms in the running of our Wilson coe�cient (corresponding to the “deep inelastic

scattering” region of the �W box in the literature) that amounts to a net +0.007% in �R; (iv) finally,
di↵erent choices in the factorization between electroweak and mN/me logarithms compared to Refs. [8, 38]
account for the remaining mismatch.

Using �f,R from Eqs. (6)-(5), respectively, in the master formula (4), we can extract Vud. This requires
experimental input for the neutron lifetime ⌧n and the ratio � of axial to vector couplings. Using the
PDG [56, 57] averages for the experimental input, we obtain

V
n, PDG
ud

= 0.97430(2)�f (13)�R(82)�(28)⌧n [88]total. (7)

Both ⌧n and � carry an inflated error due to scale factors. Following Ref. [8], if we instead use the most
precise neutron lifetime measurement ⌧n = 877.75(36) s from UCN⌧@LANL [58] and the determination
of � from the most precise measurement of the beta asymmetry in polarized neutron decay by PERKEO-
III [59, 60], we obtain a very competitive extraction of Vud from neutron decay:

V
n, best
ud

= 0.97402(2)�f (13)�R(35)�(20)⌧n [42]total, (8)

with an uncertainty approaching the currently quoted error �Vud = 31⇥ 10�5 from 0+ ! 0+ nuclear beta
decays [7]. Compared to the baseline correction of Refs. [1–6, 8], the positive shift of +0.061% in �R and
the negative shift of �0.035% in �f partially compensate, producing a smaller positive shift of +0.026%
in the correction to the rate. This one, in turn, provides a negative shift in Vud, �Vud ' �13 ⇥ 10�5,
compared to the results quoted in Ref. [8].

In the remainder of this paper, we provide details on the derivation of the results presented above.

3 Step I: matching the Standard Model to LEFT

In this Section, we perform the matching of the Standard Model to the LEFT and present the RGE that
control the e↵ective couplings in the LEFT between the electroweak and QCD scales. We then introduce
spurions and external sources in the LEFT to describe the electromagnetic and weak interactions of
quarks [47, 61], which is particularly useful in the matching of LEFT to chiral perturbation theory,
to be described in subsequent sections. Throughout, we regulate the UV divergences in dimensional
regularization, working in d = 4� 2✏ spacetime dimensions.

3.1 Wilson coe�cient and RGE

The part of the LEFT Lagrangian relevant for muon and � decays just below the weak scale reads

LLEFT = �2
p
2GF ēL�⇢µL ⌫̄µL�

⇢
⌫eL � 2

p
2GFVud C

r

�(a, µ) ēL�⇢⌫eL ūL�
⇢
dL + h.c.+ ... . (9)

Here µ denotes the MS renormalization scale and

GF =
⇡↵ (µ) g (µ)

p
2M2

W
(µ) s2

W
(µ)

, (10)

is the scale-independent Fermi constant, that is extracted from precise measurements of the muon life-
time [62–65], expressed in terms of MS Standard Model parameters (with s

2
W

= 1 � M
2
W
/M

2
Z
). The

function g (µ) can be found in Ref. [66] and reduces to g (µ) = 1 at tree level. The e↵ective coupling
multiplying the semileptonic operator that mediates � decays involves the same GF as the pure-leptonic
term in Eq. (9), the CKM matrix element Vud, and the MS-subtracted Wilson coe�cient Cr

�
(a, µ), which

reads [36, 66, 67]

C
r

� (a, µ) = 1 +
↵

⇡
ln

MZ

µ
+

↵

⇡
B (a)�

↵↵s

4⇡2
ln

MW

µ
+O(↵↵s) +O(↵2), (11)

B (a) =
a

6
�

3

4
. (12)
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The finite O(↵) matching coe�cient depends on the scheme through B(a). We have used the Naive
Dimensional Regularization (NDR) scheme for �5 and kept track of the additional evanescent operator
scheme dependence via the parameter a, defined by [68–70]

�
↵
�
⇢
�
�PL ⌦ ���⇢�↵PL = 4 [1 + a (4� d)] �⇢PL ⌦ �⇢PL + E (a) , (13)

with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.

The renormalized Wilson coe�cient Cr

�
(a, µ) obeys the following RGE:

µ
dCr

�
(a, µ)

dµ
= �(↵,↵s) C

r

� (a, µ) , (14a)

�(↵,↵s) = �0
↵

⇡
+ �1

⇣
↵

⇡

⌘2
+ �se

↵

⇡

↵s

4⇡
+ · · · , (14b)

�0 = �1 [36], (14c)

�
NDR

1 (a) =
ñ

18
(2a+ 1) , ñ =

X

f

nfQ
2
f , (14d)

�se = +1 [36, 66, 71], (14e)

where ñ is the scale-dependent e↵ective number of fermions, ↵ (µ) and ↵s (µ) are the electromagnetic
and strong running coupling constants. We have obtained �

NDR
1 (a) by adapting the QCD calculation

in [68]. As far as we know, this is the first time the full two-loop anomalous dimension is worked out.2

With appropriate rescalings of the QCD diagrams of Ref. [68], we also reproduce �se = 1. �0 and �se

are scheme-independent. The scheme independence of �se follows from the general argument given in
Ref. [72], combined with the fact that there is no finite matching term nor anomalous dimension to O(↵s)
for the operator under study here. On the other hand, �1 depends on both the treatment of �5 in d

spacetime dimensions and on the scheme used for evanescent operators.
In our final result, we will use the numerical solution for C

r

�
(a, µ). However, it is quite instructive

to provide an approximate analytic solution, based on the perturbative treatment of the next-to-leading
logarithm (NLL) terms associated with the scheme-dependent two-loop anomalous dimension �1(a) =
O(↵2) and the finite one-loop matching condition B(a). First, setting �1(a) ! 0 and consistently taking
as an initial condition C

r

�
(a, µSM ) = 1, generalizing the result of Ref. [71] given at the ⌧ -mass scale, we

obtain the solution

C̃
r

�(µ) =

✓
↵ (mc)

↵ (µ)

◆ 3
8
✓
↵ (m⌧ )

↵ (mc)

◆ 9
32
✓
↵ (mb)

↵ (m⌧ )

◆ 9
38
✓
↵ (µSM )

↵ (mb)

◆ 9
40

⇥

✓
↵s (mc)

↵s (µ)

◆ 1
18

↵(µ)
⇡

✓
↵s (mb)

↵s (mc)

◆ 3
50

↵(mc)
⇡

✓
↵s (µSM )

↵s (mb)

◆ 3
46

↵(mb)
⇡

, (15)

where we have subsequently integrated out the b quark, ⌧ lepton, and c quark, and the strong and
electromagnetic running couplings are obtained by solving the one-loop RGEs. This solution resums all
the terms of O(↵n lnn(µSM/µ)) and O(↵↵n

s ln
n(µSM/µ)). We can then perturbatively include the e↵ects

of O(↵2 ln(µSM/µ)) due to �1(a) and B(a), arriving at

C
r

�(a, µ) =

✓
1 +

↵(µ)

⇡
B(a)

◆
⇥ C̃

r

�(µ)⇥ �NLL(µ), (16)

2
Ref. [38] quotes the ñ-enhanced component of �1. Taking into account the di↵erent normalization, Ref. [38] obtains

�NDR
1 (a = �1) = �(1/16)⇥ (44/9)ñ+O(ñ0

), while we find �NDR
1 (a = �1) = �(1/16)⇥ (8/9)ñ for the total.
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scheme dependence via the parameter a, defined by [68–70]
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with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.
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1 (a) by adapting the QCD calculation
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⇡
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Adapt results from Buras-Weisz
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where

�NLL(µ) = 1� 

 
ñ(mb)

✓
↵(mb)

⇡

◆2

ln
µSM

mb

+ ñ(m⌧ )

✓
↵(m⌧ )

⇡

◆2

ln
mb

m⌧

+ ñ(mc)

✓
↵(mc)

⇡

◆2

ln
m⌧

mc

+ ñ(µ)

✓
↵(µ)

⇡

◆2

ln
mc

µ

!

⇡ 1�  ñ(mb)

✓
↵(µ)

⇡

◆2

ln
µSM

µ
, (17)

and the scheme-independent combination  is given by3

 =
1

ñ

✓
�1(a) +

1

2
�0B(a)

◆
=

5

9
. (18)

In the equation above, �0 = �(4/3)ñ controls the one-loop � function for ↵ via µd↵/dµ = �(�0/(2⇡))↵2.
The scale-dependent e↵ective number of fermions takes the values ñ(µ < mc) = 4, ñ(mc) = 16/3, ñ(m⌧ ) =
19/3, and ñ(mb) = 20/3. Note that the scheme dependence of Cr

�
(a, µ) in the solution (16) appears only

through the initial factor involving B(a). As we will show below, this term explicitly cancels when one
includes the O(↵) corrections to the matrix element of the semileptonic operator ūL�↵dLēL�↵⌫eL.

We also provide an analytic solution to the RGE (14) in terms of the evolution operator U(µ, µSM )
to NLL accuracy, formally written as C

r

�
(a, µ) = U(µ, µSM )Cr

�
(a, µSM ), with the initial condition

C
r

�
(a, µSM ) = 1 + (↵/⇡)(ln(MZ/µSM ) + B (a)). Using the two-loop running coupling ↵(µ) and the

one-loop running ↵s(µ), we resum the series of leading logarithms (n � 1) O(↵n lnn(µSM/µ)), and sub-
leading logarithms O(↵↵n

s ln
n(µSM/µ)) and O(↵n+1 lnn(µSM/µ)). The NLL solution for the evolution

operator U(µ1, µ2), valid between two mass thresholds µ1 and µ2 takes the form [73–75]

U(µ1, µ2) =

✓
↵(µ1)

↵(µ2)

◆� 2�0
�0
✓
↵s(µ1)

↵s(µ2)

◆� 2�se
�0,s

↵(µ1)
4⇡

1�

2�1
�0

↵(µ1)� ↵(µ2)

⇡

�
, (19)

where we expanded ↵ with respect to its two-loop beta function, �1, after which the �1 dependence cancels
in Eq. (19). Therefore, both ↵ and ↵s in Eq. (19) are evaluated using the one-loop RGEs, and the QCD
beta function �0,s is expressed in terms of the number of active quarks nf as �0,s = (11Nc � 2nf ) /3.
Neglecting two-loop matching conditions, the evolution operator between the electroweak scale, µSM ,
and the low-energy scale, µ, can then be obtained by using Eq. (19) between each particle threshold
U(µ, µSM ) = U(µ,mc)U(mc,m⌧ )U(m⌧ ,mb)U(mb, µSM ).

3.2 External sources and spurions

The matching of LEFT to HBChPT is conveniently performed by introducing classical source fields l̄µ(x)
and r̄

µ(x) for the left- and right-handed chiral currents of quarks as well as electromagnetic left qL and
right qR spurions, and the weak spurion qW [47, 61, 76, 77]. These allow one to handle the explicit
chiral symmetry breaking introduced by the electromagnetic and weak interactions at the quark level in
a compact way. With this motivation in mind, we write the source term for currents plus the QED and
weak CC interactions of the light quarks qT = (u, d) as

LLEFT = q̄L/̄l qL + q̄R/̄rqR � e
�
q̄LqL /AqL + q̄RqR /AqR

�
+ (ēL�⇢⌫eL q̄LqW�

⇢
qL + h.c.) + ..., (20)

where A
µ denotes the photon field. The Lagrangian in (20) is invariant under local G = SU(2)L ⇥

SU(2)R ⇥ U(1)V transformations

qL ! L(x)ei↵V (x)
qL, qR ! R(x)ei↵V (x)

qR, (21)

3
Ref. [38] finds  = 2/9, more than a factor of two smaller compared to our result.
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with L,R 2 SU(2)L,R, provided qL,R and qW transform as “spurions” under the chiral group, namely
qL,W ! LqL,WL

† and qR ! RqRR
†, and that l̄µ and r̄µ transform as gauge fields under G. At the

physical point,
qL = qR = diag(Qu, Qd), qW = �2

p
2GFVudC

r

� ⌧
+
, (22)

with ⌧
+ = (⌧1+i⌧

2)/2 in terms of the Pauli matrices ⌧a. Note that we include the LEFTWilson coe�cient
C

r

�
in the definition of the spurion qW . With this identification, Eq. (20) reproduces the semileptonic

piece of Eq. (9).
The O(e2) counterterms in the LEFT Lagrangian can be written in terms of spurions as [47]

L
CT
LEFT = �2e2Q2

eg00 ē
�
i/@ � eQe /A�me

�
e� ig23e

2 (q̄L [qL, D
⇢qL] �⇢qL + q̄R [qR, D

⇢qR] �⇢qR)

+ e
2
Qe

⇣
ēL�⇢⌫L (g02 q̄LqWqL�

⇢
qL + g03 q̄LqLqW�

⇢
qL) + h.c.

⌘
, (23)

where g00 is the counterterm related to the electron wavefunction renormalization, g02 and g03 come
from the counterterm of C� , while g23 includes contributions from both the counterterm of C� as well as
divergences related to the quark wavefunction renormalization. Furthermore,

D
⇢qL ⌘ @

⇢qL � i [l⇢,qL] , (24)

D
⇢qR ⌘ @

⇢qR � i [r⇢,qR] , (25)

are chiral covariant derivatives, expressed in terms of the fields lµ(x) and r
µ(x) that combine the classical

sources and the electroweak fields:

lµ = l̄µ � eqLAµ + qW ēL�µ⌫eL + q†
W
⌫̄eL�µeL, (26)

rµ = r̄µ � eqRAµ. (27)

In the MS scheme, the gij couplings appearing in Eq. (23) are determined by the 1/" divergences and can
be written as

gij =
hij

(4⇡)2

✓
1

"
� �E + ln (4⇡)

◆
, (28)

with h00 = 1/2, h23 = (1/2)(1� ↵s/⇡), h02 = �1� ↵s/⇡, and h03 = 4� 2↵s/⇡.

4 Step II: matching LEFT to HBChPT

The goal of this section is to find a representation for the LECs appearing in ĈV , see (3), in terms of
the LEFT counterterms gij and quark correlation functions, which can then be modeled or computed via
non-perturbative techniques such as lattice QCD.

4.1 The Chiral Lagrangian

The chiral representation of Eq. (23) can be built using standard spurion techniques. As in Eq. (23), we
will need purely leptonic operators, purely electromagnetic operators, and operators with charged leptons
and neutrinos. The corresponding chiral Lagrangians were built in Refs. [44, 61, 78–80]. Here we extend
the bases of [44, 80] in order to avoid assumptions regarding qL and qR, allowing us to keep the spurions
qL,R completely general. Moreover, we do not use the equations of motions to reduce the operator set in
order to avoid hadronic contributions to purely leptonic LECs [47].

As we will see below, to perform the matching between LEFT and HBChPT it is convenient to
introduce vector and axial-vector charge spurions and sources, which we define as

qV = qL + qR, qA = qL � qR, v⇢ = l⇢ + r⇢, a⇢ = l⇢ � r⇢. (29)
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with L,R 2 SU(2)L,R, provided qL,R and qW transform as “spurions” under the chiral group, namely
qL,W ! LqL,WL

† and qR ! RqRR
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�
i/@ � eQe /A�me

�
e� ig23e

2 (q̄L [qL, D
⇢qL] �⇢qL + q̄R [qR, D

⇢qR] �⇢qR)

+ e
2
Qe

⇣
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where g00 is the counterterm related to the electron wavefunction renormalization, g02 and g03 come
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are chiral covariant derivatives, expressed in terms of the fields lµ(x) and r
µ(x) that combine the classical
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with h00 = 1/2, h23 = (1/2)(1� ↵s/⇡), h02 = �1� ↵s/⇡, and h03 = 4� 2↵s/⇡.

4 Step II: matching LEFT to HBChPT

The goal of this section is to find a representation for the LECs appearing in ĈV , see (3), in terms of
the LEFT counterterms gij and quark correlation functions, which can then be modeled or computed via
non-perturbative techniques such as lattice QCD.

4.1 The Chiral Lagrangian

The chiral representation of Eq. (23) can be built using standard spurion techniques. As in Eq. (23), we
will need purely leptonic operators, purely electromagnetic operators, and operators with charged leptons
and neutrinos. The corresponding chiral Lagrangians were built in Refs. [44, 61, 78–80]. Here we extend
the bases of [44, 80] in order to avoid assumptions regarding qL and qR, allowing us to keep the spurions
qL,R completely general. Moreover, we do not use the equations of motions to reduce the operator set in
order to avoid hadronic contributions to purely leptonic LECs [47].

As we will see below, to perform the matching between LEFT and HBChPT it is convenient to
introduce vector and axial-vector charge spurions and sources, which we define as

qV = qL + qR, qA = qL � qR, v⇢ = l⇢ + r⇢, a⇢ = l⇢ � r⇢. (29)
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)
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where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain

�V V |
LEFT =

e
2

(4⇡)2

✓
1

2

⇣
1�

↵s

⇡

⌘
ln

µ
2

µ2
0

+
1

4
�

1� ⇠

2

✓
ln

µ
2

�2
�

+ 1

◆
�

⇠

2
ln ⇠

+(4⇡)2
ˆ

d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

!
, (50)

where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T
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IR = i/ (v · q)
and obtain
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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instead of the conventional MS subtraction used in LEFT:
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For the electromagnetic Lagrangian L
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, we use the construction of Ref. [80]. Only one operator is

required to describe Fermi transitions,
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For the electroweak sector with charged leptons and neutrinos, we provide the most general weak-
interaction Lagrangian in the heavy-baryon sector with one charge and one weak spurion, where we
only assumed the constraint hqW i = 0 [81]:
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where g
(0)
A

denotes the nucleon axial coupling in the chiral limit and

O1 = [QL,Q
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L ], O2 = [QR,Q
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L ],

O3 = {QL,Q
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L }, O4 = {QR,Q
W

L },

O5 = hQLQ
W

L i, O6 = hQRQ
W

L i. (42)

The dimensionless low-energy coupling constants in Ref. [44] are related to the couplings in Eq. (41) by

the relations X̃1/C
r
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= V1 + V3 + V4 �A1 �A3 �A4, X̃2/C
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when the spurions take physical values. In Ref. [44], the authors have used
the equations of motion to eliminate some S

⇢-dependent operators. In addition, they reduced operators
that are bi-linear in spurions to linear expressions by exploiting the relations qLqW = (2/3)qW and
qWqL = �(1/3)qW , valid for physical values of the spurions.

As realized in the mesonic sector in Refs. [47, 77], we can interpret amplitudes in LEFT and in
HBChPT as functionals of the same charges q0,a(x), promoted to be spacetime-dependent external fields.
The matching between the LEFT and HBChPT can then be obtained by equating functional derivatives
of the e↵ective action with respect to q

0,a(x) in both theories. As we will see, this allows us to derive
an explicit representation for the LECs and to keep track of unphysical scale and scheme dependence
appearing at intermediate steps of the calculation.

4.2 Electromagnetic coupling constant

We start from the electromagnetic coupling g9. Expanding the charge covariant derivative in Eq. (40),
we obtain
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g9 can then be evaluated by taking functional derivatives with respect to two isovector charges, provided
that the charge carries non-zero momentum, or by taking three derivatives, two with respect to the charges
and one with respect to a vector or axial source. The first representation is more convenient, since, as we
will see, it allows one to automatically obtain cancellations between electromagnetic and weak couplings.

More precisely, we will consider the following object:

�V V =
"
abc

⌧
c

ij
�
�
0
�

12

i

2
v⇢

@

@r⇢

0

@
ˆ

ddxeir·xhN(k0,�0
, j)|

�
2
W (qV ,qA)

�qb

V
(x) �qa

V
(0)

�����
q=0

|N(k,�, i)i

1

A
�����
r⇢=0

, (44)

12

=

instead of the conventional MS subtraction used in LEFT:

1

"
� �E + ln (4⇡) . (39)

For the electromagnetic Lagrangian L
e
2
p

⇡N
, we use the construction of Ref. [80]. Only one operator is

required to describe Fermi transitions,

L
e
2
p

⇡N
= e

2
g9N̄v

✓
i

2

⇥
Q+, v · c

+
⇤
+ h.c.

◆
Nv. (40)

For the electroweak sector with charged leptons and neutrinos, we provide the most general weak-
interaction Lagrangian in the heavy-baryon sector with one charge and one weak spurion, where we
only assumed the constraint hqW i = 0 [81]:

L
e
2
p

⇡N`
= e

2
6X

i=1
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g9 can then be evaluated by taking functional derivatives with respect to two isovector charges, provided
that the charge carries non-zero momentum, or by taking three derivatives, two with respect to the charges
and one with respect to a vector or axial source. The first representation is more convenient, since, as we
will see, it allows one to automatically obtain cancellations between electromagnetic and weak couplings.
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)

gµ⌫T
µ⌫

V V
(q, v)

��
OPE

=
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where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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For the electroweak sector with charged leptons and neutrinos, we provide the most general weak-
interaction Lagrangian in the heavy-baryon sector with one charge and one weak spurion, where we
only assumed the constraint hqW i = 0 [81]:
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The dimensionless low-energy coupling constants in Ref. [44] are related to the couplings in Eq. (41) by
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the equations of motion to eliminate some S
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that are bi-linear in spurions to linear expressions by exploiting the relations qLqW = (2/3)qW and
qWqL = �(1/3)qW , valid for physical values of the spurions.

As realized in the mesonic sector in Refs. [47, 77], we can interpret amplitudes in LEFT and in
HBChPT as functionals of the same charges q0,a(x), promoted to be spacetime-dependent external fields.
The matching between the LEFT and HBChPT can then be obtained by equating functional derivatives
of the e↵ective action with respect to q

0,a(x) in both theories. As we will see, this allows us to derive
an explicit representation for the LECs and to keep track of unphysical scale and scheme dependence
appearing at intermediate steps of the calculation.

4.2 Electromagnetic coupling constant

We start from the electromagnetic coupling g9. Expanding the charge covariant derivative in Eq. (40),
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g9 can then be evaluated by taking functional derivatives with respect to two isovector charges, provided
that the charge carries non-zero momentum, or by taking three derivatives, two with respect to the charges
and one with respect to a vector or axial source. The first representation is more convenient, since, as we
will see, it allows one to automatically obtain cancellations between electromagnetic and weak couplings.

More precisely, we will consider the following object:
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At the order we are working, the electron and neutrinos can be taken to be massless and to carry zero
momentum.

The HBChPT diagrams contributing to �(0,1)
VW

are shown in Fig. 2. The loop diagrams cancel for
isoscalar electromagnetic couplings, so that we obtain
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In the LEFT, the isovector and isoscalar components are given by
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ē/vPL⌫e

g02 + g03

12

+
e
2

2

ˆ
iddq

(2⇡)d
1

q2
�
q2 � �2

�
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The integrals of the subtracted hadronic tensors T̄ are convergent, so that we can perform the Dirac
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At the order we are working, the electron and neutrinos can be taken to be massless and to carry zero
momentum.
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ē/vPL⌫e. (61)

The integrals of the subtracted hadronic tensors T̄ are convergent, so that we can perform the Dirac
algebra on the leptonic leg in d = 4 dimension. Putting everything together, we arrive at the matching

15

while V3 and V4 from the isoscalar component. We thus define two matrix elements
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ē�µ/q�⌫PL⌫e

�
T
µ⌫

V V
� T

µ⌫

V A

���
OPE

= i


3d� 2

d
�

1

2

↵s

⇡

�
q
2

q2 � µ2
0
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)
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where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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• Require that functional derivatives of the LEFT / ChPT generating functionals w.r.t. spurions (qL,R  & qW) coincide

• Typical matching condition 

Correlation function of QCD currents in the nucleon. 
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• Identify LECs of  πEFT (gV, gA, …) in terms of 

• ChPT LECs themselves → contribute to both gV and gA  

• ChPT loops involving pions (“integrate out pions”) → contribute only to gA  

/

Test
Test
Test
Test
Test
Test

L/⇡ = �
p
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1PI diagrams contributing to O(GFɑ)

n p

eν

γ π

10

4

FIG. 1: Diagrams contributing to the matching between �PT and /⇡EFT at O(✏0�). Single, double, wavy and dashed lines
denote, respectively, leptons, nucleons, photons and pions. Dots denote interactions from the lowest order chiral Lagrangians

L
p2
⇡ and L

p
⇡N , while diamonds on a pion line represent insertions of Le2p0

⇡ .

FIG. 2: Diagrams contributing to the matching between �PT and /⇡EFT at O(✏�). Circled dots denote interactions from the

NLO chiral Lagrangian L
p2

⇡N , while diamonds on a nucleon line represent insertions of Le2p0

⇡N . All other notation is as in Fig. 1.

Numerical impact — We now estimate the numerical

impact of the various corrections beginning with �(0,1)
em .

Existing lattice data indicate that gA has a mild m⇡ de-

pendence [10], and we set g
(0)

A = gA = 1.27. Using the
physical masses of charged and neutral pions, the average
nucleon mass mN = 938.9 MeV, and F⇡ = 92.4 MeV, we
obtain Z⇡ = 0.81. The NLO LECs c3 and c4 have been
extracted from pion-nucleon scattering [31, 32]. They
show a sizable dependence on the chiral order at which
the fit to ⇡-N data is carried out (stabilizing between
N2LO and N3LO). In an EFT without explicit � degrees
of freedom, they are dominated by virtual � contribu-
tions and thus anomalously large. We then obtain

c3|NLO
= �3.61(5)GeV�1

, c4|NLO
= 2.17(3)GeV�1

c3|N2LO
= �5.39(5)GeV�1

, c4|N2LO
= 3, 62(3)GeV�1

.

c3|N3LO
= �5.67(6)GeV�1

, c4|N3LO
= 4.35(4)GeV�1

.

(12)

With this input, we obtain
↵

2⇡
�(0)

em
2 {0.25, 0.65} · 10�2

, (13)

↵

2⇡
�(1)

em
2 {1.15, 1.85} · 10�2

, (14)

↵

2⇡
�(1)

em
= {1.15, 1, 70, 1.85} · 10�2

, (15)

where the range in �(0)

em is obtained by setting Ĉ⇡(µ) = 0
and varying µ between mN/2 and mN . The range in

�(1)

em by taking NLO or N3LO extractions of c3,4 [32] (the
N2LO results would give 1.7 · 10�2). While the NLO
correction is somewhat larger than the LO correction,
we stress that this is not the full correction because of
the counter term contribution Ĉ⇡. Combining LO and
NLO corrections, we estimate a correction to gA at the
percent level

�gA/g
(0)

A =
↵

2⇡
�(0+1)

em
2 {1.4, 2.5} · 10�2

. (16)

This shift due to isospin breaking has no impact on the
current first-row CKM discrepancy as the most accurate
determination of gA is extracted from experiments, where
these corrections are automatically included. comment
on future work on isospin-breaking nuclear corrections?
The correction does have a big impact on first-principle
lattice-QCD computations of neutron � decay. Present

At this order a number of local operators also appears, 
with yet undetermined Low Energy Constants  (LECs)

1PI diagrams contributing to O(GFɑεχ)

11

Circled dots: vertices from NLO pion-nucleon Lagrangian  
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To construct the e↵ective chiral Lagrangians, we intro-
duce the nucleon and pion fields as follows.

N =

✓
p

n

◆
, U = u

2 = e
i⇧/(F )

, ⇧ =

✓
⇡
0

p
2⇡+

p
2⇡�

�⇡
0

◆

(19)
and F ⇠ F⇡ = 92.4 MeV. These fields transform under
the chiral group as follows

u ! LuK
†(u) = K(u)uR† (20a)

U ! LUR
† (20b)

N ! K(u)N (20c)

K(u) is a pion-dependent SU(2)V transformation.
To construct chiral invariant Lagrangians, it is very

useful to use chiral-covariant derivatives

DµU ⌘ @µU � ilµU + iUrµ ! L(DµU)R† (21a)

rµN ⌘ (@µ + �µ)N ! K(rµN) (21b)

�µ =
1

2

⇥
u(@µ � irµ)u

† + u
†(@µ � ilµ)u

⇤

! K(u)�µK(u)† +K(u)@µK(u)† . (21c)

It is also very useful to use combinations of fields that
transform homogeneously with K(u):

uµ = i
⇥
u(@µ � irµ)u

†
� u

†(@µ � ilµ)u
⇤

! K(u)uµK(u)† (22a)

�± = u
†
�u

†
± u�

†
u ! K(u)�±K(u)† (22b)

Q
EM,W
L = u

†
Q

EM,W
L u ! K(u)QEM,W

L K(u)†(22c)

Q
EM
R = uQ

EM
R u

†
! K(u)QEM

R K(u)† (22d)

The standard �PT power counting assumes that exter-
nal momenta and meson masses are comparable (qext ⇠
m⇡). Including charged lepton masses one assumes p ⇠

qext ⇠ mµ ⇠ m⇡ ⌧ ⇤� ⇠ 4⇡F⇡ ⇠ mN . Given this, one
makes the following assignments:

@ ⇠ p , �± ⇠ B0mq ⇠ m
2

⇡ ⇠ p
2
. lµ, rµ ⇠ p , (23)

with the latter identification implying e ⇠ p and GF ⇠ p

(though we will never go beyond one insertion of GF and
two insertions of the electromagnetic coupling e). The
above scalings allow us to assign chiral dimension to each
lagrangian vertex in a straightforward way.

The pion Lagrangian has the usual expansion in even
chiral powers:

L⇡ = L
(2)

⇡ + L
(4)

⇡ + ... (24a)

L
(2)

⇡ = L
p2

⇡ + L
e2p0

⇡

=
F

2

4
huµu

µ + �+i+ e
2
Z⇡F

4
hQ

EM
L Q

EM
R i, (24b)

which leads to the identification

m
2

⇡± �m
2

⇡0 = 2e2F 2

⇡Z⇡ . (25)

The leptonic Lagrangian has chiral dimension n = 1:

Llept = ē
�
i/@ + e /A�me

�
e+ ⌫̄i/@⌫ . (26)

The pion-nucleon Lagrangian has both odd and even
chiral powers, starting at n = 1:

L⇡N = L
(1)

⇡N + L
(2)

⇡N + L
(3)

⇡N + ... (27a)

L
(1)

⇡N = L
p
⇡N = N̄viv ·rNv + g

(0)

A N̄vS · uNv (27b)

L
(2)

⇡N = L
p2

⇡N + L
e2p0

⇡N (27c)

L
(3)

⇡N = L
p3

⇡N + L
e2p
⇡N + L

e2p
⇡N` (27d)

where in the nucleon rest-frame v
µ = (1,0) and S

µ =
(1,�/2). We have displayed explicitly here only the lead-
ing order Lagrangians and we will report below the ap-
propriate higher order terms as needed. All these e↵ec-
tive Lagrangian are know in the literature, see for exam-

ple Ref. [24], except for Le2p
⇡N`, which is needed to reabsorb

divergences from loops that involve virtual baryons, pi-
ons, leptons, and photons. We report here only the terms
that play a significant role in our analysis.
The one-loop diagrams with virtual nucleons, pions,

and photons generate divergences which are absorbed by

counterterms in the Le2p
⇡N Lagrangian. A minimal version

was constructed in Ref. [24]

L
e2p
⇡N = e

2
X

i=1,12

gi N̄v O
e2p
i Nv , (28)

Only four operators contribute to neutron decay at tree
level,

O
e2p
1

= hQ
2

+
�Q

2

�iS · u (29a)

O
e2p
2

= hQ+i
2
S · u (29b)

O
e2p
9

=
i

2
[Q+, v · c

+] + h.c. (29c)

O
e2p
11

=
i

2
[Q+, S · c

�] , (29d)

with

c
±
µ = �

i

2

�
u[lµ, Q]u†

± u
†[rµ, Q]u

�
. (30)

As standard practice in �PT, the divergences are sub-
tracted as follows:

gi = ⌘i �(µ) + g
r
i (µ) ,

�(µ) =
µ
d�4

(4⇡)2

✓
1

d� 4
�

1

2
(�� + log 4⇡ + 1)

◆
.(31)

The coe�cients ⌘i can be found in Table 5 of Ref. [24],
The one-loop diagrams with virtual nucleons, pions,

photons, and charged leptons generate divergences which
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p
⇡N = N̄viv ·rNv + g

(0)

A N̄vS · uNv (27b)

L
(2)

⇡N = L
p2

⇡N + L
e2p0

⇡N (27c)

L
(3)

⇡N = L
p3

⇡N + L
e2p
⇡N + L

e2p
⇡N` (27d)

where in the nucleon rest-frame v
µ = (1,0) and S

µ =
(1,�/2). We have displayed explicitly here only the lead-
ing order Lagrangians and we will report below the ap-
propriate higher order terms as needed. All these e↵ec-
tive Lagrangian are know in the literature, see for exam-

ple Ref. [24], except for Le2p
⇡N`, which is needed to reabsorb

divergences from loops that involve virtual baryons, pi-
ons, leptons, and photons. We report here only the terms
that play a significant role in our analysis.
The one-loop diagrams with virtual nucleons, pions,

and photons generate divergences which are absorbed by

counterterms in the Le2p
⇡N Lagrangian. A minimal version

was constructed in Ref. [24]

L
e2p
⇡N = e

2
X

i=1,12

gi N̄v O
e2p
i Nv , (28)

Only four operators contribute to neutron decay at tree
level,

O
e2p
1

= hQ
2

+
�Q

2

�iS · u (29a)

O
e2p
2

= hQ+i
2
S · u (29b)

O
e2p
9

=
i

2
[Q+, v · c

+] + h.c. (29c)

O
e2p
11

=
i

2
[Q+, S · c

�] , (29d)

with

c
±
µ = �

i

2

�
u[lµ, Q]u†

± u
†[rµ, Q]u

�
. (30)

As standard practice in �PT, the divergences are sub-
tracted as follows:

gi = ⌘i �(µ) + g
r
i (µ) ,

�(µ) =
µ
d�4

(4⇡)2

✓
1

d� 4
�

1

2
(�� + log 4⇡ + 1)

◆
.(31)

The coe�cients ⌘i can be found in Table 5 of Ref. [24],
The one-loop diagrams with virtual nucleons, pions,

photons, and charged leptons generate divergences which

LEC
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FIG. 2: Overview of the required shift to lattice QCD de-
terminations of gA and comparison with current experimen-
tal determination of �. The bottom panel shows the shift
and increased uncertainty in magenta with corrected val-
ues. The keys in the figure are FLAG21 [21], CalLat19 [22],
PNDME18 [42], PDG21 [6], PERKEO3 [23], UCNA [45].

of � is at present obtained from experiments, where
these corrections are automatically included. The correc-
tion does have a big impact when comparing with first-
principles lattice QCD computations of neutron � decay.
Present lattice calculations of gA work in the isospin limit
without QED, but Eq. (15) shows these results cannot be
directly compared to the experimentally extracted value
of gA without subtracting the newly identified isospin-
breaking radiative corrections in this Letter.

In Fig. 2 we show the significance of the correction �
(�)
RC

in comparing lattice QCD calculations with the state-of-
the-art experimental determination of �. Compared to
the most precise individual lattice calculation [22], our
radiative corrections corresponds to a 2.7� shift and a
more modest ⇠ 1� shift in the conservative FLAG’21
average [21]. �

(�)
RC

generally improves the agreement be-
tween lattice QCD and experimental determination of
� and is essential if one wishes to obtain robust ranges
(or constraints) on right-handed currents. For example,
assuming existing central values and an increased lattice-

QCD precision, the neglect of radiative corrections (�(�)
RC

)
would wrongfully point to BSM physics at O(1TeV).

Isospin-breaking corrections to the weak magnetism do
translate into explicit spectral changes (see the appendix
for the full di↵erential decay rate). Relative corrections
of O(10�4) occur in the SM predictions of both a, the
�-⌫ angular correlation, and A, the �-asymmetry. These
are comparable to anticipated experimental precision in
the coming decade within the context of CKM unitarity
tests [12]. Even larger relative changes (O(0.1%)) can
occur due to cancellations in the leading-order SM pre-
diction, such as in nuclear mirror systems used in com-

plementary |Vud| determinations [46]. An extension of
this e↵ort to nuclear systems is deemed crucial and fits
within rejuvenated superallowed e↵orts [5, 47]. On the
other hand, the induced tensor coupling cT produces a
shift to the Fierz term and the neutrino-asymmetry pa-
rameter B at the level of 10�5, negligible in light of the
expected experimental accuracies.

Conclusions and outlook — By using a systematic ef-
fective field theory approach we have identified and com-
puted novel radiative corrections to neutron �-decay.
The largest correction, at the percent level, can be under-
stood as a QED correction to the nucleon axial charge.
While this does not impact the extraction of Vud from
experiments, it has important consequences for the po-
tential of �-decay experiments to constrain BSM right-
handed currents when comparing the measured value of
� = gA/gV to the first-principles calculation of the same
quantity with lattice QCD. In addition, we have iden-
tified changes in the neutron di↵erential decay rate, in
particular a shift in the �-⌫ angular correlation and the
�-asymmetry, that are relevant for next-generation ex-
periments.

The new shift in the nucleon axial charge depends upon
non-analytic contributions associated with pion loops as
well as analytic short-distance corrections parameterized
by LECs. The LECs that lead to the largest part of
the correction (c3 and c4) are precisely extracted from
pion-nucleon scattering data, but others are presently
unknown leading to a sizable uncertainty in our results.
Lattice QCD can compute the hadronic n ! p amplitude
in the presence of QED [19, 20], which enables a determi-
nation of the unknown LECs. There are subtleties that
must be addressed related to gauge invariance and the
non-factorizable contributions to the renormalization of
the four-fermion operator [48]. QEDM [49], in which the
photon is given a non-zero mass, may simplify the iden-
tification of the matrix element of interest by increasing
the energy gap to the excited state contamination.

Looking beyond neutron decay, it is very possible
that similar-sized corrections a↵ect nuclear �-decay.
The computations in this Letter provide the first step
towards a full EFT treatment of radiative corrections
to the multi-nucleon level. Given the interest in these
low-energy precision tests of the Standard Model and
the existing deviations from first-row CKM unitarity,
it is imperative to accurately determine these radiative
corrections in order to make full use of the anticipated
precision of upcoming experiments.
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Vector coupling gV

Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to
Eqs. (2), (3), (72), and (73), we achieve the matching condition

gV (µ�) = C
r

� (a, µ)

"
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↵ (µ�)
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, (76)

where we resummed logarithms in the Wilson coe�cient C
r

�
(a, µ), as it is described in Section 3.1.

This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). The vector coupling gV (µ�) does not depend

on the scale and scheme used in the LEFT at the one-loop level.
We can further simplify the expression for gV (µ�) and connect it to the previous literature. First,

we eliminate the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�-
cient [68]

C
r

�(µ) =
C

r

�
(a, µ)

1 + ↵(µ)
⇡

B(a)
, (77)

which can be immediately read o↵ from Eq. (16). We then have
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where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 39]

⇤V

Had(µ0) = �e
2
ˆ

id4q
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We will evaluate the non-perturbative input in Eq. (79) in Sec. 5.2.
Eq. (78) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (78) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable

⇤V

�W =
↵

8⇡

ˆ 1

0
dQ2 M

2
W

M2
W

+Q2
F (Q2), (81)

where F (Q2) = (12/Q2)M (0)
3 (1, Q2) and M

(0)
3 (1, Q2) is the first Nachtmann moment of the structure

function defined in terms of the imaginary part of T3(⌫, Q2). Following Refs. [1, 2], it is useful to isolate
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)

gµ⌫T
µ⌫

V V
(q, v)

��
OPE

=
iv · q

q2 � µ2
0

⇣
2� d+ 2

↵s

⇡

⌘
, (49)

where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,

14

while V3 and V4 from the isoscalar component. We thus define two matrix elements
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At the order we are working, the electron and neutrinos can be taken to be massless and to carry zero
momentum.

The HBChPT diagrams contributing to �(0,1)
VW

are shown in Fig. 2. The loop diagrams cancel for
isoscalar electromagnetic couplings, so that we obtain
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In the LEFT, the isovector and isoscalar components are given by
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The hadronic tensors with two isovector currents are defined in Eq. (47), while we define the hadronic
tensor with one isoscalar vector current as

T
µ⌫

V V (A), 0 (q, v) =
⌧
a

ij
�
�
0
�

12

i

6

ˆ
ddx eiq·xhN(k,�0

, j)|T [q̄�µq (x) q̄�⌫ (�5) ⌧
a
q(0)] |N(k,�, i)i. (59)

As in Sec. 4.2, the UV divergences in the LEFT are determined by the operator product expansion.
In NDR, the leading-order OPEs of Tµ⌫

V V
� T

µ⌫

V A
and T

µ⌫

V V,0 � T
µ⌫

V A,0 are proportional to the symmetric
and antisymmetric combinations of Dirac matrices (�µ/q�⌫ ± �

⌫
/q�

µ)PL, respectively. The symmetric
combination does not depend on the scheme, while the antisymmetric piece depends on the definition of
the evanescent operators, in such a way as to compensate the dependence of the couplings in the LEFT.
Using the OPE, we obtain

ē�µ/q�⌫PL⌫e

�
T
µ⌫

V V
� T
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V A

���
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3d� 2
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q
2

q2 � µ2
0

ē/vPL⌫e, (60)

ē�µ/q�⌫PL⌫e

⇣
T
µ⌫

V V, 0 � T
µ⌫

V A,0

⌘���
OPE

=


1

d

✓
(4� d)

✓
1 +

4a

3

◆
� 2

◆
+

1

2

↵s

⇡

�
q
2

q2 � µ2
0

ē/vPL⌫e. (61)

The integrals of the subtracted hadronic tensors T̄ are convergent, so that we can perform the Dirac
algebra on the leptonic leg in d = 4 dimension. Putting everything together, we arrive at the matching
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5 Corrections to gV

In this Section, we combine the coupling constants of the heavy-baryon chiral perturbation theory into
the counterterm of gV in /⇡EFT. We subsequently evaluate the non-perturbative inputs to the vector
coupling constant, resum logarithms between the chiral and electron-mass scales, and provide numerical
results for gV .

5.1 Matching at the baryon-mass scale

Having determined the electroweak coupling constants V1-V4 and the electromagnetic coupling constant
g9, we can evaluate the O(↵) contribution to gV in the low-energy e↵ective theory, cf. Eqs. (2) and (3).
These corrections are known in the literature as “inner” radiative corrections.

Before getting to the final result, we can combine the LECs that depend on the V V hadronic tensor,
g9 and V1 + V2, and the lepton wavefunction renormalization X6, obtaining

✓
�
X6

2
+ 2 (V1 + V2)� g9

◆
(µ�, µ) =

1

(4⇡)2

"
1 +
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2
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!#

�

ˆ
d4q

(2⇡)4
�
2
�

q2
�
q2 � �2

�

�2 v · q gµ⌫T
µ⌫

V V (q, v), (71)

which is independent of the gauge parameter ⇠. TV V enters this combination of LECs multiplied by the
IR regulator �

2
� . The only contribution to the integral can thus come from the infrared limit of TV V ,

where the hadronic tensor is well approximated by the elastic piece. The integral over the hadronic tensor
then only leaves behind a finite piece, yielding

✓
�
X6

2
+ 2 (V1 + V2)� g9

◆
(µ�, µ) =

1

(4⇡)2
3

2

 
1� ln

µ
2
�

µ2

!
. (72)

Thus, the only contributions to �
X6
2 + 2 (V1 + V2)� g9 are due to the di↵erent renormalization scales, µ

vs µ�, and the di↵erent subtraction scheme commonly used in HBChPT, MS� vs MS.
The other combination of LECs V3 + V4 is conveniently expressed in terms of the scalar amplitude

T3
�
⌫, Q

2
�
as

2(V3 + V4)(a, µ�, µ) =
1

(4⇡)2


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2
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⌘
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+
3� 8a
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�
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id4q

(2⇡)4
⌫
2 +Q

2

Q4

T 3(⌫, Q2)

2mN⌫
, (73)

where we defined the amplitude T3 from the tensor decomposition of the hadronic tensor as [85–90]5

T
µ⌫

V A,0 = i"
µ⌫�⇢

q⇢v�
T3

4mN⌫
+ · · · , (74)

with the OPE-subtracted expression

T 3(⌫, Q
2) = T3(⌫, Q

2)�
4

3

mN⌫

Q2 + µ2
0

⇣
1�

↵s

⇡

⌘
. (75)

In the OPE, we have retained the O(↵s) correction, which is needed to cancel the µ-dependent term
proportional to ↵↵s ln(MW /µ) in C

r

�
. To the order we are working, we can use ↵s(µ) at any µ where

QCD is perturbative. We will use ↵s(µ0) in what follows.

5
Note that T3 defined in this paper is equal to i times the T3 defined in [45], which in turn is twice as large as the T3

defined in [1].
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equations
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�
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To obtain the second line of Eqs. (62) and (63), we used the Ward identities on the subtracted tensors,

qµT
µ⌫

V V (q, v) = iv
⌫

✓
1�

q
2

q2 � µ2
0

◆
, qµT

µ⌫

V V, 0(q, v) = 0, (64)

the symmetry (antisymmetry) of unpolarized hadronic tensors Tµ⌫

V V (0) (T
µ⌫

V A(0)) under µ $ ⌫, and, in the
contractions with the Levi-Civita tensor, we replaced

ē�
�
PL⌫e ! ē/vv

�
PL⌫e + ē (�� � /vv

�)PL⌫e. (65)

The non-perturbative QCD input in the LECs is encoded in the subtracted hadronic tensors T V V ,
T V A, T V V, 0, and T V A, 0. Using time reversal and crossing symmetry [2, 33], we can show that the scalar
functions in the matching equations (62) and (63) are odd or even under q ! �q, explicitly we have

gµ⌫T
µ⌫

V V (q
2
, v · q) = �gµ⌫T
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V V (q
2
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v
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2
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(67)

where we indicated that the functions depend only on the invariants

Q
2 = �q

2
, ⌫ = v · q. (68)

As a consequence of Eqs. (66) and (67), TV A and TV V, 0 do not contribute to the matching, and the final
expressions for the combinations of LECs V1 + V2 and V3 + V4 are

2(V1 + V2)(µ�, µ) =
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. (70)

Note that in this framework, the LECs depend not only on the chiral renormalization scale (µ�), but also
on the LEFT renormalization scale (µ) and the schemes adopted for �5 and the evanescent operators.
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To obtain the second line of Eqs. (62) and (63), we used the Ward identities on the subtracted tensors,

qµT
µ⌫

V V (q, v) = iv
⌫
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q2 � µ2
0
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, qµT

µ⌫

V V, 0(q, v) = 0, (64)

the symmetry (antisymmetry) of unpolarized hadronic tensors Tµ⌫

V V (0) (T
µ⌫

V A(0)) under µ $ ⌫, and, in the
contractions with the Levi-Civita tensor, we replaced

ē�
�
PL⌫e ! ē/vv

�
PL⌫e + ē (�� � /vv

�)PL⌫e. (65)

The non-perturbative QCD input in the LECs is encoded in the subtracted hadronic tensors T V V ,
T V A, T V V, 0, and T V A, 0. Using time reversal and crossing symmetry [2, 33], we can show that the scalar
functions in the matching equations (62) and (63) are odd or even under q ! �q, explicitly we have
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(67)

where we indicated that the functions depend only on the invariants

Q
2 = �q

2
, ⌫ = v · q. (68)

As a consequence of Eqs. (66) and (67), TV A and TV V, 0 do not contribute to the matching, and the final
expressions for the combinations of LECs V1 + V2 and V3 + V4 are

2(V1 + V2)(µ�, µ) =
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Note that in this framework, the LECs depend not only on the chiral renormalization scale (µ�), but also
on the LEFT renormalization scale (µ) and the schemes adopted for �5 and the evanescent operators.
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Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to Eqs. (2)-(3)
using Eqs. (23), (74), and (76), we achieve the matching condition
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(80)
This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). Equation (80) is scheme-independent at the

one-loop level and includes all O (↵) Standard-Model contributions. To resum higher order logarithms, it
is convenient to express Eq. (80) in factorized form
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where we resummed logarithms in the Wilson coe�cient C
r

�
(a, µ) according to Section 3.1. We can

further simplify the expression for gV (µ�) and connect it to the previous literature. First, we eliminate
the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�cient [68]

C�(µ) =
C�(a, µ)

1 + ↵(µ)
⇡

B(a)
, (82)

which can be immediately read o↵ from Eq. (16). We then have
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where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 38]
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. (85)

We will evaluate the non-perturbative input in Eq. (84) in Sec. 5.2.
Eq. (83) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (83) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable

⇤V
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↵
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           is the usual ‘box’ up to Q2~(μ0)2
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Vector coupling gV

Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to
Eqs. (2), (3), (72), and (73), we achieve the matching condition
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, (76)

where we resummed logarithms in the Wilson coe�cient C
r

�
(a, µ), as it is described in Section 3.1.

This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). The vector coupling gV (µ�) does not depend

on the scale and scheme used in the LEFT at the one-loop level.
We can further simplify the expression for gV (µ�) and connect it to the previous literature. First,

we eliminate the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�-
cient [68]

C
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, (77)

which can be immediately read o↵ from Eq. (16). We then have
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where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 39]
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We will evaluate the non-perturbative input in Eq. (79) in Sec. 5.2.
Eq. (78) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (78) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable

⇤V

�W =
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ˆ 1

0
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2
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F (Q2), (81)

where F (Q2) = (12/Q2)M (0)
3 (1, Q2) and M

(0)
3 (1, Q2) is the first Nachtmann moment of the structure

function defined in terms of the imaginary part of T3(⌫, Q2). Following Refs. [1, 2], it is useful to isolate
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Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to
Eqs. (2), (3), (72), and (73), we achieve the matching condition
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where we resummed logarithms in the Wilson coe�cient C
r

�
(a, µ), as it is described in Section 3.1.

This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). The vector coupling gV (µ�) does not depend

on the scale and scheme used in the LEFT at the one-loop level.
We can further simplify the expression for gV (µ�) and connect it to the previous literature. First,

we eliminate the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�-
cient [68]

C
r

�(µ) =
C
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1 + ↵(µ)
⇡

B(a)
, (77)

which can be immediately read o↵ from Eq. (16). We then have
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where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 39]
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T3(⌫, Q2)
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. (80)

We will evaluate the non-perturbative input in Eq. (79) in Sec. 5.2.
Eq. (78) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (78) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable

⇤V

�W =
↵

8⇡

ˆ 1

0
dQ2 M

2
W

M2
W

+Q2
F (Q2), (81)

where F (Q2) = (12/Q2)M (0)
3 (1, Q2) and M

(0)
3 (1, Q2) is the first Nachtmann moment of the structure

function defined in terms of the imaginary part of T3(⌫, Q2). Following Refs. [1, 2], it is useful to isolate
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)
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⌘
, (49)

where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain

g
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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equations
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To obtain the second line of Eqs. (62) and (63), we used the Ward identities on the subtracted tensors,
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the symmetry (antisymmetry) of unpolarized hadronic tensors Tµ⌫

V V (0) (T
µ⌫

V A(0)) under µ $ ⌫, and, in the
contractions with the Levi-Civita tensor, we replaced

ē�
�
PL⌫e ! ē/vv

�
PL⌫e + ē (�� � /vv

�)PL⌫e. (65)

The non-perturbative QCD input in the LECs is encoded in the subtracted hadronic tensors T V V ,
T V A, T V V, 0, and T V A, 0. Using time reversal and crossing symmetry [2, 33], we can show that the scalar
functions in the matching equations (62) and (63) are odd or even under q ! �q, explicitly we have
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where we indicated that the functions depend only on the invariants

Q
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, ⌫ = v · q. (68)

As a consequence of Eqs. (66) and (67), TV A and TV V, 0 do not contribute to the matching, and the final
expressions for the combinations of LECs V1 + V2 and V3 + V4 are
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Note that in this framework, the LECs depend not only on the chiral renormalization scale (µ�), but also
on the LEFT renormalization scale (µ) and the schemes adopted for �5 and the evanescent operators.
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To obtain the second line of Eqs. (62) and (63), we used the Ward identities on the subtracted tensors,
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V V (q, v) = iv
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the symmetry (antisymmetry) of unpolarized hadronic tensors Tµ⌫

V V (0) (T
µ⌫

V A(0)) under µ $ ⌫, and, in the
contractions with the Levi-Civita tensor, we replaced

ē�
�
PL⌫e ! ē/vv
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�)PL⌫e. (65)

The non-perturbative QCD input in the LECs is encoded in the subtracted hadronic tensors T V V ,
T V A, T V V, 0, and T V A, 0. Using time reversal and crossing symmetry [2, 33], we can show that the scalar
functions in the matching equations (62) and (63) are odd or even under q ! �q, explicitly we have
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where we indicated that the functions depend only on the invariants
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, ⌫ = v · q. (68)

As a consequence of Eqs. (66) and (67), TV A and TV V, 0 do not contribute to the matching, and the final
expressions for the combinations of LECs V1 + V2 and V3 + V4 are
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Note that in this framework, the LECs depend not only on the chiral renormalization scale (µ�), but also
on the LEFT renormalization scale (µ) and the schemes adopted for �5 and the evanescent operators.
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Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to Eqs. (2)-(3)
using Eqs. (23), (74), and (76), we achieve the matching condition
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(80)
This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). Equation (80) is scheme-independent at the

one-loop level and includes all O (↵) Standard-Model contributions. To resum higher order logarithms, it
is convenient to express Eq. (80) in factorized form
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where we resummed logarithms in the Wilson coe�cient C
r

�
(a, µ) according to Section 3.1. We can

further simplify the expression for gV (µ�) and connect it to the previous literature. First, we eliminate
the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�cient [68]

C�(µ) =
C�(a, µ)
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, (82)

which can be immediately read o↵ from Eq. (16). We then have
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where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 38]
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We will evaluate the non-perturbative input in Eq. (84) in Sec. 5.2.
Eq. (83) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (83) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable
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           is the usual ‘box’ up to Q2~(μ0)2

VC,  W. Dekens, E. Mereghetti, O. Tomalak,  2306. 03138,  PRD

• Use non-perturbative input on T3 from dispersive analysis or LQCD 

• No dependence on scheme, μ and μ0   (up to higher perturbative orders)

• For μχ ~ μ ~ μ0 ~ 1 GeV all large logs are in the NLO Wilson coefficient 

• Dependence on μχ canceled by loops in pion-less EFT

Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to Eqs. (2)-(3)
using Eqs. (23), (74), and (76), we achieve the matching condition
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(80)
This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). Equation (80) is scheme-independent at the

one-loop level and includes all O (↵) Standard-Model contributions. To resum higher order logarithms, it
is convenient to express Eq. (80) in factorized form
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where we resummed logarithms in the Wilson coe�cient C
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(a, µ) according to Section 3.1. We can

further simplify the expression for gV (µ�) and connect it to the previous literature. First, we eliminate
the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�cient [68]
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where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 38]
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We will evaluate the non-perturbative input in Eq. (84) in Sec. 5.2.
Eq. (83) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (83) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable
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ˆ 1

0
dQ2 M

2
W

M2
W

+Q2
F (Q2), (86)
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V.  Gimenez Nucl. Phys. B 375, 582 (1992),  

Ji, Ramsey-Musolf Phys. Lett. B 257, 409 (1991)

5.3 RG evolution of gV below the baryon scale

To account for higher-order perturbative logarithms, which are needed for precise predictions of �-decay
rates and (anti)neutrino-nucleon scattering, we evolve the low-energy coupling constant gV (µ�) from the
matching scale µ� ⇠ ⇤� to the physical scale µ� ⇠ me using the one- and two-loop anomalous dimensions.
The vector coupling constant evolves according to

µ�

dgV (µ�)

dµ�

= �(↵) gV (µ�) , (88a)
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with the e↵ective number of particles ñ, as it is described in Appendix A.2. The appropriate one-loop
anomalous dimension �̃0 has been identified in Refs. [38, 44, 46, 51, 96, 97].7 It can also be extracted
from calculations of the “heavy-light” current QCD anomalous dimension in the context of heavy quark
physics, as for example in Refs. [98, 99]. As discussed in Appendix C, we can exploit this analogy to
extract the QED two-loop anomalous dimension �̃1, by adapting the results from Ref. [100] (see also
Refs. [101–103]). The above expression for �̃1 only includes two-loop diagrams involving two virtual
photons in the pionless theory. Possible contributions arising from diagrams involving pions and photons
are not included. Note that the term in �̃1 proportional to ⇡

2 can lead to contributions to the decay rate
that scale as ↵2 ln (mN/me), larger than a typical two-loop contribution.

Using the expression for the evolution operator in Eq. (19), we solve the RGE in (88) and resum the
leading and subleading logarithms between particle thresholds according to

gV (µ�) = Ũ(µ�,mµ)Ũ(mµ,m⇡)Ũ(m⇡,⇤�)gV (⇤�) ,
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�
. (89)

Below the baryon scale, we determine ↵ from its value in the Thomson limit by evolving it up in scale
with the electron, muon, and charged pion as active degrees of freedom, which leads to

�̃0 = �
4

3

X

`=e,µ

Q
2
`✓(µ�m`)�

1

3
Q

2
⇡✓(µ�m⇡) . (90)

See Appendix A for details on the definition of the fine-structure constant both in LEFT and �PT.
In Eq. (89), gV (⇤�) is obtained by evaluating Eq. (78) at µ� = ⇤� ⇠ mN . Note that both �̃0 and �̃1

are negative, implying gV (me)/gV (⇤�) > 1.

5.4 Numerical results and uncertainty estimates

We next present numerical results for the vector coupling gV (me) and discuss the various sources of
uncertainty. We start by providing some intermediate results that illustrate the impact of corrections at
various orders in our RGE analysis.

7
Note that the one-loop anomalous dimension in the theory with relativistic nucleons is factor 2 larger than �̃0 in Eqs. (88)

and, therefore, our coupling constant can be used for the calculation of radiative corrections only in the theory with heavy

nucleons.
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5ñ

24
+

5

32
�

⇡
2

6
, (88d)
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Figure 3: HBChPT diagrams contributing to the anomalous dimension of gV and to �̃RC at two loop.
Only the first two diagrams give rise to terms in the �̃1 enhanced by ⇡

2 [100]. These diagrams also give
rise to the leading ↵

2
⇡
2
/�

2 behavior captured by the nonrelativistic Fermi function.

We thus arrive to our final form for the di↵erential decay rate:

d�n

dEe

=
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2
F
|Vud|
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1 + 3�2
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◆✓
1+�recoil(Ee)

◆
. (104)

Compared to state-of-the-art analyses of neutron decay in the literature (see e.g. Ref. [38]), our result (104)
amounts to replacing the relativistic Fermi function [53, 109–111, 124–127] with the nonrelativistic one,
F0 ! FNR. While we arrived at this result by constructing the relevant terms of the amplitude in the
EFT framework, one could also argue for this replacement along the following lines. First, recall that
the leading corrections to the phase space coming from the distortion of the electron wavefunction in the
Coulomb field of the proton is usually captured by the function [53]

F0(�) =
2

1 + �
F (�) = 4(2Ee�R)2(��1)

e
⇡y

|�(� + iy)|2

(�(1 + 2�))2
, y =

↵

�
, � =

p
1� ↵2. (105)

This form is obtained by solving the Dirac equation for an electron moving in the charge distribution
of a uniformly charged sphere of radius R [53], but corresponds to a rescaling of the solution of the
Dirac equation for a point-like proton, F (�), evaluated not at the origin, where the wavefunction diverges
logarithmically, but at the “nucleon radius” R. R corresponds to a mass scale much larger than me, and
e↵ectively acts as a UV regulator. So we see that while F0(�) coincides with FNR(�) at one-loop level, F0

includes a dependence on the UV regulator via the logarithms of R that first appear at O(↵2). Expanding
F0 in series of ↵, one obtains

F0(�) = FNR (�)
⇥
1� ↵

2 (�E � 3 + ln(2EeR�)) +O(↵4)
⇤
. (106)

The dependence on the UV regulator R ⇠ 1/µ does not match the µ-dependence of gV (µ) in the MS�
scheme presented so far. In dimensional regularization, indeed, the lnR term in Eq. (106) corresponds to
a UV singularity that appears in the first two diagrams in Fig. 3, when we consider only the contribution
arising from picking the two nucleon poles. This is only one piece of the full anomalous dimension �̃1. In
order not to double-count large logarithms, one should set the logarithmic term in F0 to zero when using
the RGEs to evaluate the large logarithms as we do here. The remaining O(↵2) terms in Eq. (106) are
incomplete and beyond the accuracy of our calculation, which allows us to drop them and replace the
relativistic Fermi function F0 by its nonrelativistic counterpart FNR.
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For the semileptonic Wilson coe�cient Cr

�
, we include ↵, ↵↵s, and ↵

2 contributions to the running,

as described in Section 3.1.8 To illustrate the e↵ect of running from the electroweak to GeV scales, we
provide results for the fixed order (LO) C�(mc) = 1 + (↵(mc)/⇡) ln(MZ/mc), leading logarithms (LL),
next-to-leading logarithms NLL1, which includes the anomalous dimensions up to order ↵↵s, and next-
to-leading logarithms NLL2, including the anomalous dimensions up to orders ↵↵s and ↵

2. For the initial
conditions, we specify

C
LL,NLL1
�

(MW ) = 1 +
↵(MW )

⇡
ln

MZ

MW

, (91)

C
NLL2
� (MW ) = 1 +

↵(MW )

⇡
ln

MZ

MW

+
↵(MW )

⇡
B(a = �1). (92)

After numerically solving the RGEs, we obtain the following values for the e↵ective couplings at µ = mc:

C
LO
� (mc) = 1.01014, (93a)

C
LL
� (mc) = 1.01043, (93b)

C
NLL1
� (mc) = 1.01027, (93c)

C
NLL2
� (mc) = 1.01018. (93d)

The e↵ects of NLL1 and NLL2 resummations combine to essentially “undo” the e↵ect of LL resummation.
The final result is very close to the pertubative one. The numerical solution of the RGEs agrees with
the analytic solutions provided in Section 3.1. Our result for the NLL1 correction is consistent with the
finding of Ref. [71]. The impact of NLL2 corrections in our result is more than a factor of 2 larger than
in Ref. [38], reflecting the di↵erence discussed in Section 3.1.

For the running of the vector coupling constant gV , we include the O(↵) and O(↵2) anomalous
dimensions, as described in Section 5.3. 9 We provide the relative running contributions for the one-loop
logarithm (LO), namely gV (me)/gV (mp)|LO = 1+(3/4)(↵/⇡) ln(mp/me), the LL resummation, where we
include only �̃0 in the RGE, and NLL resummation, where we also include �̃1 in the RGE:

gV (me)

gV (mp)

�����
LO

= 1.01308, (94a)

gV (me)

gV (mp)

�����
LL

= 1.01325, (94b)

gV (me)

gV (mp)

�����
NLL

= 1.01330. (94c)

At the level of decay rate, our NLL correction implies an increase of 1.0⇥ 10�4 (roughly half of the final
uncertainty of the radiative corrections).

Putting together all the results obtained so far, we evaluate the vector coupling constant gV (µ�) in
the MS renormalization scheme of �PT at the scale µ� = me, where O(↵n) loop corrections to the matrix
elements of the Lagrangian (1) do not contain large logarithms:

gV (µ� = me)� 1 = (2.499± 0.013)%. (95)

8
We perform the one-loop running for ↵ (µ) and ↵s (µ) in LEFT, consistently with the order of our calculation. We have

checked that using the higher-order couplings as in Ref. [66] modifies our final results at the level of 0.001%.
9
We match LEFT at the scale µ = mc to the HB�PT at the scale µ� = mp, below which we perform the running of ↵

with the one-loop anomalous dimension for leptons and pions [8, 66].
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as

�n =
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 ·

�
1 +�f

�
·
�
1 +�R

�
, (107)

where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
2

✓
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´
x0

1 w(x, x0)FNR (�(x)) (1 + �recoil (xme)) �RC (xme, µ�) dx

f0(1 +�f )

◆
, (110)

where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2

 
1 +

↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (E0)

!!
� 1, (113)

where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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of the decay, µ� ⇠ E0, is discussed in Section 5. In Section 6, we discuss the implications for neutron
decay and the determination of Vud and comment on the relation to superallowed 0+ ! 0+ transitions.
Conclusions and outlook are presented in Section 7. Appendix A contains details about electric charge
renormalization and running in the LEFT and Chiral Perturbation Theory. Appendix B discusses the
factorization of the nonrelativistic Fermi function in nonrelativistic QED, while Appendix C contains
details on the extraction of the O(↵2) anomalous dimension in LEFT and HBChPT//⇡EFT.

2 Statement of the problem and results

Neutron decay is a low-energy process characterized by the energy scales of the neutron-proton mass
di↵erence, mn �mp ⇡ 1.3 MeV, and the electron mass me ⇡ 511 keV. These scales, which we denote by
qext, are much smaller than the pion mass, m⇡ ⇡ 137 MeV, the nucleon mass, mN ⇡ 939 MeV, and the
W boson mass MW ⇡ 80 GeV. The existence of widely separated mass scales makes the process amenable
to a description based on EFTs. In this work, we systematically implement EFT methods to study low-
energy charged-current processes such as neutron decay. We first integrate out the heavy particles (W ,
Z, h, t) and match the full Standard Model onto the so-called LEFT. Subsequently, we integrate out the
scale of the nucleon mass, by matching the LEFT onto HBChPT [50]. We finally integrate out physics at
the scale of the pion mass, following [43], by matching HBChPT onto /⇡EFT. The neutron decay rate is
thus organized in an expansion in several small parameters (besides GF q

2
ext, which sets the overall scale):

the electromagnetic coupling constant ↵, ✏recoil = qext/mN , which describes small kinematic corrections,
✏/⇡ = qext/m⇡, which captures the radiative pion contributions, and the HBChPT expansion parameter
✏� = m⇡/⇤� with the scale ⇤� = 4⇡F⇡ ⇡ 1 GeV.

The neutron decay rate is most conveniently computed starting from the /⇡EFT in which � decays are
described by the Lagrangian [45, 51, 52]

L/⇡ = �
p
2GFVud ē�⇢PL⌫e N̄v (gV v

⇢
� 2gAS

⇢) ⌧+Nv +O
�
↵, ✏recoil, ✏/⇡, ✏�

�
+ h.c., (1)

where Nv = (p, n)T denotes the heavy-nucleon field doublet, v⇢ is the nucleon velocity, and S
⇢ = (0,~�/2)

denotes the nucleon spin, with the Pauli matrices �, while ⌧ denotes Pauli matrices in the isospin space,
satisfying [⌧a, ⌧ b] = 2i"abc⌧ c, {⌧

a
, ⌧

b
} = 2�ab, and ⌧

+ = 1
2

�
⌧
1 + i⌧

2
�
. Higher-order terms in Eq. (1)

include the contributions of weak magnetism, recoil corrections, and induced tensor coupling [43]. The
couplings gV and gA themselves have an expansion in ↵, ✏/⇡, and ✏�. At leading order, one has gV = 1.
At O(↵), gV does not receive any long-distance corrections from pion or photon loops and only picks up
contributions from local O(e2p) operators in the HBChPT Lagrangian [43]:

gV = 1 +
↵

2⇡
ĈV , (2)

ĈV = 8⇡2


�
X6

2
+ 2 (V1 + V2 + V3 + V4)� g9

�
. (3)

The LECs X6, g9, V1,2,3,4 and associated HBChPT operators will be defined below in Eqs. (38), (42),
and (44). The couplings gV,A(µ�) depend on the renormalization scale of the /⇡EFT (in a way that cancels
in the ratio � = gA/gV ) and encode contributions from the weak scale all the way down to the pion mass
scale.

In the following sections, we will detail the various steps needed to connect the low-energy coupling
gV to the electroweak scale, following a top-down approach. Key new results of this work are: (i) The
expression for gV (µ� ⇠ ⇤�) in terms of the Wilson coe�cient computed with anomalous dimensions of
O(↵,↵↵s,↵

2) and a “subtracted” hadronic function, related to the traditional non-perturbative �W box
contribution evaluated in the recent literature [1–5] (see Eq. (83) and discussion surrounding it); (ii)
The use of two-loop anomalous dimensions in the RGE (96) needed to evolve the vector coupling down
to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵

2 ln (mN/me). The resulting
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renormalization and running in the LEFT and Chiral Perturbation Theory. Appendix B discusses the
factorization of the nonrelativistic Fermi function in nonrelativistic QED, while Appendix C contains
details on the extraction of the O(↵2) anomalous dimension in LEFT and HBChPT//⇡EFT.

2 Statement of the problem and results

Neutron decay is a low-energy process characterized by the energy scales of the neutron-proton mass
di↵erence, mn �mp ⇡ 1.3 MeV, and the electron mass me ⇡ 511 keV. These scales, which we denote by
qext, are much smaller than the pion mass, m⇡ ⇡ 137 MeV, the nucleon mass, mN ⇡ 939 MeV, and the
W boson mass MW ⇡ 80 GeV. The existence of widely separated mass scales makes the process amenable
to a description based on EFTs. In this work, we systematically implement EFT methods to study low-
energy charged-current processes such as neutron decay. We first integrate out the heavy particles (W ,
Z, h, t) and match the full Standard Model onto the so-called LEFT. Subsequently, we integrate out the
scale of the nucleon mass, by matching the LEFT onto HBChPT [50]. We finally integrate out physics at
the scale of the pion mass, following [43], by matching HBChPT onto /⇡EFT. The neutron decay rate is
thus organized in an expansion in several small parameters (besides GF q

2
ext, which sets the overall scale):

the electromagnetic coupling constant ↵, ✏recoil = qext/mN , which describes small kinematic corrections,
✏/⇡ = qext/m⇡, which captures the radiative pion contributions, and the HBChPT expansion parameter
✏� = m⇡/⇤� with the scale ⇤� = 4⇡F⇡ ⇡ 1 GeV.

The neutron decay rate is most conveniently computed starting from the /⇡EFT in which � decays are
described by the Lagrangian [45, 51, 52]

L/⇡ = �
p
2GFVud ē�⇢PL⌫e N̄v (gV v

⇢
� 2gAS

⇢) ⌧+Nv +O
�
↵, ✏recoil, ✏/⇡, ✏�

�
+ h.c., (1)

where Nv = (p, n)T denotes the heavy-nucleon field doublet, v⇢ is the nucleon velocity, and S
⇢ = (0,~�/2)

denotes the nucleon spin, with the Pauli matrices �, while ⌧ denotes Pauli matrices in the isospin space,
satisfying [⌧a, ⌧ b] = 2i"abc⌧ c, {⌧

a
, ⌧

b
} = 2�ab, and ⌧

+ = 1
2

�
⌧
1 + i⌧

2
�
. Higher-order terms in Eq. (1)

include the contributions of weak magnetism, recoil corrections, and induced tensor coupling [43]. The
couplings gV and gA themselves have an expansion in ↵, ✏/⇡, and ✏�. At leading order, one has gV = 1.
At O(↵), gV does not receive any long-distance corrections from pion or photon loops and only picks up
contributions from local O(e2p) operators in the HBChPT Lagrangian [43]:

gV = 1 +
↵

2⇡
ĈV , (2)

ĈV = 8⇡2


�
X6

2
+ 2 (V1 + V2 + V3 + V4)� g9

�
. (3)

The LECs X6, g9, V1,2,3,4 and associated HBChPT operators will be defined below in Eqs. (38), (42),
and (44). The couplings gV,A(µ�) depend on the renormalization scale of the /⇡EFT (in a way that cancels
in the ratio � = gA/gV ) and encode contributions from the weak scale all the way down to the pion mass
scale.

In the following sections, we will detail the various steps needed to connect the low-energy coupling
gV to the electroweak scale, following a top-down approach. Key new results of this work are: (i) The
expression for gV (µ� ⇠ ⇤�) in terms of the Wilson coe�cient computed with anomalous dimensions of
O(↵,↵↵s,↵

2) and a “subtracted” hadronic function, related to the traditional non-perturbative �W box
contribution evaluated in the recent literature [1–5] (see Eq. (83) and discussion surrounding it); (ii)
The use of two-loop anomalous dimensions in the RGE (96) needed to evolve the vector coupling down
to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵

2 ln (mN/me). The resulting
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FIG. 1: Diagrams contributing to the matching between �PT and /⇡EFT at O(✏0�) (upper panel) and O(✏�) (lower panel).
Single, double, wavy, and dashed lines denote, respectively, leptons, nucleons, photons, and pions. Dots refer to interactions

from the lowest-order chiral Lagrangians L
p2
⇡ and L

p
⇡N , while diamonds represent insertions of L

e2p0
⇡ . Circled dots denote

interactions from the NLO chiral Lagrangian L
p2

⇡N .

only considered the asymptotic and elastic contributions
to Eq. (11), i.e. inserting a complete set of states in
between every current and retaining only the nucleon.
Assuming isospin symmetry then leads to a vanishing
contribution for the three-point function [15]. Recogniz-
ing diagrams i1, j1, a2, . . . in Fig. 1 to correspond to an
explicit treatment of these vertex corrections, the results
presented here expand upon the simplified approach of
Ref. [15] to find much larger than anticipated isospin-
breaking corrections.

Numerical impact — We now estimate the numerical
impact of the various corrections, starting with our main
new finding, i.e., the electromagnetic shift to � = gA/gV .
Including BSM contributions, the relation between the
experimentally extracted � and the (isosymmetric) QCD
axial charge is given by [9]

� = g
QCD

A

⇣
1 + �

(�)
RC

� 2Re(✏R)
⌘
, (12)

where ✏R ⇠ (246GeV/⇤BSM)2 is a BSM right-handed
current contribution appearing at an energy scale ⇤BSM

[9, 10]. To the order we are working the radiative correc-
tion is

�
(�)
RC

=
↵

2⇡

⇣
�(0)

A,em +�(1)

A,em ��(0)

V em

⌘
. (13)

For the numerical evaluation of the loop contributions to

�(0),(1)
A,em we use Z⇡ = 0.81 (obtained from the physical

pion mass di↵erence and F⇡ = 92.4 MeV) and the av-
erage nucleon mass mN = 938.9 MeV. In the loops we

set g
(0)

A = gA ⇡ 1.27 [6], as the di↵erence formally con-
tributes to higher chiral order. Existing lattice data in-
deed indicate that gA has a mild m⇡ dependence [11, 42].
The NLO LECs c3 and c4 have been extracted from pion-
nucleon scattering [43, 44]. They show a sizable depen-
dence on the chiral order at which the fit to ⇡-N data is
carried out, with a big change between NLO and N2LO,
stabilizing between N2LO and N3LO. For the corrections
we find

�(0)

A�V,em 2 {2.4, 5.7} , �(1)

A,em = {10.0, 14.5, 15.9}, (14)

where the range in �(0)

A�V,em is obtained by setting

ĈA(µ)� ĈV = 0 and varying µ between 0.5 and 1 GeV,

while the three values of �(1)

A,em are obtained by using

c3,4 extracted to NLO, N2LO, and N3LO [44]. While the
NLO correction is somewhat larger than the LO one, we
stress that we do not know the full LO correction because
we have set the counter term contribution ĈA � ĈV to
zero. In addition, in an EFT without explicit � degrees
of freedom, c3 and c4 are dominated by � contributions
and thus anomalously large. Combining the corrections,
we estimate a correction to � at the percent level,

�
(�)
RC

2 {1.4, 2.6} · 10�2
. (15)

This shift has no impact on the current first-row CKM
discrepancy because the most accurate determination

Figure 3: HBChPT diagrams contributing to the anomalous dimension of gV and to �̃RC at two loop.
Only the first two diagrams give rise to terms in the �̃1 enhanced by ⇡

2 [100]. These diagrams also give
rise to the leading ↵

2
⇡
2
/�

2 behavior captured by the nonrelativistic Fermi function.

We thus arrive to our final form for the di↵erential decay rate:

d�n

dEe

=
G

2
F
|Vud|

2

(2⇡)5
�
1 + 3�2

�
peEe(E0�Ee)

2 [gV (µ�)]
2
FNR(�)

✓
1+�RC(Ee, µ�)

◆✓
1+�recoil(Ee)

◆
. (104)

Compared to state-of-the-art analyses of neutron decay in the literature (see e.g. Ref. [38]), our result (104)
amounts to replacing the relativistic Fermi function [53, 109–111, 124–127] with the nonrelativistic one,
F0 ! FNR. While we arrived at this result by constructing the relevant terms of the amplitude in the
EFT framework, one could also argue for this replacement along the following lines. First, recall that
the leading corrections to the phase space coming from the distortion of the electron wavefunction in the
Coulomb field of the proton is usually captured by the function [53]

F0(�) =
2

1 + �
F (�) = 4(2Ee�R)2(��1)

e
⇡y

|�(� + iy)|2

(�(1 + 2�))2
, y =

↵

�
, � =

p
1� ↵2. (105)

This form is obtained by solving the Dirac equation for an electron moving in the charge distribution
of a uniformly charged sphere of radius R [53], but corresponds to a rescaling of the solution of the
Dirac equation for a point-like proton, F (�), evaluated not at the origin, where the wavefunction diverges
logarithmically, but at the “nucleon radius” R. R corresponds to a mass scale much larger than me, and
e↵ectively acts as a UV regulator. So we see that while F0(�) coincides with FNR(�) at one-loop level, F0

includes a dependence on the UV regulator via the logarithms of R that first appear at O(↵2). Expanding
F0 in series of ↵, one obtains

F0(�) = FNR (�)
⇥
1� ↵

2 (�E � 3 + ln(2EeR�)) +O(↵4)
⇤
. (106)

The dependence on the UV regulator R ⇠ 1/µ does not match the µ-dependence of gV (µ) in the MS�
scheme presented so far. In dimensional regularization, indeed, the lnR term in Eq. (106) corresponds to
a UV singularity that appears in the first two diagrams in Fig. 3, when we consider only the contribution
arising from picking the two nucleon poles. This is only one piece of the full anomalous dimension �̃1. In
order not to double-count large logarithms, one should set the logarithmic term in F0 to zero when using
the RGEs to evaluate the large logarithms as we do here. The remaining O(↵2) terms in Eq. (106) are
incomplete and beyond the accuracy of our calculation, which allows us to drop them and replace the
relativistic Fermi function F0 by its nonrelativistic counterpart FNR.
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λ=gA/gV  taken from experiment.
 It includes electromagnetic shift 

to gV and gA from E > mπ

Fermi function, obtained by re-summing the series in (πα/β) 
induced by exchange of ‘potential photons’

where E0 = (m2
n�m

2
p+m

2
e)/(2mn) is the electron endpoint energy and � ⌘ gA/gV is the ratio of e↵ective

axial and vector couplings in the low-energy Lagrangian (1). The ratio � = �
QCD(1 + �

(�)
RC) is a↵ected

by a µ�-independent electromagnetic correction �
(�)
RC parameterized in terms of calculable pion loops and

certain chiral LECs (see Ref. [44]). � itself can be extracted from beta decay correlation experiments, so

that we do not need to know �
(�)
RC for the purpose of studying total decay rates and the extraction of Vud .

�recoil(Ee) collects recoil corrections that can be found in Ref. [46]. They are usually factorized since the
impact of the product of radiative times recoil corrections is estimated to be well below 10�4. Finally,
�̃RC(Ee) represents the electromagnetic corrections arising from the matrix element squared. To O(↵),
one finds

�̃RC(Ee, µ�) =
↵ (µ�)

2⇡

 
2⇡2

�
+

3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (Ee, E0)

!
, (98)

where ĝ(Ee, E0) is a “subtracted” Sirlin function

ĝ (Ee, E0) = g (Ee, E0)�
3

2
ln

m
2
N

m2
e

, (99)

defined in terms of the Sirlin function g (Ee, E0) of Ref. [33]. ĝ (Ee, E0) arises naturally in the EFT
calculation and does not contain any large logarithm of mN/me.

The corrections proportional to ⇡↵/� in Eq. (98) are enhanced by a factor of ⇡2 compared to the
naive scaling of loop corrections, and are numerically dominant even for � ⇠ O(1). The leading terms in
the series in ⇡↵/� arise from the momentum regions of loop integrals in which the photon momentum
has potential scaling, k0 ⇠ me�

2
⌧ |~k| ⇠ me�, and they can be identified with nonrelativistic EFT

methods [104–107]. Their resummation leads to the nonrelativistic Fermi function FNR(�) [108–118]

FNR (�) =
2⇡↵

�

1

1� e
� 2⇡↵

�

⇡ 1 +
⇡↵

�
+

⇡
2
↵
2

3�2
�

⇡
4
↵
4

45�4
+ ..., (100)

which we include in the matrix element squared as

1 + �̃RC(Ee, µ�) = FNR(�) +
↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (Ee, E0)

!

�! FNR(�)
⇣
1 + �RC(Ee, µ�)

⌘
+O

�
↵
2
�
, (101)

where

�RC(Ee, µ�) =
↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (Ee, E0)

!
. (102)

As we discuss in Appendix B, the factorization ansatz in Eq. (101) captures all numerically-enhanced
leading and subleading terms in 1/�, and reproduces similar results for the production of two heavy
quarks at threshold, derived with nonrelativistic QCD and potential nonrelativistic QCD [104–107, 119–
122]. At O(↵2), Eq. (101) gives

FNR(�)
⇣
1 + �RC(Ee, µ�)

⌘
= FNR(�)�

11

4

↵
2

�
+

(E0 �me)
2

12m2
e

↵
2

�
+ �RC(Ee, µ�) +O

�
↵
2
�
. (103)

Indeed, the first cross term �(11/4)↵2
/� corresponds to the matching coe�cient of heavy-

light to heavy-heavy current [123] in the MS� renormalization scheme. The second cross term
(↵2

/�) (E0 �me)
2
/
�
12m2

e

�
comes from the product of the Fermi function with real radiation. These

terms are beyond the accuracy of our calculation and can be booked as O(↵2
�
3) in the nonrelativistic

limit. In the case of neutron decay, this term provides a negligible shift of 1.6⇥ 10�5 to the decay rate.
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as

�n =
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 ·

�
1 +�f

�
·
�
1 +�R

�
, (107)

where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
2

✓
1 +

´
x0

1 w(x, x0)FNR (�(x)) (1 + �recoil (xme)) �RC (xme, µ�) dx

f0(1 +�f )

◆
, (110)

where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2

 
1 +

↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (E0)

!!
� 1, (113)

where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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+0.026% shift in total radiative correction to neutron decay compared to previous literature  

to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵
2 ln (mN/me). The resulting

gV (µ� ⇠ me) is directly relevant to the calculation of neutron decay and can be used as input for the
one-body contribution to nuclear decays.

In this work, we have focused on the application to neutron decay. With gV (µ� ⇠ me) at hand, we
combined both virtual and real photon corrections to the decay rate [33, 44, 46] to obtain the e↵ective
phase-space correction �f and the radiative correction �R to the neutron lifetime, see Section 6, and the
relation

|Vud|
2
⌧n

�
1 + 3�2

�
(1 +�f ) (1 +�R) = 5283.321(5) s, (4)

with �f and �R given in Eqs. (109) and (110), respectively. Our definitions for �f and �R di↵er from the
traditional approach both conceptually and numerically. Technically, the bulk of this di↵erence is in shift-
ing all short-distance contributions from �f to �R. �f describes Coulomb-enhanced long-distance con-
tributions and recoil corrections, while �R includes all electroweak and HBChPT short-distance contribu-
tions along with the non-Coulomb radiative corrections in /⇡EFT, as specified in Eqs. (78), (89), and (113).
Numerically, we find

�f = 3.573(5)⇥ 10�2
, (5)

�R = 4.044(24)Had(8)↵↵2
s
(7)↵✏2�(5)µ� [27]total ⇥ 10�2

. (6)

The uncertainty in �f stems from an estimate of mixed recoil times Coulomb corrections. The dominant
sources of uncertainty to �R are given by: the non-perturbative hadronic contributions, associated to
the “�W box” diagram in the standard approach [1–6]; contributions of O(↵↵2

s) not included in our
renormalization group analysis in the LEFT; chiral corrections of ↵✏2�; residual dependence on the /⇡EFT

renormalization scale, varied between me/
p
2 and

p
2me, which is an indicator of the O(↵2) corrections.

A detailed discussion of uncertainties is presented in Sections 5.4 (for gV ) and 6.2 (for the remaining
contributions to �R).

Our result for �f in Eq. (5) di↵ers from the one found in the literature �f = 3.608 ⇥ 10�2 [38] by
�0.035%. This is because in the phase space integration we use the nonrelativistic Fermi function, for the
reasons discussed in Section 6.1, and neglect corrections induced by modeling the proton as a uniformly
charged sphere of radius Rp ' 1 fm [53] (this e↵ect is at the level of 0.005%).

Our result for �R in Eq. (6) exceeds the current value �R = 3.983(27) ⇥ 10�2, compiled in Ref. [8]
by combining the results of [1–6], by about twice the estimated uncertainties. The +0.061% shift in
the central value is almost entirely due to the di↵erent treatment of the next-to-leading logarithmic
terms at the hadronic level, i.e., the terms that scale as ↵

2 ln (mN/me). In both approaches, there is a
contribution of this type coming from the cross term between the one-loop RGE correction to gV , scaling

as ↵

⇡
ln (mN/me), and O

⇣
↵⇡

�

⌘
terms in the Fermi function. In our approach, additional ↵2 ln (mN/me)

large logarithmic corrections arise entirely from the two-loop anomalous dimension contribution to the
RGE (88) for the e↵ective coupling gV (µ�) and produce a positive shift in �R of 0.010%. In the EFT
approach, there are no other sources of large logarithms of the ratio (mN/me) in the matrix element of
the four-fermion operator (1) to O(↵2). In the literature, this class of e↵ects is not associated with the
running of gV , but arises through the negative correction ↵/(2⇡)⇥ � = �0.043%, introduced in Ref. [38]
by adapting the results of Refs. [54, 55].1 The mismatch of the two approaches produces a +0.053% shift
in our results. The remaining di↵erence is due to a combination of the following, individually smaller,
e↵ects: (i) we re-evaluate the “elastic” hadronic contribution, as discussed in Section 5.2, which leads
to a �0.006% shift to �R; (ii) for the next-to-leading logarithmic corrections of O(↵2 ln(MW /mc)), our
result di↵ers from the one in Ref. [38], producing a negative shift of approximately �0.011%; (iii) we do

1
In the standard non-EFT approach, additional terms scaling as ↵2

ln (mN/me) (or ↵2
ln(Rpme) after including finite

nucleon size e↵ects) are included in the relativistic Fermi function, see discussion in Section 6.1, and booked as e↵ective

phase-space corrections appearing in �f . It is worth noting that, for neutron decay, the ↵2
ln(Rpme) terms in the relativistic

Fermi function cancel the corresponding terms in the correction ↵/(2⇡)⇥ � [38].
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Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵
2 ln (mN/me). The resulting

gV (µ� ⇠ me) is directly relevant to the calculation of neutron decay and can be used as input for the
one-body contribution to nuclear decays.

In this work, we have focused on the application to neutron decay. With gV (µ� ⇠ me) at hand, we
combined both virtual and real photon corrections to the decay rate [33, 44, 46] to obtain the e↵ective
phase-space correction �f and the radiative correction �R to the neutron lifetime, see Section 6, and the
relation

|Vud|
2
⌧n

�
1 + 3�2

�
(1 +�f ) (1 +�R) = 5283.321(5) s, (4)

with �f and �R given in Eqs. (109) and (110), respectively. Our definitions for �f and �R di↵er from the
traditional approach both conceptually and numerically. Technically, the bulk of this di↵erence is in shift-
ing all short-distance contributions from �f to �R. �f describes Coulomb-enhanced long-distance con-
tributions and recoil corrections, while �R includes all electroweak and HBChPT short-distance contribu-
tions along with the non-Coulomb radiative corrections in /⇡EFT, as specified in Eqs. (78), (89), and (113).
Numerically, we find

�f = 3.573(5)⇥ 10�2
, (5)

�R = 4.044(24)Had(8)↵↵2
s
(7)↵✏2�(5)µ� [27]total ⇥ 10�2

. (6)

The uncertainty in �f stems from an estimate of mixed recoil times Coulomb corrections. The dominant
sources of uncertainty to �R are given by: the non-perturbative hadronic contributions, associated to
the “�W box” diagram in the standard approach [1–6]; contributions of O(↵↵2

s) not included in our
renormalization group analysis in the LEFT; chiral corrections of ↵✏2�; residual dependence on the /⇡EFT

renormalization scale, varied between me/
p
2 and

p
2me, which is an indicator of the O(↵2) corrections.

A detailed discussion of uncertainties is presented in Sections 5.4 (for gV ) and 6.2 (for the remaining
contributions to �R).

Our result for �f in Eq. (5) di↵ers from the one found in the literature �f = 3.608 ⇥ 10�2 [38] by
�0.035%. This is because in the phase space integration we use the nonrelativistic Fermi function, for the
reasons discussed in Section 6.1, and neglect corrections induced by modeling the proton as a uniformly
charged sphere of radius Rp ' 1 fm [53] (this e↵ect is at the level of 0.005%).

Our result for �R in Eq. (6) exceeds the current value �R = 3.983(27) ⇥ 10�2, compiled in Ref. [8]
by combining the results of [1–6], by about twice the estimated uncertainties. The +0.061% shift in
the central value is almost entirely due to the di↵erent treatment of the next-to-leading logarithmic
terms at the hadronic level, i.e., the terms that scale as ↵

2 ln (mN/me). In both approaches, there is a
contribution of this type coming from the cross term between the one-loop RGE correction to gV , scaling

as ↵

⇡
ln (mN/me), and O

⇣
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⌘
terms in the Fermi function. In our approach, additional ↵2 ln (mN/me)

large logarithmic corrections arise entirely from the two-loop anomalous dimension contribution to the
RGE (88) for the e↵ective coupling gV (µ�) and produce a positive shift in �R of 0.010%. In the EFT
approach, there are no other sources of large logarithms of the ratio (mN/me) in the matrix element of
the four-fermion operator (1) to O(↵2). In the literature, this class of e↵ects is not associated with the
running of gV , but arises through the negative correction ↵/(2⇡)⇥ � = �0.043%, introduced in Ref. [38]
by adapting the results of Refs. [54, 55].1 The mismatch of the two approaches produces a +0.053% shift
in our results. The remaining di↵erence is due to a combination of the following, individually smaller,
e↵ects: (i) we re-evaluate the “elastic” hadronic contribution, as discussed in Section 5.2, which leads
to a �0.006% shift to �R; (ii) for the next-to-leading logarithmic corrections of O(↵2 ln(MW /mc)), our
result di↵ers from the one in Ref. [38], producing a negative shift of approximately �0.011%; (iii) we do

1
In the standard non-EFT approach, additional terms scaling as ↵2

ln (mN/me) (or ↵2
ln(Rpme) after including finite

nucleon size e↵ects) are included in the relativistic Fermi function, see discussion in Section 6.1, and booked as e↵ective

phase-space corrections appearing in �f . It is worth noting that, for neutron decay, the ↵2
ln(Rpme) terms in the relativistic

Fermi function cancel the corresponding terms in the correction ↵/(2⇡)⇥ � [38].
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as

�n =
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 ·

�
1 +�f

�
·
�
1 +�R

�
, (107)

where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵
2 ln (mN/me). The resulting

gV (µ� ⇠ me) is directly relevant to the calculation of neutron decay and can be used as input for the
one-body contribution to nuclear decays.

In this work, we have focused on the application to neutron decay. With gV (µ� ⇠ me) at hand, we
combined both virtual and real photon corrections to the decay rate [33, 44, 46] to obtain the e↵ective
phase-space correction �f and the radiative correction �R to the neutron lifetime, see Section 6, and the
relation

|Vud|
2
⌧n

�
1 + 3�2

�
(1 +�f ) (1 +�R) = 5283.321(5) s, (4)

with �f and �R given in Eqs. (109) and (110), respectively. Our definitions for �f and �R di↵er from the
traditional approach both conceptually and numerically. Technically, the bulk of this di↵erence is in shift-
ing all short-distance contributions from �f to �R. �f describes Coulomb-enhanced long-distance con-
tributions and recoil corrections, while �R includes all electroweak and HBChPT short-distance contribu-
tions along with the non-Coulomb radiative corrections in /⇡EFT, as specified in Eqs. (78), (89), and (113).
Numerically, we find

�f = 3.573(5)⇥ 10�2
, (5)

�R = 4.044(24)Had(8)↵↵2
s
(7)↵✏2�(5)µ� [27]total ⇥ 10�2

. (6)

The uncertainty in �f stems from an estimate of mixed recoil times Coulomb corrections. The dominant
sources of uncertainty to �R are given by: the non-perturbative hadronic contributions, associated to
the “�W box” diagram in the standard approach [1–6]; contributions of O(↵↵2

s) not included in our
renormalization group analysis in the LEFT; chiral corrections of ↵✏2�; residual dependence on the /⇡EFT

renormalization scale, varied between me/
p
2 and

p
2me, which is an indicator of the O(↵2) corrections.

A detailed discussion of uncertainties is presented in Sections 5.4 (for gV ) and 6.2 (for the remaining
contributions to �R).

Our result for �f in Eq. (5) di↵ers from the one found in the literature �f = 3.608 ⇥ 10�2 [38] by
�0.035%. This is because in the phase space integration we use the nonrelativistic Fermi function, for the
reasons discussed in Section 6.1, and neglect corrections induced by modeling the proton as a uniformly
charged sphere of radius Rp ' 1 fm [53] (this e↵ect is at the level of 0.005%).

Our result for �R in Eq. (6) exceeds the current value �R = 3.983(27) ⇥ 10�2, compiled in Ref. [8]
by combining the results of [1–6], by about twice the estimated uncertainties. The +0.061% shift in
the central value is almost entirely due to the di↵erent treatment of the next-to-leading logarithmic
terms at the hadronic level, i.e., the terms that scale as ↵

2 ln (mN/me). In both approaches, there is a
contribution of this type coming from the cross term between the one-loop RGE correction to gV , scaling

as ↵
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ln (mN/me), and O
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⌘
terms in the Fermi function. In our approach, additional ↵2 ln (mN/me)

large logarithmic corrections arise entirely from the two-loop anomalous dimension contribution to the
RGE (88) for the e↵ective coupling gV (µ�) and produce a positive shift in �R of 0.010%. In the EFT
approach, there are no other sources of large logarithms of the ratio (mN/me) in the matrix element of
the four-fermion operator (1) to O(↵2). In the literature, this class of e↵ects is not associated with the
running of gV , but arises through the negative correction ↵/(2⇡)⇥ � = �0.043%, introduced in Ref. [38]
by adapting the results of Refs. [54, 55].1 The mismatch of the two approaches produces a +0.053% shift
in our results. The remaining di↵erence is due to a combination of the following, individually smaller,
e↵ects: (i) we re-evaluate the “elastic” hadronic contribution, as discussed in Section 5.2, which leads
to a �0.006% shift to �R; (ii) for the next-to-leading logarithmic corrections of O(↵2 ln(MW /mc)), our
result di↵ers from the one in Ref. [38], producing a negative shift of approximately �0.011%; (iii) we do
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In the standard non-EFT approach, additional terms scaling as ↵2

ln (mN/me) (or ↵2
ln(Rpme) after including finite

nucleon size e↵ects) are included in the relativistic Fermi function, see discussion in Section 6.1, and booked as e↵ective

phase-space corrections appearing in �f . It is worth noting that, for neutron decay, the ↵2
ln(Rpme) terms in the relativistic

Fermi function cancel the corresponding terms in the correction ↵/(2⇡)⇥ � [38].

6

6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as

�n =
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 ·

�
1 +�f

�
·
�
1 +�R

�
, (107)

where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
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1
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2

 
1 +

↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (E0)

!!
� 1, (113)

where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵
2 ln (mN/me). The resulting

gV (µ� ⇠ me) is directly relevant to the calculation of neutron decay and can be used as input for the
one-body contribution to nuclear decays.

In this work, we have focused on the application to neutron decay. With gV (µ� ⇠ me) at hand, we
combined both virtual and real photon corrections to the decay rate [33, 44, 46] to obtain the e↵ective
phase-space correction �f and the radiative correction �R to the neutron lifetime, see Section 6, and the
relation

|Vud|
2
⌧n

�
1 + 3�2

�
(1 +�f ) (1 +�R) = 5283.321(5) s, (4)

with �f and �R given in Eqs. (109) and (110), respectively. Our definitions for �f and �R di↵er from the
traditional approach both conceptually and numerically. Technically, the bulk of this di↵erence is in shift-
ing all short-distance contributions from �f to �R. �f describes Coulomb-enhanced long-distance con-
tributions and recoil corrections, while �R includes all electroweak and HBChPT short-distance contribu-
tions along with the non-Coulomb radiative corrections in /⇡EFT, as specified in Eqs. (78), (89), and (113).
Numerically, we find

�f = 3.573(5)⇥ 10�2
, (5)

�R = 4.044(24)Had(8)↵↵2
s
(7)↵✏2�(5)µ� [27]total ⇥ 10�2

. (6)

The uncertainty in �f stems from an estimate of mixed recoil times Coulomb corrections. The dominant
sources of uncertainty to �R are given by: the non-perturbative hadronic contributions, associated to
the “�W box” diagram in the standard approach [1–6]; contributions of O(↵↵2

s) not included in our
renormalization group analysis in the LEFT; chiral corrections of ↵✏2�; residual dependence on the /⇡EFT

renormalization scale, varied between me/
p
2 and

p
2me, which is an indicator of the O(↵2) corrections.

A detailed discussion of uncertainties is presented in Sections 5.4 (for gV ) and 6.2 (for the remaining
contributions to �R).

Our result for �f in Eq. (5) di↵ers from the one found in the literature �f = 3.608 ⇥ 10�2 [38] by
�0.035%. This is because in the phase space integration we use the nonrelativistic Fermi function, for the
reasons discussed in Section 6.1, and neglect corrections induced by modeling the proton as a uniformly
charged sphere of radius Rp ' 1 fm [53] (this e↵ect is at the level of 0.005%).

Our result for �R in Eq. (6) exceeds the current value �R = 3.983(27) ⇥ 10�2, compiled in Ref. [8]
by combining the results of [1–6], by about twice the estimated uncertainties. The +0.061% shift in
the central value is almost entirely due to the di↵erent treatment of the next-to-leading logarithmic
terms at the hadronic level, i.e., the terms that scale as ↵

2 ln (mN/me). In both approaches, there is a
contribution of this type coming from the cross term between the one-loop RGE correction to gV , scaling

as ↵
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⌘
terms in the Fermi function. In our approach, additional ↵2 ln (mN/me)

large logarithmic corrections arise entirely from the two-loop anomalous dimension contribution to the
RGE (88) for the e↵ective coupling gV (µ�) and produce a positive shift in �R of 0.010%. In the EFT
approach, there are no other sources of large logarithms of the ratio (mN/me) in the matrix element of
the four-fermion operator (1) to O(↵2). In the literature, this class of e↵ects is not associated with the
running of gV , but arises through the negative correction ↵/(2⇡)⇥ � = �0.043%, introduced in Ref. [38]
by adapting the results of Refs. [54, 55].1 The mismatch of the two approaches produces a +0.053% shift
in our results. The remaining di↵erence is due to a combination of the following, individually smaller,
e↵ects: (i) we re-evaluate the “elastic” hadronic contribution, as discussed in Section 5.2, which leads
to a �0.006% shift to �R; (ii) for the next-to-leading logarithmic corrections of O(↵2 ln(MW /mc)), our
result di↵ers from the one in Ref. [38], producing a negative shift of approximately �0.011%; (iii) we do

1
In the standard non-EFT approach, additional terms scaling as ↵2

ln (mN/me) (or ↵2
ln(Rpme) after including finite

nucleon size e↵ects) are included in the relativistic Fermi function, see discussion in Section 6.1, and booked as e↵ective

phase-space corrections appearing in �f . It is worth noting that, for neutron decay, the ↵2
ln(Rpme) terms in the relativistic

Fermi function cancel the corresponding terms in the correction ↵/(2⇡)⇥ � [38].
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵
2 ln (mN/me). The resulting

gV (µ� ⇠ me) is directly relevant to the calculation of neutron decay and can be used as input for the
one-body contribution to nuclear decays.

In this work, we have focused on the application to neutron decay. With gV (µ� ⇠ me) at hand, we
combined both virtual and real photon corrections to the decay rate [33, 44, 46] to obtain the e↵ective
phase-space correction �f and the radiative correction �R to the neutron lifetime, see Section 6, and the
relation

|Vud|
2
⌧n

�
1 + 3�2

�
(1 +�f ) (1 +�R) = 5283.321(5) s, (4)

with �f and �R given in Eqs. (109) and (110), respectively. Our definitions for �f and �R di↵er from the
traditional approach both conceptually and numerically. Technically, the bulk of this di↵erence is in shift-
ing all short-distance contributions from �f to �R. �f describes Coulomb-enhanced long-distance con-
tributions and recoil corrections, while �R includes all electroweak and HBChPT short-distance contribu-
tions along with the non-Coulomb radiative corrections in /⇡EFT, as specified in Eqs. (78), (89), and (113).
Numerically, we find

�f = 3.573(5)⇥ 10�2
, (5)

�R = 4.044(24)Had(8)↵↵2
s
(7)↵✏2�(5)µ� [27]total ⇥ 10�2

. (6)

The uncertainty in �f stems from an estimate of mixed recoil times Coulomb corrections. The dominant
sources of uncertainty to �R are given by: the non-perturbative hadronic contributions, associated to
the “�W box” diagram in the standard approach [1–6]; contributions of O(↵↵2

s) not included in our
renormalization group analysis in the LEFT; chiral corrections of ↵✏2�; residual dependence on the /⇡EFT

renormalization scale, varied between me/
p
2 and

p
2me, which is an indicator of the O(↵2) corrections.

A detailed discussion of uncertainties is presented in Sections 5.4 (for gV ) and 6.2 (for the remaining
contributions to �R).

Our result for �f in Eq. (5) di↵ers from the one found in the literature �f = 3.608 ⇥ 10�2 [38] by
�0.035%. This is because in the phase space integration we use the nonrelativistic Fermi function, for the
reasons discussed in Section 6.1, and neglect corrections induced by modeling the proton as a uniformly
charged sphere of radius Rp ' 1 fm [53] (this e↵ect is at the level of 0.005%).

Our result for �R in Eq. (6) exceeds the current value �R = 3.983(27) ⇥ 10�2, compiled in Ref. [8]
by combining the results of [1–6], by about twice the estimated uncertainties. The +0.061% shift in
the central value is almost entirely due to the di↵erent treatment of the next-to-leading logarithmic
terms at the hadronic level, i.e., the terms that scale as ↵

2 ln (mN/me). In both approaches, there is a
contribution of this type coming from the cross term between the one-loop RGE correction to gV , scaling

as ↵
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ln (mN/me), and O
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terms in the Fermi function. In our approach, additional ↵2 ln (mN/me)

large logarithmic corrections arise entirely from the two-loop anomalous dimension contribution to the
RGE (88) for the e↵ective coupling gV (µ�) and produce a positive shift in �R of 0.010%. In the EFT
approach, there are no other sources of large logarithms of the ratio (mN/me) in the matrix element of
the four-fermion operator (1) to O(↵2). In the literature, this class of e↵ects is not associated with the
running of gV , but arises through the negative correction ↵/(2⇡)⇥ � = �0.043%, introduced in Ref. [38]
by adapting the results of Refs. [54, 55].1 The mismatch of the two approaches produces a +0.053% shift
in our results. The remaining di↵erence is due to a combination of the following, individually smaller,
e↵ects: (i) we re-evaluate the “elastic” hadronic contribution, as discussed in Section 5.2, which leads
to a �0.006% shift to �R; (ii) for the next-to-leading logarithmic corrections of O(↵2 ln(MW /mc)), our
result di↵ers from the one in Ref. [38], producing a negative shift of approximately �0.011%; (iii) we do

1
In the standard non-EFT approach, additional terms scaling as ↵2

ln (mN/me) (or ↵2
ln(Rpme) after including finite

nucleon size e↵ects) are included in the relativistic Fermi function, see discussion in Section 6.1, and booked as e↵ective

phase-space corrections appearing in �f . It is worth noting that, for neutron decay, the ↵2
ln(Rpme) terms in the relativistic

Fermi function cancel the corresponding terms in the correction ↵/(2⇡)⇥ � [38].
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6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as
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where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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where the phase space integral is given by

f0 =
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x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2
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x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by
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where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by
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where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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to gV (µ� ⇠ me), resumming large next-to-leading logarithms of order ↵
2 ln (mN/me). The resulting

gV (µ� ⇠ me) is directly relevant to the calculation of neutron decay and can be used as input for the
one-body contribution to nuclear decays.

In this work, we have focused on the application to neutron decay. With gV (µ� ⇠ me) at hand, we
combined both virtual and real photon corrections to the decay rate [33, 44, 46] to obtain the e↵ective
phase-space correction �f and the radiative correction �R to the neutron lifetime, see Section 6, and the
relation
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(1 +�f ) (1 +�R) = 5283.321(5) s, (4)

with �f and �R given in Eqs. (109) and (110), respectively. Our definitions for �f and �R di↵er from the
traditional approach both conceptually and numerically. Technically, the bulk of this di↵erence is in shift-
ing all short-distance contributions from �f to �R. �f describes Coulomb-enhanced long-distance con-
tributions and recoil corrections, while �R includes all electroweak and HBChPT short-distance contribu-
tions along with the non-Coulomb radiative corrections in /⇡EFT, as specified in Eqs. (78), (89), and (113).
Numerically, we find

�f = 3.573(5)⇥ 10�2
, (5)

�R = 4.044(24)Had(8)↵↵2
s
(7)↵✏2�(5)µ� [27]total ⇥ 10�2

. (6)

The uncertainty in �f stems from an estimate of mixed recoil times Coulomb corrections. The dominant
sources of uncertainty to �R are given by: the non-perturbative hadronic contributions, associated to
the “�W box” diagram in the standard approach [1–6]; contributions of O(↵↵2

s) not included in our
renormalization group analysis in the LEFT; chiral corrections of ↵✏2�; residual dependence on the /⇡EFT

renormalization scale, varied between me/
p
2 and

p
2me, which is an indicator of the O(↵2) corrections.

A detailed discussion of uncertainties is presented in Sections 5.4 (for gV ) and 6.2 (for the remaining
contributions to �R).

Our result for �f in Eq. (5) di↵ers from the one found in the literature �f = 3.608 ⇥ 10�2 [38] by
�0.035%. This is because in the phase space integration we use the nonrelativistic Fermi function, for the
reasons discussed in Section 6.1, and neglect corrections induced by modeling the proton as a uniformly
charged sphere of radius Rp ' 1 fm [53] (this e↵ect is at the level of 0.005%).

Our result for �R in Eq. (6) exceeds the current value �R = 3.983(27) ⇥ 10�2, compiled in Ref. [8]
by combining the results of [1–6], by about twice the estimated uncertainties. The +0.061% shift in
the central value is almost entirely due to the di↵erent treatment of the next-to-leading logarithmic
terms at the hadronic level, i.e., the terms that scale as ↵

2 ln (mN/me). In both approaches, there is a
contribution of this type coming from the cross term between the one-loop RGE correction to gV , scaling

as ↵

⇡
ln (mN/me), and O

⇣
↵⇡

�

⌘
terms in the Fermi function. In our approach, additional ↵2 ln (mN/me)

large logarithmic corrections arise entirely from the two-loop anomalous dimension contribution to the
RGE (88) for the e↵ective coupling gV (µ�) and produce a positive shift in �R of 0.010%. In the EFT
approach, there are no other sources of large logarithms of the ratio (mN/me) in the matrix element of
the four-fermion operator (1) to O(↵2). In the literature, this class of e↵ects is not associated with the
running of gV , but arises through the negative correction ↵/(2⇡)⇥ � = �0.043%, introduced in Ref. [38]
by adapting the results of Refs. [54, 55].1 The mismatch of the two approaches produces a +0.053% shift
in our results. The remaining di↵erence is due to a combination of the following, individually smaller,
e↵ects: (i) we re-evaluate the “elastic” hadronic contribution, as discussed in Section 5.2, which leads
to a �0.006% shift to �R; (ii) for the next-to-leading logarithmic corrections of O(↵2 ln(MW /mc)), our
result di↵ers from the one in Ref. [38], producing a negative shift of approximately �0.011%; (iii) we do

1
In the standard non-EFT approach, additional terms scaling as ↵2

ln (mN/me) (or ↵2
ln(Rpme) after including finite

nucleon size e↵ects) are included in the relativistic Fermi function, see discussion in Section 6.1, and booked as e↵ective

phase-space corrections appearing in �f . It is worth noting that, for neutron decay, the ↵2
ln(Rpme) terms in the relativistic

Fermi function cancel the corresponding terms in the correction ↵/(2⇡)⇥ � [38].

6

6.2 Total decay rate and extraction of Vud

Upon performing the integration over Ee in Eq. (104), the decay rate can be written as

�n =
G

2
F
|Vud|

2
m

5
e

2⇡3

�
1 + 3�2

�
· f0 ·

�
1 +�f

�
·
�
1 +�R

�
, (107)

where the phase space integral is given by

f0 =

ˆ
x0

1
w(x, x0) dx, w(x, x0) = x (x0 � x)2

p
x2 � 1, (108)

with x0 = E0/me and E0 = 1.292581 MeV, and takes the value f0(x0) = 1.62989. Following standard
practice [38, 53], in Eq. (107) we have lumped the Coulomb (FNR) and recoil terms into an e↵ective
phase-space correction �f , separating the remaining radiative corrections into �R. In this factorization
scheme, the various corrections to the decay rate are defined by

f0 (1 +�f ) =

ˆ
x0

1
w(x, x0)FNR (�(x)) (1 + �recoil (xme)) dx, (109)

1 +�R = [gV (µ�)]
2

✓
1 +

´
x0

1 w(x, x0)FNR (�(x)) (1 + �recoil (xme)) �RC (xme, µ�) dx

f0(1 +�f )

◆
, (110)

where �(x) =
p
1� 1/x2. A few remarks are in order:

• The decay rate in Eq. (107) corresponds to the usual definition adopted in the literature [38], upon
identifying f ⌘ f0(1 +�f ). Therefore, the total shift in the decay rate

�TOT = �1 + (1 +�f )(1 +�R), (111)

which impacts the extraction of Vud, requires specifying both �f and �R. The expressions and
numerical values of �f and �R in our EFT approach di↵er from the results found in the literature
(see Ref. [38] and most recent calculations of �R [1–6, 8]). In what follows, when necessary we will
discuss the origin of the di↵erences.

• For �f , which encodes Coulomb and recoil corrections, we find

�f = 3.573(5)%, (112)

where we estimated the uncertainty to be of the size of Coulomb corrections times recoil cross term.
The di↵erence from the standard result �f = 3.608 ⇥ 10�2 [38] is mainly due to the fact that
we use the nonrelativistic Fermi function, for the reasons discussed above, while Ref. [38] uses the
relativistic Fermi function. We also do not include the corrections induced by modeling the proton
as a uniformly charged sphere of radius Rp ' 1 fm [53]: this is a small e↵ect shifting �f by 0.005%.

• Up to the accuracy of our calculation, the remaining radiative correction �R in our framework is
given by

�R = [gV (µ�)]
2

 
1 +

↵ (µ�)

2⇡

 
3

2
ln

µ
2
�

m2
e

+
5

4
+ ĝ (E0)

!!
� 1, (113)

where µ� ⇠ me and ĝ (E0) = �9.58766 is obtained by averaging the subtracted Sirlin function
ĝ(Ee, E0) over the phase space, according to Eq. (110). At leading order in ↵, the µ�-scale depen-
dence in Eq (113) cancels between the coupling constant gV (µ�) and virtual one-loop contributions,
while higher-order perturbative logarithms from virtual diagrams at scales µ� ⇠ me are small.
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1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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FIG. 1: Hierarchy of scales in the EFT. The left panel summarizes the di↵erent EFTs and their interactions, the right panel
the associated photon modes.

Standard-Model particles, commonly referred to as low-
energy EFT (LEFT) [64]. The relevant part of the LEFT
e↵ective Lagrangian reads

LLEFT = �2
p
2GFVud C

r
�(µ) ēL�µ⌫L ūL�

µdL+ h.c. (5)

Here, GF is implicitly understood to be defined from
muon decay [60], absorbing a set of RC, and the Wil-
son coe�cient Cr

�(µ) encodes the RC due to hard pho-
tons. The corresponding anomalous dimension is known
to O(↵) [65], O(↵2) [45], and O(↵↵s) [65], and the RG
equations allow one to evaluate Cr

�(µ) at the hadronic
scale µ ' µ�, thus resumming the LL and NLL of the ra-
tio MW /⇤�. This correction is universal for all hadronic
� decay processes.

At the hadronic scale, we next match onto an EFT
written in terms of nucleons, pions, light leptons, and
photons [63, 66], according to the exact and broken sym-
metries of low-energy EW interactions, QED, and QCD.
We give more details of this chiral EFT below, but here
we already present a few key interactions that will be
necessary. We focus on the e↵ects induced by hard pho-
tons in single-nucleon (N), mesonic, and nucleon–nucleon
(NN) interactions.

First of all, the leading-order (LO) EW one-body (1b)

Lagrangian is

L
1b

W = �
p
2GFVud ēL�µ⌫LN̄(gV v

µ
� 2gAS

µ)⌧+N + · · · ,
(6)

in terms of the nucleon NT = (p, n) isodoublet, the nu-
cleon four-velocity vµ and spin Sµ, and isospin Pauli
matrices ⌧a. In the nucleon rest frame, vµ = (1,0),
and Sµ = (0,�/2), with � the spin Pauli matrices.
The ellipsis denotes omitted terms involving pion fields
or of higher order in ✏�. At this level, the e↵ects of
hard photons are captured in the deviation of the (scale-
dependent) vector coupling gV (µ) from one (and gA(µ)
from gQCD

A [63]). The vector coupling gV (µ) can be rep-
resented as follows [45]:

gV (µ) = Ũ(µ, µ�)

⇥


1 +⇤V

had
(µ0)�

↵(µ�)

2⇡


✓
µ

µ0

,
µ0

µ�

◆�

⇥

✓
1 +

↵(µ�)

⇡
B(a)

◆�1

U(µ�, µW ) Cr
�(µW ). (7)

From right to left, the terms appearing in the above ex-
pression represent contributions of virtual photons of de-
creasing virtuality. Cr

�(µW ) is the LEFT Wilson coef-
ficient defined in Eq. (5), evaluated at the weak scale
µW ' MW . The function U(µ�, µW ) encodes the RG
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ℒχPT = − 2GFVud ēLγ0νLN̄τ+N [e2gNN
V1 N̄N + e2gNN

V2 N̄τ3N]

LEFT- PT matchingχ

 sectorNN

qq

γ

• Two unknown LECs   

• Required at  for renormalization 

gNN
V1,V2

𝒪(mπ /mN α)

Q~qext, me

VC,  W. Dekens,, J.de Vries, S. Gandolfi,  M. Hoferichter,  E, Mereghetti,   2405.18469, 2405.18464 

LEFT 

• One-body current  
• Same as neutron decay 
• Requires non-perturbative input 

PT 
  
χ

1 GeV

ud

eνe

GFCβ(Λχ)

gV

e
νe

pn

ℒχPT = − 2gVGFVud ēLγ0νLN̄τ+N
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CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.

56

…

γW W

γ

29

3

En
er

gy

SM
LE

FT
PT�

EF
T

�

�W � MW

�� � mN

�� � M�, kF

�ext � me, Q

Ultrasoft 
 q0 � � q � � Q

Potential 
 � q � � M� � q0 � Q

Hard 
 q0 � � q � � mN

� MeV

� 100 MeV

� GeV

� 100 GeV

Soft 
 q0 � � q � � M�

Integrate out  
heavy SM fields

Non-perturbative matching 
LQCD/Dispersive methods

Integrate out soft &  
potential photons

Many-body calculations 
Nuclear matrix elements

Weak interactions

 
operator 

u � d�ee+
� C�

QED + QCD

 
operator 

p � n�ee+
� gV

 
operators 

pN � nN�ee+

� gNN
V1,V2

-decay rate predictions�

Effective theories and interactions Active photon modes

QED + QCD

QED�PT

 

operator 

p � n�ee+

� C(gV)
e�

 
potentials 

pN � nN�ee+
�i

QED�EFT

Evolution from  

to , 

�W

�ext � C(gV)
e�

Fermi function  &  

Outer correction 

F̄ �̃C

�̃� R

Nuclear-structure 
dependence �̃NS

FIG. 1: Hierarchy of scales in the EFT. The left panel summarizes the di↵erent EFTs and their interactions, the right panel
the associated photon modes.

Standard-Model particles, commonly referred to as low-
energy EFT (LEFT) [64]. The relevant part of the LEFT
e↵ective Lagrangian reads

LLEFT = �2
p
2GFVud C

r
�(µ) ēL�µ⌫L ūL�

µdL+ h.c. (5)

Here, GF is implicitly understood to be defined from
muon decay [60], absorbing a set of RC, and the Wil-
son coe�cient Cr

�(µ) encodes the RC due to hard pho-
tons. The corresponding anomalous dimension is known
to O(↵) [65], O(↵2) [45], and O(↵↵s) [65], and the RG
equations allow one to evaluate Cr

�(µ) at the hadronic
scale µ ' µ�, thus resumming the LL and NLL of the ra-
tio MW /⇤�. This correction is universal for all hadronic
� decay processes.

At the hadronic scale, we next match onto an EFT
written in terms of nucleons, pions, light leptons, and
photons [63, 66], according to the exact and broken sym-
metries of low-energy EW interactions, QED, and QCD.
We give more details of this chiral EFT below, but here
we already present a few key interactions that will be
necessary. We focus on the e↵ects induced by hard pho-
tons in single-nucleon (N), mesonic, and nucleon–nucleon
(NN) interactions.

First of all, the leading-order (LO) EW one-body (1b)

Lagrangian is

L
1b

W = �
p
2GFVud ēL�µ⌫LN̄(gV v

µ
� 2gAS

µ)⌧+N + · · · ,
(6)

in terms of the nucleon NT = (p, n) isodoublet, the nu-
cleon four-velocity vµ and spin Sµ, and isospin Pauli
matrices ⌧a. In the nucleon rest frame, vµ = (1,0),
and Sµ = (0,�/2), with � the spin Pauli matrices.
The ellipsis denotes omitted terms involving pion fields
or of higher order in ✏�. At this level, the e↵ects of
hard photons are captured in the deviation of the (scale-
dependent) vector coupling gV (µ) from one (and gA(µ)
from gQCD

A [63]). The vector coupling gV (µ) can be rep-
resented as follows [45]:

gV (µ) = Ũ(µ, µ�)
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U(µ�, µW ) Cr
�(µW ). (7)

From right to left, the terms appearing in the above ex-
pression represent contributions of virtual photons of de-
creasing virtuality. Cr

�(µW ) is the LEFT Wilson coef-
ficient defined in Eq. (5), evaluated at the weak scale
µW ' MW . The function U(µ�, µW ) encodes the RG

and pions 

Generate  1- and 2-nucleon 
operators at O (GFα) 

PT- EFT matchingχ χ
PT 

  
χ

100 MeV
EFT 

  
χ

•  nucleon-nucleon potentials induced by 

• Potential ’s with  

• Pion exchange, due to  

• Contact operators  

𝒪(α)
γ q0 ≪ � ⃗q � ∼ mπ

δmπ ≠ 0

pn

e
νe

N N

e
νe

pn

NN

e
νe

pn

NN

γ

Integrate out 
pions,  γsoft,pot

e
νe

pn

NN

Vi

∼ gNN
V1,V2

LEFT 

PT 
  
χ

1 GeV

ud

eνe

GFCβ(Λχ)

pn

e
νe

N N

gNN
V1,V2

ℒχPT = − 2GFVud ēLγ0νLN̄τ+N [e2gNN
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Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.
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Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)
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the associated photon modes.

Standard-Model particles, commonly referred to as low-
energy EFT (LEFT) [64]. The relevant part of the LEFT
e↵ective Lagrangian reads

LLEFT = �2
p
2GFVud C

r
�(µ) ēL�µ⌫L ūL�

µdL+ h.c. (5)

Here, GF is implicitly understood to be defined from
muon decay [60], absorbing a set of RC, and the Wil-
son coe�cient Cr

�(µ) encodes the RC due to hard pho-
tons. The corresponding anomalous dimension is known
to O(↵) [65], O(↵2) [45], and O(↵↵s) [65], and the RG
equations allow one to evaluate Cr

�(µ) at the hadronic
scale µ ' µ�, thus resumming the LL and NLL of the ra-
tio MW /⇤�. This correction is universal for all hadronic
� decay processes.

At the hadronic scale, we next match onto an EFT
written in terms of nucleons, pions, light leptons, and
photons [63, 66], according to the exact and broken sym-
metries of low-energy EW interactions, QED, and QCD.
We give more details of this chiral EFT below, but here
we already present a few key interactions that will be
necessary. We focus on the e↵ects induced by hard pho-
tons in single-nucleon (N), mesonic, and nucleon–nucleon
(NN) interactions.

First of all, the leading-order (LO) EW one-body (1b)

Lagrangian is

L
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W = �
p
2GFVud ēL�µ⌫LN̄(gV v

µ
� 2gAS

µ)⌧+N + · · · ,
(6)

in terms of the nucleon NT = (p, n) isodoublet, the nu-
cleon four-velocity vµ and spin Sµ, and isospin Pauli
matrices ⌧a. In the nucleon rest frame, vµ = (1,0),
and Sµ = (0,�/2), with � the spin Pauli matrices.
The ellipsis denotes omitted terms involving pion fields
or of higher order in ✏�. At this level, the e↵ects of
hard photons are captured in the deviation of the (scale-
dependent) vector coupling gV (µ) from one (and gA(µ)
from gQCD

A [63]). The vector coupling gV (µ) can be rep-
resented as follows [45]:

gV (µ) = Ũ(µ, µ�)
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From right to left, the terms appearing in the above ex-
pression represent contributions of virtual photons of de-
creasing virtuality. Cr

�(µW ) is the LEFT Wilson coef-
ficient defined in Eq. (5), evaluated at the weak scale
µW ' MW . The function U(µ�, µW ) encodes the RG
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1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
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N
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4π
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−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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FIG. 1: Hierarchy of scales in the EFT. The left panel summarizes the di↵erent EFTs and their interactions, the right panel
the associated photon modes.

Standard-Model particles, commonly referred to as low-
energy EFT (LEFT) [64]. The relevant part of the LEFT
e↵ective Lagrangian reads

LLEFT = �2
p
2GFVud C

r
�(µ) ēL�µ⌫L ūL�

µdL+ h.c. (5)

Here, GF is implicitly understood to be defined from
muon decay [60], absorbing a set of RC, and the Wil-
son coe�cient Cr

�(µ) encodes the RC due to hard pho-
tons. The corresponding anomalous dimension is known
to O(↵) [65], O(↵2) [45], and O(↵↵s) [65], and the RG
equations allow one to evaluate Cr

�(µ) at the hadronic
scale µ ' µ�, thus resumming the LL and NLL of the ra-
tio MW /⇤�. This correction is universal for all hadronic
� decay processes.

At the hadronic scale, we next match onto an EFT
written in terms of nucleons, pions, light leptons, and
photons [63, 66], according to the exact and broken sym-
metries of low-energy EW interactions, QED, and QCD.
We give more details of this chiral EFT below, but here
we already present a few key interactions that will be
necessary. We focus on the e↵ects induced by hard pho-
tons in single-nucleon (N), mesonic, and nucleon–nucleon
(NN) interactions.

First of all, the leading-order (LO) EW one-body (1b)

Lagrangian is

L
1b

W = �
p
2GFVud ēL�µ⌫LN̄(gV v

µ
� 2gAS

µ)⌧+N + · · · ,
(6)

in terms of the nucleon NT = (p, n) isodoublet, the nu-
cleon four-velocity vµ and spin Sµ, and isospin Pauli
matrices ⌧a. In the nucleon rest frame, vµ = (1,0),
and Sµ = (0,�/2), with � the spin Pauli matrices.
The ellipsis denotes omitted terms involving pion fields
or of higher order in ✏�. At this level, the e↵ects of
hard photons are captured in the deviation of the (scale-
dependent) vector coupling gV (µ) from one (and gA(µ)
from gQCD

A [63]). The vector coupling gV (µ) can be rep-
resented as follows [45]:
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From right to left, the terms appearing in the above ex-
pression represent contributions of virtual photons of de-
creasing virtuality. Cr

�(µW ) is the LEFT Wilson coef-
ficient defined in Eq. (5), evaluated at the weak scale
µW ' MW . The function U(µ�, µW ) encodes the RG
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not very well tested. Our PC follows Ref. [82], but using
the rules of Refs. [83, 84] would demoteAh ' O(GF ↵✏2�),
and the latter scaling was borne out explicitly in calcu-
lations of 3b corrections to nuclear electric dipole mo-
ments [85, 86]. For this reason, we will not explicitly
compute the 3b corrections in this work, but stress that
it would be interesting and important to verify their sizes.
Finally, we also remark on PC estimates for �C . Gen-

eralizing the theorems from Refs. [87–89], it was shown
in Ref. [47] that there are no first-order corrections, and
therefore �C scales with O(↵2). A diagram with two
Coulomb photon exchanges would have two potential
loops, four nucleon propagators, and e4/Q4 from the
photons combining to O(GF↵2m2

N/k2F ), and thus be siz-
able. NLO correction in which the Coulomb exchange
e2/Q2 is replaced by e2/⇤2

� [68, 69] would then appear
at O(GF↵2) and could thus still be relevant. Ultimately,
the counting of such corrections to Coulomb photon ex-
changes depends on the way in which �C is evaluated in
practice, in particular, which corrections are included in
the employed nuclear wave functions.
We conclude our discussion of the PC with a summary

of the main observations, see Ref. [8]:

1. Ultrasoft modes in diagrams 2(b,c) contribute to
the Fermi and Sirlin functions, while corrections be-
yond these functions are suppressed by O(↵✏recoil),
and therefore do not have to be considered.

2. Potential modes in diagram 2(c) scale like O(↵✏/⇡)
and O(↵✏�) relative to LO, and therefore need to
be included.

3. Soft modes first contribute suppressed by O(↵✏2�),
and thus will not be considered.

4. Hard modes generate several relevant contribu-
tions: (i) O(↵) corrections to gV ; (ii) O(↵✏�)
two-nucleon contact terms gNN

V 1,V 2
needed to ab-

sorb divergences induced by potential modes; (iii)
O(↵✏/⇡,↵✏�) e↵ects via the pion mass splitting.

5. There are sizable two-photon-exchange diagrams
that scale as O(↵2) compared to the LO contri-
bution, and thus have to be considered. Potential,
soft, and ultrasoft scalings are relevant for these
contributions.

Accordingly, the dominant contributions to be combined
into �NS can be evaluated as the matrix element of EW
potentials between the initial and final nuclear states,
and these e↵ects will be described in detail in Sec. III,
while the role of ultrasoft contributions will be discussed
further in Sec. IV. O(↵2) corrections are particularly im-
portant to justify the factorization of the decay rate, see
Sec. V. Moreover, the interplay of potential and ultrasoft
modes becomes crucial to obtain regulator-independent
results.

C. Nuclear � decay in EFT

In chiral EFT with dynamical photons and leptons,
the starting point for the calculations of nuclear decay
amplitudes is the Hamiltonian obtained after integrating
out pions and photons with momenta that have soft and
potential scaling, only ultrasoft photons are left as dy-
namical degrees of freedom. The Hamiltonian takes the
schematic form

He↵ = Hnucl +HEM +HEW. (25)

Hnucl contains the nucleon kinetic terms and the strong
interaction potentials, up to a given chiral order. HEM

contains EM interactions

HEM = HQED +
AX

i=1

eAµvµ

✓
1 + ⌧ (i)3

2

◆
+ . . . , (26)

where HQED is the QED Hamiltonian describing interac-
tions of electrons and photons. The last term is the LO
nucleon coupling to ultrasoft photons, with the ellipsis
representing suppressed terms such as magnetic moment
and other recoil terms (see, for example, Ref. [90]). The
EW Hamiltonian is given by

HEW =
p
2GFVud ēL�µ⌫L J

µ
W ,

J
µ
W =

AX

n=1

⇣
gV �

µ0
� gA�

µi�(n)i
⌘
⌧ (n)+ +

�
J

2b
�µ

+ . . .

+ �µ0
�
V
0 + E0V

0

E

�
+ �µiVi + pµeVme + . . . (27)

The first two contributions to the weak nuclear current
J

µ
W represent the standard 1b and 2b terms, while the

ellipsis refers to higher-order terms such as weak mag-
netism. The remaining contributions, in the last line
in Eq. (27), represent the weak 2b currents of order
O(↵✏/⇡,↵✏�), also called weak potentials in what follows.
These are induced by integrating out hard, soft, and po-
tential photons, while the ellipsis denotes terms further
suppressed in ✏� and ✏/⇡. Accordingly, the weak nuclear
current J µ

W takes the general form

J
µ
W =

X

i

C(i)
W (µ)

�
J

(i)
W

�µ
(28)

in terms of scale-dependent e↵ective couplings C(i)
W (µ) =

{gV (µ), gA(µ), gNN
V 1,V 2

(µ), . . .} that include EM e↵ects
due to hard, soft, and potential photons multiplying one-

and few-nucleon operators
�
J

(i)
W

�µ
. The matrix elements

of these operators, dressed by ultrasoft photon exchanges
according to Eq. (26), evaluated between initial and final
nuclear states, eventually determine the RC to nuclear �
decays, see Sec. V. In the next two sections, we describe

the derivation of the operators
�
J

(i)
W

�µ
, their matrix el-

ements, and their anomalous dimensions controlling the

evolution of C(i)
W (µ) for qext < µ < kF .
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1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.

1

freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ ⟨Q1⟩tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ ⟨Q2⟩tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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FIG. 1: Hierarchy of scales in the EFT. The left panel summarizes the di↵erent EFTs and their interactions, the right panel
the associated photon modes.

Standard-Model particles, commonly referred to as low-
energy EFT (LEFT) [64]. The relevant part of the LEFT
e↵ective Lagrangian reads

LLEFT = �2
p
2GFVud C

r
�(µ) ēL�µ⌫L ūL�

µdL+ h.c. (5)

Here, GF is implicitly understood to be defined from
muon decay [60], absorbing a set of RC, and the Wil-
son coe�cient Cr

�(µ) encodes the RC due to hard pho-
tons. The corresponding anomalous dimension is known
to O(↵) [65], O(↵2) [45], and O(↵↵s) [65], and the RG
equations allow one to evaluate Cr

�(µ) at the hadronic
scale µ ' µ�, thus resumming the LL and NLL of the ra-
tio MW /⇤�. This correction is universal for all hadronic
� decay processes.

At the hadronic scale, we next match onto an EFT
written in terms of nucleons, pions, light leptons, and
photons [63, 66], according to the exact and broken sym-
metries of low-energy EW interactions, QED, and QCD.
We give more details of this chiral EFT below, but here
we already present a few key interactions that will be
necessary. We focus on the e↵ects induced by hard pho-
tons in single-nucleon (N), mesonic, and nucleon–nucleon
(NN) interactions.

First of all, the leading-order (LO) EW one-body (1b)

Lagrangian is

L
1b

W = �
p
2GFVud ēL�µ⌫LN̄(gV v

µ
� 2gAS

µ)⌧+N + · · · ,
(6)

in terms of the nucleon NT = (p, n) isodoublet, the nu-
cleon four-velocity vµ and spin Sµ, and isospin Pauli
matrices ⌧a. In the nucleon rest frame, vµ = (1,0),
and Sµ = (0,�/2), with � the spin Pauli matrices.
The ellipsis denotes omitted terms involving pion fields
or of higher order in ✏�. At this level, the e↵ects of
hard photons are captured in the deviation of the (scale-
dependent) vector coupling gV (µ) from one (and gA(µ)
from gQCD

A [63]). The vector coupling gV (µ) can be rep-
resented as follows [45]:

gV (µ) = Ũ(µ, µ�)

⇥


1 +⇤V

had
(µ0)�

↵(µ�)

2⇡


✓
µ

µ0

,
µ0

µ�

◆�

⇥

✓
1 +

↵(µ�)

⇡
B(a)

◆�1

U(µ�, µW ) Cr
�(µW ). (7)

From right to left, the terms appearing in the above ex-
pression represent contributions of virtual photons of de-
creasing virtuality. Cr

�(µW ) is the LEFT Wilson coef-
ficient defined in Eq. (5), evaluated at the weak scale
µW ' MW . The function U(µ�, µW ) encodes the RG
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Vn−body
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L = ln mπ /me

dCeff
d ln μ

∼ [ 1 − α2Z(Z + 1) − 1] Ceff

Usoft photons: 
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EFT for nuclear decays (2)

• EFT-based decay rate formula reorganizes ‘traditional’ corrections in terms of ‘matching and running’ (e.g. Ceff(gV) )

Courtesy of Wouter Dekens 

30

ℋEW = 2GFVudēLγμνL C(gV)
eff (me)[vμ + VEvμ + Vmagvμ + …]
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Outer correction 
𝒪(α /π)

Shape/atomic/recoil 
corrections

RG/matching effects 
μ ≳ me

• Running/matching effects 

• Ultrasoft effects in the matrix element:  and the Fermi function 

• Isospin breaking ,  

• Shape, atomic, and recoil corrections 

• Nuclear structure dependence from by the potentials

δ̃′ R
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Required input }
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approach’

Known 
analytically

Requires Nuclear 
Matrix Elements 

Decay rate 

Wilkinson ’90,’93; Hardy, Towner ’04,’08,’20; Hayen et al. ’17; 

• C(Ee),  δC, δNS require nuclear structure input: good prospects of using ‘ab initio’ methods   

• Significant new effect is in δNS :  short range potentials associated with currently unknown LECs

~ ~ ~
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EFT for nuclear decays (3)

• Exploratory study in 14O →14N decay  (Quantum Monte Carlo calculation of relevant matrix element)

31

• All combined:

Half Life 
14O →14 N

Vud = 0.97364(12)gV
(10)exp(22)f̄(13)δnon−LEC

NS
(44)δLEC

NS
(12)δc

[55]total

• Compatible with traditional approach Vud = 0.97405(37)total
Hardy & Towner, ‘20
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Nuclear Matrix Elements 
14O →14 N
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• Total: 

• For  gNN
V1,V2 = 1/(4mNF2

π)

• Magnetic/spin-orbit correspond to  
`traditional’   

• Similar result:  

δNS,B

δNS,B = − 1.96(50) ⋅ 10−3

δ(0)
NS = − (1.76+0.11±0.88) ⋅ 10−3

Towner ’94; Hardy, Towner ‘20

Largest uncertainty.   Assumes

LECs can be obtained by fitting data, once NME 
calculations for several isotopes become available.

Dispersive methods and lattice QCD can also be useful 
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terms of O(α2Z) in the Fermi function 
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• All combined:

Half Life 
14O →14 N

Vud = 0.97364(12)gV
(10)exp(22)f̄(13)δnon−LEC

NS
(44)δLEC

NS
(12)δc

[55]total

• Compatible with traditional approach Vud = 0.97405(37)total
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• To be compared with Towner-Hardy 2020 result (from  14O →14N decay alone):    

EFT has identified new correction and (temporarily) increased the uncertainty….
But in the long run it’s the only viable approach to quantify the uncertainties.

(31) from δNS



Implications for new physics
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Corrections to Vud and Vus
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unitary CKM matrix
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‘SM-like analysis’
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coefficients

BSM effective 
coupligs 

Find set of ε’s so that Vud and Vus bands meet on the unitarity circle
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with uncertainty entirely dominated by experiment [22]. A
competitive determination requires a dedicated experimental
campaign, as planned at the PIONEER experiment [26].

The best information on Vus comes from kaon decays, K`2 =
K ! `⌫` and K`3 = K ! ⇡`⌫`. The former is typically ana-
lyzed by normalizing to ⇡`2 decays [27], leading to a constraint
on Vus/Vud, while K`3 decays give direct access to Vus when the
corresponding form factor is provided from lattice QCD [28].
Details of the global fit to kaon decays, as well as the input
for decay constants, form factors, and radiative corrections, are
discussed in Sec. 2, leading to

Vus

Vud

�����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡ (16)IB[51]total,

VK`3
us = 0.22330(35)exp(39) f+ (8)IB[53]total, (7)

where the errors refer to experiment, lattice input for the matrix
elements, and isospin-breaking corrections, respectively. To-
gether with the constraints on Vud, these bands give rise to the
situation depicted in Fig. 1: on the one hand, there is a ten-
sion between the best fit and CKM unitarity, but another ten-
sion, arising entirely from meson decays, is due to the fact that
the K`2 and K`3 constraints intersect away from the unitarity
circle. Additional information on Vus can be derived from ⌧
decays [29, 30], but given the larger errors [31, 32] we will
continue to focus on the kaon sector.

The main point of this Letter is that given the various ten-
sions in the Vud–Vus plane, there is urgent need for additional
information on the compatibility of K`2 and K`3 data, especially
when it comes to interpreting either of the tensions (CKM uni-
tarity and K`2 versus K`3) in terms of physics beyond the SM
(BSM). In particular, the data base for K`2 is completely dom-
inated by a single experiment [33], and at the same time the
global fit to all kaon data displays a relatively poor fit quality.
All these points could be scrutinized by a new measurement of
the Kµ3/Kµ2 branching fraction at the level of a few permil, as
possible at the NA62 experiment. Further, once the experimen-
tal situation is clarified, more robust interpretations of the en-
suing tensions will be possible, especially regarding the role of
right-handed currents both in the strange and non-strange sec-
tor. To make the case for the proposed measurement of the
Kµ3/Kµ2 branching fraction, we first discuss in detail its impact
on the global fit to kaon data and the implications for CKM uni-
tarity in Sec. 2. The consequences for physics beyond the SM
are addressed in Sec. 3, before we conclude in Sec. 4.

2. Global fit to kaon data and implications for CKM uni-
tarity

The current values for Vus and Vus/Vud given in Eq. (7) are
obtained from a global fit to kaon decays [34–37], updated
to include the latest measurements, radiative corrections, and
hadronic matrix elements. In particular, the fit includes data on
KS decays from Refs. [38–44], on KL decays from Refs. [45–
56], and on charged-kaon decays from Refs. [33, 57–70]. Since
we focus on the impact of a new Kµ3/Kµ2 measurement, e.g.,
at NA62, we reproduce the details of the charged kaon fit in

0.960 0.965 0.970 0.975
0.220

0.222

0.224

0.226

0.228

Vud

V u
s

Figure 1: Constraints in the Vud–Vus plane. The partially overlapping vertical
bands correspond to V0+!0+

ud (leftmost, red) and Vn, best
ud (rightmost, violet). The

horizontal band (green) corresponds to VK`3
us . The diagonal band (blue) corre-

sponds to (Vus/Vud)K`2/⇡`2 . The unitarity circle is denoted by the black solid
line. The 68% C.L. ellipse from a fit to all four constraints is depicted in yel-
low (Vud = 0.97378(26), Vus = 0.22422(36), �2/dof = 6.4/2, p-value 4.1%),
it deviates from the unitarity line by 2.8�. Note that the significance tends to
increase in case ⌧ decays are included.

Table 1, where, however, the value for Vus from K`3 decays in-
cludes all charge channels, accounting for correlations among
them. The extraction of Vus from K`3 decays requires further in-
put on the respective form factors, which are taken in the disper-
sive parameterization from Ref. [71], constrained by data from
Refs. [72–78]. This leaves form-factor normalizations, decay
constants, and isospin-breaking corrections in both K`2 and K`3
decays.

For K`2 we follow the established convention to consider the
ratio to ⇡`2 decays [27] (pion lifetime [62, 79–83] and branch-
ing fraction [84–87] are taken from Ref. [12]), since in this ratio
certain structure-dependent radiative corrections [88, 89] cancel
and only the ratio of decay constants FK/F⇡ needs to be pro-
vided. We use the isospin-breaking corrections from Ref. [90]
together with the Nf = 2 + 1 + 1 isospin-limit ratio of de-
cay constants FK/F⇡ = 1.1978(22) [91–94], where this aver-
age accounts for statistical and systematic correlations between
the results, some of which make use of the same lattice en-
sembles. For K`3 decays we use the radiative corrections from
Refs. [95–97] (in line with the earlier calculations [98, 99]), the
strong isospin-breaking correction �SU(2) = 0.0252(11) from
Refs. [98, 100] evaluated with the Nf = 2 + 1 + 1 quark-mass
double ratio Q = 22.5(5) and ratio ms/mud = 27.23(10), both
from Ref. [28] (the value of Q is consistent with Q = 22.1(7)
from ⌘ ! 3⇡ [101] and Q = 22.4(3) from the Cottingham
approach [102]), and the form-factor normalization f+(0) =
0.9698(17) [103, 104]. This global fit then defines the cur-

2

_

_
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suing tensions will be possible, especially regarding the role of
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are addressed in Sec. 3, before we conclude in Sec. 4.
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Table 1, where, however, the value for Vus from K`3 decays in-
cludes all charge channels, accounting for correlations among
them. The extraction of Vus from K`3 decays requires further in-
put on the respective form factors, which are taken in the disper-
sive parameterization from Ref. [71], constrained by data from
Refs. [72–78]. This leaves form-factor normalizations, decay
constants, and isospin-breaking corrections in both K`2 and K`3
decays.

For K`2 we follow the established convention to consider the
ratio to ⇡`2 decays [27] (pion lifetime [62, 79–83] and branch-
ing fraction [84–87] are taken from Ref. [12]), since in this ratio
certain structure-dependent radiative corrections [88, 89] cancel
and only the ratio of decay constants FK/F⇡ needs to be pro-
vided. We use the isospin-breaking corrections from Ref. [90]
together with the Nf = 2 + 1 + 1 isospin-limit ratio of de-
cay constants FK/F⇡ = 1.1978(22) [91–94], where this aver-
age accounts for statistical and systematic correlations between
the results, some of which make use of the same lattice en-
sembles. For K`3 decays we use the radiative corrections from
Refs. [95–97] (in line with the earlier calculations [98, 99]), the
strong isospin-breaking correction �SU(2) = 0.0252(11) from
Refs. [98, 100] evaluated with the Nf = 2 + 1 + 1 quark-mass
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Simplest ‘solution’:  right-handed (V+A) quark currents   

CKM elements from vector (axial) channels are shifted by  1+εR  (1-εR).   

Vus/Vud ,  Vud and  Vus  shift in correlated way,  can resolve all tensions! 
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Unveiling R-handed quark currents?

ments by almost 0.5�, an e↵ect that would increase further for
the 0.2% scenario. In this case, the significance of the tension
in �(3)

CKM, the measure directly derived from kaon decays, would
increase or decrease by more than 1�, demonstrating that a new
precision measurement of the Kµ3/Kµ2 branching fraction really
has the potential to either resolve or substantially corroborate
the tension between the K`2 and K`3 CKM-element determina-
tions. Once the experimental situation in the kaon sector is clar-
ified, possible BSM interpretations become much more robust,
as we discuss in the subsequent section.

3. Constraints on physics beyond the Standard Model

The current tension with CKM unitarity has triggered re-
newed interest in possible BSM explanations [107, 108], in-
cluding interpretations in terms of vector-like quarks [109–
111] and leptons [112, 113], as modifications of the Fermi
constant [114, 115], in the context of lepton flavor universal-
ity [116–121], and even allowing for a correlation with di-
electron searches at the LHC [122, 123]. Here, we illustrate
the impact of our proposed Kµ3/Kµ2 measurement via the con-
straints on right-handed currents [32, 124–126], which can not
only address the tension between � and kaon decays, but also
between K`2 and K`3. This discussion becomes most transpar-
ent in terms of the �(i)

CKM introduced in Eq. (8).
In general, a single parameter is not su�cient to explain both

tensions, as they are governed by a-priori independent oper-
ators, and we therefore introduce two parameters ✏R, ✏(s)

R (or
equivalently ✏R and �✏R ⌘ ✏(s)

R � ✏R, normalized as in Ref. [32])
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doscalar couplings ✏P, ✏(s)
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• Does the R-handed current explanation survive after taking into account high energy data? 
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Building blocks

1 : X3

QG fABCGAν
µ GBρ

ν GCµ
ρ

QG̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ

QW ϵIJKW Iν
µ W Jρ

ν WKµ
ρ

Q
W̃

ϵIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

2 : H6

QH (H†H)3

3 : H4D2

QH! (H†H)!(H†H)

QHD

(
H†DµH

)∗ (
H†DµH

)

5 : ψ2H3 + h.c.

QeH (H†H)(l̄perH)

QuH (H†H)(q̄purH̃)

QdH (H†H)(q̄pdrH)

4 : X2H2

QHG H†HGA
µνG

Aµν

QHG̃ H†H G̃A
µνG

Aµν

QHW H†HW I
µνW

Iµν

Q
HW̃

H†H W̃ I
µνW

Iµν

QHB H†H BµνBµν

QHB̃ H†H B̃µνBµν

QHWB H†τIH W I
µνB

µν

Q
HW̃B

H†τIH W̃ I
µνB

µν

6 : ψ2XH + h.c.

QeW (l̄pσµνer)τIHW I
µν

QeB (l̄pσµνer)HBµν

QuG (q̄pσµνTAur)H̃ GA
µν

QuW (q̄pσµνur)τIH̃ W I
µν

QuB (q̄pσµνur)H̃ Bµν

QdG (q̄pσµνTAdr)H GA
µν

QdW (q̄pσµνdr)τIH W I
µν

QdB (q̄pσµνdr)H Bµν

7 : ψ2H2D

Q(1)
Hl (H†i

←→
D µH)(l̄pγµlr)

Q(3)
Hl (H†i

←→
D I

µH)(l̄pτIγµlr)

QHe (H†i
←→
D µH)(ēpγµer)

Q(1)
Hq (H†i

←→
D µH)(q̄pγµqr)

Q(3)
Hq (H†i

←→
D I

µH)(q̄pτIγµqr)

QHu (H†i
←→
D µH)(ūpγµur)

QHd (H†i
←→
D µH)(d̄pγµdr)

QHud + h.c. i(H̃†DµH)(ūpγµdr)

8 : (L̄L)(L̄L)

Qll (l̄pγµlr)(l̄sγµlt)

Q(1)
qq (q̄pγµqr)(q̄sγµqt)

Q(3)
qq (q̄pγµτIqr)(q̄sγµτIqt)

Q(1)
lq (l̄pγµlr)(q̄sγµqt)

Q(3)
lq (l̄pγµτI lr)(q̄sγµτIqt)

8 : (R̄R)(R̄R)

Qee (ēpγµer)(ēsγµet)

Quu (ūpγµur)(ūsγµut)

Qdd (d̄pγµdr)(d̄sγµdt)

Qeu (ēpγµer)(ūsγµut)

Qed (ēpγµer)(d̄sγµdt)

Q(1)
ud (ūpγµur)(d̄sγµdt)

Q(8)
ud (ūpγµTAur)(d̄sγµTAdt)

8 : (L̄L)(R̄R)
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qu (q̄pγµqr)(ūsγµut)

Q(8)
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Q(1)
qd (q̄pγµqr)(d̄sγµdt)

Q(8)
qd (q̄pγµTAqr)(d̄sγµTAdt)

8 : (L̄R)(R̄L) + h.c.

Qledq (l̄jper)(d̄sqtj)

8 : (L̄R)(L̄R) + h.c.

Q(1)
quqd (q̄jpur)ϵjk(q̄ks dt)

Q(8)
quqd (q̄jpT

Aur)ϵjk(q̄ksT
Adt)

Q(1)
lequ (l̄jper)ϵjk(q̄

k
sut)

Q(3)
lequ (l̄jpσµνer)ϵjk(q̄

k
sσ

µνut)
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Operators with +h.c. in the table heading also have hermitian conjugates, as does the ψ2H2D operator
QHud. The subscripts p, r, s, t are flavor indices, The notation is described in Sec. 2.
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Quu (ūpγµur)(ūsγµut)

Qdd (d̄pγµdr)(d̄sγµdt)
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moment operators,

µ
d

dµ
CeB

pr
=

1

16π2

[

4g1Nc (yu + yq)C
(3)
lequ
prst

[Yu]ts

]

+ . . .

µ
d

dµ
CeW

pr
=

1

16π2

[

−2g2NcC
(3)
lequ
prst

[Yu]ts

]

+ . . .

µ
d

dµ
CuB

pr
=

1

16π2

[

4g1(ye + yl)C
(3)
lequ
stpr

[Ye]ts

]

+ . . .

µ
d

dµ
CuW

pr
=

1

16π2

[

−2g2C
(3)
lequ
stpr

[Ye]ts

]

+ . . . , (5.6)

where . . . denotes contributions from other operators, and yi are the U(1) hypercharges.

Eq. (5.6) is an example of non-zero mixing between “tree” and “loop” operators. Eq. (5.6)

cannot be cancelled by other terms, since there are no redundant operators in the basis we

use. The operator Q(3)
lequ can be Fierzed into scalar form (α is a color index),

Q(3)
lequ = (l̄jpσµνer)ϵjk(q̄

k
sσ

µνut) = −4(l̄jper)ϵjk(q̄kαs uαt)− 8(l̄jpuαt)ϵjk(q̄
kα
s er)

= −4Q(1)
lequ − 8(l̄jpuαt)ϵjk(q̄

kα
s er) (5.7)

and can be generated by the tree-level exchange of (3,2, 7/6) scalars, i.e. those with the

quantum numbers of a leptoquark doublet. Tree-level exchange of leptoquarks and heavy

(1,2, 1/2) scalars with H-field quantum numbers can generate any combination of Q(1)
lequ and

Q(3)
lequ.

6 λ,λ2,λy2 Contributions to the L(6) Anomalous Dimension Matrix

The computation of the λ,λ2,λy2 anomalous dimensions has some subtleties. An example

is the graph in Fig. 4 which generates, in addition to the QH! and QHD operators, the

EOM operator EH! of Eq. (3.1). Eq. (3.2) eliminates EH! in terms of our standard basis of

operators, so Fig. 4 contributes to the running of the H6 coefficient CH , as well as the ψ2H3

coefficients CuH , CdH and CeH , and to the running of the dimension four SM coefficients in

Eq. (4.4). Fig. 4 is an example of how terms get shuffled around by the EOM. Fig. 4 has only

external H fields, but contributes to the running of the ψ2H3 operators.

The equations presented below are not the complete RGE, but only the λ,λ2,λy2 terms.

The remaining terms are lengthy, and will be given a subsequent publication. The evolution

of the H6 coefficient is

µ
d

dµ
CH =

1

16π2
[
108λCH − 160λ2 CH! + 48λ2 CHD

]
+

8λ

16π2
η1 +

8λ

16π2
η2 (6.1)

where η1,2 are given in Eq. (4.5). The diagonal CH − CH term 108λ/(16π2) has a large

numerical coefficient, and is independent of the normalization chosen for the H6 operator,

– 13 –

εR  

• εR   originates from SU(2)xU(1) invariant vertex corrections in the SM-EFT

• Can be generated by WL-WR mixing in 
Left-Right symmetric models  or by 
exchange of vector-like  quarks

dR uR

W
H H

QLQL

~

dR

uR
H

H~

WR WL

Belfatto-Trifinopoulos 2302.14097



High Energy constraints on εR are weak

Contributes to associated Higgs + W production at the LHC

εR εR

H

W

W

q

q’

Current LHC results 
allow for to εR ~ 5%       

S. Alioli,  VC,  W. Dekens, J. de Vries, E. Mereghetti  1703.04751 

37

Contribute tp  pp →  eν+X  at the LHC

LHC:  pp → eν + X 

mT(GeV)

VC, Graesser, Gonzalez-Alonso   
1210.4553 

Alioli-Dekens-Girard-Mereghetti 1804.07407  
Gupta et al. 1806.09006 

…

  1706.06786
εR

New contribution has same 
shape as the SM W exchange  

→ weak sensitivity 
W



• A consistent analysis of beta decays in the SM-EFT requires including electroweak and collider data

VC, W. Dekens, J. De Vries,  E. Mereghetti, T. Tong,  2311.00021

4

Low energy 
CC (and 

NC )

Collider: 
Drell-Yan,  
associated 

Higgs 
production, 

… 
Electroweak 

precision: 
Z decays,  W mass, 

…  

C L

EW

Operators 
contributing to all 
three groups of 

observables 

Global analysis (1)

• CLEW analysis with no assumption about flavor symmetry requires 37  effective couplings 
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CKM “anomaly” not ruled out by other data. 
Unitarity test provides relevant input to unravel possible new physics

VC, W. Dekens, J. De Vries,  E. Mereghetti, T. 
Tong,  JHEP 03 (24) 33, arXiv: 2311.00021
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Figure 12: Excluding the CDF mW , we plot �AIC for the 1024 models with respect to their
number of parameters. Models containing the category CHud are marked with green triangles.
Orange diamonds represent those that contain both CST and Cll, but not CHud. The rest of the
models are denoted by blue circles. The purple stars denote the seven models we have analyzed
in Section 7 and are labeled by their acronyms.

and CST has a �AIC = 9, with both Cll and CST nonzero at more than 3�,

Cll = (�0.013± 0.004) TeV�2, CST = �(0.0083± 0.0026) TeV�2 . (8.3)

The combination of Cll and CST performs significantly better than having just one of the two.
Cll can improve low-energy observables at the cost of a poorer description of several EWPO.
Similarly, CST can improve mW a bit but worsens other observables. However, the combination
performs better across the chart.

The nine-parameter model with CST , Cll, and six scalar/pseudoscalar operators yields�AIC =
10. It performs better than the L6(SPS) model, which only contains the scalar/pseudoscalar
operators and has a �AIC = 1, shown in Fig. 12 by a purple star right above the SM line
(�AIC = 0). The remaining three models studied in Section 7, also marked by purple stars, all
have a worse AIC than the SM and thus are disfavored.

Among all models that contain neither CHud nor the pair {CST , Cll} (marked by blue circles),
the best performance, �AIC = 5, is achieved by a model consisting of 13 parameters, including

38

1024 models

• Performed ‘CLEWed’ analysis 
within  SMEFT.   Scanned model 
space by ‘turning on’ certain 
classes of effective couplings 

• Akaike Information Criterion  
[AIC = 2k - ln(L))   favors  models 
with Right-Handed Charged 
Currents of quarks (V+A)  

• Best fit to CLEW data:  two RH 
CC vertex corrections and the S 
parameter 

Standard Model

More favored 
models

Less favored
 models

CHud

Global analysis (2)
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CKM “anomaly” not ruled out by other data. 
Unitarity test provides relevant input to unravel possible new physics

VC, W. Dekens, J. De Vries,  E. Mereghetti, T. 
Tong,  JHEP 03 (24) 33, arXiv: 2311.00021

in
cl
u
d
in
g
th
e
sa
m
e
se
t
of

ob
se
rv
ab

le
s
b
u
t
d
i↵
er
en
t
p
ar
am

et
er
s,
in
st
ea
d
of

u
si
n
g
th
e
�
2
p
er

d
eg
re
e

of
fr
ee
d
om

cr
it
er
io
n
,
w
e
ap

p
ly

th
e
A
IC

[2
1]
.

A
IC

is
of
te
n
u
se
d
in

m
od

el
se
le
ct
io
n
.
It

is
a
m
ea
su
re

th
at

b
al
an

ce
s
th
e
go

od
n
es
s
of

fi
t
of

a
m
od

el
ag

ai
n
st

it
s
co
m
p
le
xi
ty
.
T
h
e
A
IC

is
co
m
p
u
te
d
u
si
n
g
th
e
nu

m
b
er

of
p
ar
am

et
er
s
in

th
e

m
od

el
an

d
th
e
m
ax

im
u
m

li
ke
li
h
oo

d
of

th
e
m
od

el
.
In

ou
r
ca
se
,
th
e
A
IC

of
a
fi
t
ca
n
b
e
p
re
se
nt
ed

as

A
IC

=
� M

in
im

al
�
2
� +

2
⇥

(N
u
m
b
er

of
th
e
p
ar
am

et
er
s)

,
(4
.3
)

w
h
er
e
th
e
p
ar
am

et
er
s
h
er
e
re
fe
r
to

th
e
co
n
si
d
er
ed

W
il
so
n
co
e�

ci
en
ts

an
d
�
.
D
ep

en
d
in
g
on

th
e

ob
se
rv
ab

le
s
th
at

ar
e
co
n
si
d
er
ed

,
th
e
p
ar
am

et
er
s
m
ay

al
so

in
cl
u
d
e
se
ve
ra
l
m
at
ri
x
el
em

en
ts

an
d

p
ar
am

et
er
s
th
at

d
es
cr
ib
e
th
eo
re
ti
ca
l
u
n
ce
rt
ai
nt
ie
s.

T
h
e
lo
w
er

th
e
A
IC

,
th
e
b
et
te
r
th
e
m
od

el
is

co
n
si
d
er
ed

to
d
es
cr
ib
e
th
e
d
at
a,

so
th
e
d
i↵
er
en

ce
A
IC

i
�
A
IC

j
is
a
m
ea
su
re

of
th
e
im

p
ro
ve
m
en
t

of
m
od

el
j
ov
er

i.
A
s
m
or
e
p
ar
am

et
er
s
(s
u
ch

as
W

il
so
n

co
e�

ci
en
ts
)
ar
e
ad

d
ed

to
a
m
od

el
,

it
m
ay

b
et
te
r
fi
t
th
e
d
at
a,

b
u
t
it

al
so

b
ec
om

es
m
or
e
co
m
p
le
x
an

d
ru
n
s
th
e
ri
sk

of
ov
er
fi
tt
in
g.

T
h
e
A
IC

b
al
an

ce
s
th
es
e
co
n
si
d
er
at
io
n
s
by

p
en

al
iz
in
g
m
od

el
s
fo
r
in
tr
od

u
ci
n
g
m
or
e
p
ar
am

et
er
s

w
it
h
ou

t
a
co
rr
es
p
on

d
in
g
d
ec
re
as
e
in

�
�
2
.
U
se
d
in

co
n
ju
n
ct
io
n
w
it
h
th
e
�
2
m
et
h
od

,
A
IC

te
n
d
s

to
fi
n
d
a
m
od

el
th
at

n
ot

on
ly

fi
ts

th
e
ex
p
er
im

en
ta
l
d
at
a
w
el
l
b
u
t
al
so

av
oi
d
s
ov
er
co
m
p
li
ca
ti
on

,
th
u
s
im

p
ro
vi
n
g
it
s
p
re
d
ic
ti
ve

ac
cu

ra
cy
.

In
ou

r
an

al
ys
is
,
w
e
w
il
l
of
te
n
b
e
in
te
re
st
ed

in
co
m
p
ar
in
g
th
e
S
M

fi
t
w
it
h
S
M
E
F
T

sc
en

ar
io
s.

W
e
w
il
l
th
u
s
ta
ke

th
e
S
M

as
th
e
re
fe
re
n
ce

m
od

el
,
an

d
d
efi

n
e
d
i↵
er
en

ce
s
in

A
IC

as

�
A
IC

i
=

A
IC

S
M
�

A
IC

i
,

(4
.4
)

w
h
er
e
i
d
en

ot
es

a
p
ar
ti
cu

la
r
S
M
E
F
T

m
od

el
.
H
er
e
an

d
in

w
h
at

fo
ll
ow

s,
w
e
w
il
l
d
efi

n
e
a
‘S
M
E
F
T

m
od

el
’
as

th
e
S
M
E
F
T

w
it
h
a
su
b
se
t
of

W
il
so
n
co
e�

ci
en
ts

tu
rn
ed

on
,
w
it
h
th
e
re
m
ai
n
in
g
co
u
-

p
li
n
gs

se
t
to

ze
ro
.

A
n
ad

va
nt
ag

e
of

th
e
d
efi

n
it
io
n
in

E
q.

(4
.4
)
is

th
at

th
e
S
M

p
ar
am

et
er

�
,

th
e
m
at
ri
x
el
em

en
ts
,
an

d
th
e
p
ar
am

et
er
s
th
at

d
es
cr
ib
e
th
e
th
eo
re
ti
ca
l
u
n
ce
rt
ai
nt
ie
s
d
ro
p
ou

t
in

th
e
ca
lc
u
la
ti
on

of
�
A
IC

i
.
N
ot
ic
e
th
at
,
w
it
h
ou

r
d
efi

n
it
io
n
,
�
A
IC

i
>

0
im

p
li
es

th
at

a
m
od

el
p
er
fo
rm

s
b
et
te
r
th
an

th
e
S
M
.

In
ad

d
it
io
n
to

th
e
ov
er
al
l
qu

al
it
y
of

th
e
fi
t,

as
m
ea
su
re
d
by

th
e
A
IC

,
w
e
ar
e
al
so

in
te
re
st
ed

in
th
e
b
es
t-
fi
t
va
lu
es
,
u
n
ce
rt
ai
nt
ie
s,

an
d
co
rr
el
at
io
n
s
of

th
e
W

il
so
n
co
e�

ci
en
ts

an
d
th
e
ot
h
er

fi
t

p
ar
am

et
er
s.

W
e
u
se

th
e
fa
ct

th
at

th
e
ob

se
rv
ab

le
s
ar
e
li
n
ea
r
in

th
e
W

il
so
n
co
e�

ci
en
ts

to
re
w
ri
te

�
2
=

�
2 m
in
+
(C

�
µ
)T
V̂

�
1
(C

�
µ
)
,

(4
.5
)

w
h
er
e
C

an
d
µ
ar
e
ve
ct
or
s
of

m
od

el
p
ar
am

et
er
s
(W

il
so
n
co
e�

ci
en
ts
)
an

d
th
ei
r
b
es
t-
fi
t
va
lu
es
,

w
h
il
e
V̂

is
th
e
co
va
ri
an

ce
m
at
ri
x
of

th
e
m
od

el
p
ar
am

et
er
s

(V̂
�
1
) i
j
=

1 2

@
2
�
2

@
C
i
@
C
j

� � � C
=
µ

.
(4
.6
)

T
h
e
u
n
ce
rt
ai
nt
ie
s
of

C
i
ca
n
n
ow

b
e
re
ad

fr
om

�̂
2 i
=

V̂
i
i
,
w
h
il
e
th
e
co
rr
el
at
io
n
s
b
et
w
ee
n
th
e
m
od

el
p
ar
am

et
er
s
ar
e
gi
ve
n
by

dco
rr

i
j
=

�̂
�
1

i
V̂
i
j
�̂
�
1

j
.

B
ec
au

se
V̂

�
1
is

sy
m
m
et
ri
c,

it
ca
n
b
e
d
ia
go

n
al
iz
ed

by
an

or
th
og

on
al

m
at
ri
x,

w
h
ic
h
im

p
li
es

th
at

th
er
e
ar
e
li
n
ea
r
co
m
b
in
at
io
n
s
of

C
i
,
co
rr
es
p
on

d
in
g
to

th
e
ei
ge
nv

ec
to
rs

of
V̂

�
1
,
th
at

ar
e
n
ot

co
rr
el
at
ed

.
T
h
is
d
ia
go

n
al
iz
at
io
n
al
lo
w
s
on

e
to

se
e
w
h
ic
h
co
m
b
in
at
io
n
s
of

W
il
so
n
co
e�

ci
en
ts

th
e

ob
se
rv
ab

le
s
ar
e
m
os
t
se
n
si
ti
ve

to
an

d
w
h
ic
h
co
m
b
in
at
io
n
s
ar
e
m
os
t
fa
vo
re
d
to

b
e
n
on

ze
ro
.
T
h
is

17

*

*

*

*
*

*

*

0 10 20 30 40
-30

-20

-10

0

10

20

Figure 12: Excluding the CDF mW , we plot �AIC for the 1024 models with respect to their
number of parameters. Models containing the category CHud are marked with green triangles.
Orange diamonds represent those that contain both CST and Cll, but not CHud. The rest of the
models are denoted by blue circles. The purple stars denote the seven models we have analyzed
in Section 7 and are labeled by their acronyms.

and CST has a �AIC = 9, with both Cll and CST nonzero at more than 3�,

Cll = (�0.013± 0.004) TeV�2, CST = �(0.0083± 0.0026) TeV�2 . (8.3)

The combination of Cll and CST performs significantly better than having just one of the two.
Cll can improve low-energy observables at the cost of a poorer description of several EWPO.
Similarly, CST can improve mW a bit but worsens other observables. However, the combination
performs better across the chart.

The nine-parameter model with CST , Cll, and six scalar/pseudoscalar operators yields�AIC =
10. It performs better than the L6(SPS) model, which only contains the scalar/pseudoscalar
operators and has a �AIC = 1, shown in Fig. 12 by a purple star right above the SM line
(�AIC = 0). The remaining three models studied in Section 7, also marked by purple stars, all
have a worse AIC than the SM and thus are disfavored.

Among all models that contain neither CHud nor the pair {CST , Cll} (marked by blue circles),
the best performance, �AIC = 5, is achieved by a model consisting of 13 parameters, including

38

1024 models

• Performed ‘CLEWed’ analysis 
within  SMEFT.   Scanned model 
space by ‘turning on’ certain 
classes of effective couplings 

• Akaike Information Criterion  
[AIC = 2k - ln(L))   favors  models 
with Right-Handed Charged 
Currents of quarks (V+A)  

• Best fit to CLEW data:  two RH 
CC vertex corrections and the S 
parameter 

Standard Model

More favored 
models

Less favored
 models

CHud

Global analysis (2)
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• Current tensions in Cabibbo universality test could point to new physics at Λ ~ few TeV,                        
with right-handed quark-W couplings a viable and testable culprit.  However …

• Both experimental and theoretical scrutiny is needed!  Progress expected on several fronts: 

• Experiment: neutron, K, π,  𝜏

• Theory:  lattice QCD+QED for neutron, K, π;    EFT+ ‘ab-initio’ methods for nuclei  

Conclusions and outlook

40

Ongoing experimental and theoretical activities promise interesting developments  

The Cabibbo universality test is a precision tool to challenge the Standard Model.                                       
and explore what may lie beyond it
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• Lattice QCD calculations of FK/Fπ are at the 0.2% level 

Vus from K→μν decays

42

• First calculation of radiative and isospin-breaking corrections in LQCD.**  
Compatible with ChPT,  factor of ~2 more precise

Y. Aoki et al. FLAG Review 2021 2111.09849

Figure 9: Comparison of lattice results for fK±/f⇡± . This ratio is obtained in pure QCD
including the SU(2) isospin-breaking correction (see Sec. 4.3). The black squares and grey
bands indicate our averages in Eqs. (82) – (84).

fK±/f⇡± is based on the same set of ensembles bar the ones at the finest lattice spacings
(namely, only a = 0.09 � 0.15 fm, scale set with f⇡+ and relative scale set with the Wilson
flow [125, 126]) supplemented by some simulation points with heavier quark masses. HPQCD
employs a global fit based on continuum NLO SU(3) �PT for the decay constants supple-
mented by a model for higher-order terms including discretization and finite-volume e↵ects
(61 parameters for 39 data points supplemented by Bayesian priors). Their final result is
fK±/f⇡± = 1.1916(15)stat(12)a2(1)FV (10), where the errors are statistical, due to the con-
tinuum extrapolation, due to finite-volume e↵ects and the last error contains the combined
uncertainties from the chiral extrapolation, the scale-setting uncertainty, the experimental
input in terms of f⇡+ and from the uncertainty in mu/md.

Because CalLat 20, FNAL/MILC 17 and HPQCD 13A partly share their gauge ensembles,
we assume a 100% correlation among their statistical errors. A 100% correlation on the total
systematic uncertainty is also assumed between FNAL/MILC 17 and HPQCD 13A with the
HISQ valence quarks.

For Nf = 2 + 1 the results BMW 16 and QCDSF/UKQCD 16 are eligible to enter the
FLAG average. BMW 16 has analyzed the decay constants evaluated for 47 gauge ensembles
generated using tree-level clover-improved fermions with two HEX-smearings and the tree-
level Symanzik-improved gauge action. The ensembles correspond to five values of the lattice
spacing (0.05�0.12 fm, scale set by ⌦ mass), to pion masses in the range 130�680 MeV and
to values of the lattice size from 1.7 to 5.6 fm, obtaining a good control over the interpolation
to the physical mass point and the extrapolation to the continuum and infinite volume limits.

QCDSF/UKQCD 16 has used the nonperturbatively O(a)-improved clover action for the
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flow [125, 126]) supplemented by some simulation points with heavier quark masses. HPQCD
employs a global fit based on continuum NLO SU(3) �PT for the decay constants supple-
mented by a model for higher-order terms including discretization and finite-volume e↵ects
(61 parameters for 39 data points supplemented by Bayesian priors). Their final result is
fK±/f⇡± = 1.1916(15)stat(12)a2(1)FV (10), where the errors are statistical, due to the con-
tinuum extrapolation, due to finite-volume e↵ects and the last error contains the combined
uncertainties from the chiral extrapolation, the scale-setting uncertainty, the experimental
input in terms of f⇡+ and from the uncertainty in mu/md.
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we assume a 100% correlation among their statistical errors. A 100% correlation on the total
systematic uncertainty is also assumed between FNAL/MILC 17 and HPQCD 13A with the
HISQ valence quarks.

For Nf = 2 + 1 the results BMW 16 and QCDSF/UKQCD 16 are eligible to enter the
FLAG average. BMW 16 has analyzed the decay constants evaluated for 47 gauge ensembles
generated using tree-level clover-improved fermions with two HEX-smearings and the tree-
level Symanzik-improved gauge action. The ensembles correspond to five values of the lattice
spacing (0.05�0.12 fm, scale set by ⌦ mass), to pion masses in the range 130�680 MeV and
to values of the lattice size from 1.7 to 5.6 fm, obtaining a good control over the interpolation
to the physical mass point and the extrapolation to the continuum and infinite volume limits.
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• New radiative corrections based on current algebra + lattice QCD. 
Consistent with ChPT,  with much smaller uncertainties   
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• Lattice calculations of <π|V|K> @ 0.2%: 

Determination of Vus from kaon decays: K`3

K`3 decays: K ! ⇡`⌫`

�(K ! ⇡`⌫`(�)) =
C2

K G2
F |Vus|2M5

K |f
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+ (0)|2

192⇡3

⇣
1 + �K`

RC|{z}
�K`

EM+�SU(2)

⌘
IK`

,! ` = µ, e and two charge channels

Need theory input for:

Form factor: f K⇡
+ (0) = 0.9698(17) ETMC 2016, Fermilab/MILC 2019

Radiative corrections: �SU(2) = 0.0252(11) Cirigliano et al. 2002, �K 0e
EM = 0.0116(3),

�K+e
EM = 0.0021(5), �K 0µ

EM = 0.0154(4), �K+µ
EM = 0.0005(5) Seng et al. 2022

Result:
V K`3

us = 0.22330(35)exp(39)f+(8)IB[53]total

M. Hoferichter (Institute for Theoretical Physics) Status and prospects of the first-row CKM unitarity test October 7, 2022 7

NEW: Seng et al,  1910.13209, 2103.00975. 2103.4843.  2107.14708. 
2203.05217. Ma et al. 2102.12048 

OLD:  VC, Giannotti, Neufeld 0807.4607 

Y. Aoki et al. FLAG Review 2021 2111.09849

Figure 8: Comparison of lattice results (squares) for f+(0) with various model estimates
based on �PT [63, 65–68] (blue circles). The black squares and grey bands indicate our
averages (77) – (79). The significance of the colours is explained in Sec. 2.

0.042 fm. The physical light-quark mass is simulated at four lattice spacings. They also
added a simulation at a small volume to study the finite-size e↵ects. The improvement of the
precision with respect to FNAL/MILC 13E is obtained mainly by an estimate of finite-size
e↵ects, which is claimed to be controlled at the level of ⇠ 0.05% by comparing two analyses
with and without the one-loop correction. The total uncertainty is largely reduced to ⇠ 0.2%.
An independent calculation of such high precision would be highly welcome to solidify the
lattice prediction of f+(0), which currently suggests a tension with CKM unitarity with the
updated value of |Vud| (see Sec. 4.4).

The result from the ETM collaboration, f+(0) = 0.9709(45)(9) (ETM 16), makes use
of the twisted-mass discretization adopting three values of the lattice spacing in the range
0.06�0.09 fm and pion masses simulated in the range 210�450 MeV. The chiral and continuum
extrapolations are performed in a combined fit together with the momentum dependence,
using both a SU(2)-�PT inspired ansatz (following Ref. [87]) and a modified z-expansion fit.
The uncertainties coming from the chiral extrapolation, the continuum extrapolation and the
finite-volume e↵ects turn out to be well below the dominant statistical error, which includes
also the error due to the fitting procedure. A set of synthetic data points, representing both
the vector and the scalar semileptonic form factors at the physical point for several selected
values of q2, is provided together with the corresponding correlation matrix.

The PACS collaboration obtained a new result for Nf =2 + 1, f+(0) = 0.9603(16)
�
+50
�48

�

(PACS 19), by creating an ensemble with the physical light-quark mass on a large lattice
volume of (10.9 fm)4 at a single spacing a = 0.085 fm [80]. Such a large lattice enables them to
interpolate f+(q2) to zero momentum transfer and study the momentum-transfer dependence

7 Updated Feb. 2023

Kaon decays and the Cabibbo Angle Anomaly – M. Moulson – CKM 2023 – Santiago de Compostela, 20 September 2023

Long-distance EM corrections
Mode-dependent corrections ΔEMKℓ to phase-space integrals IKℓ from 
EM-induced Dalitz plot modifications
• Values depend on acceptance for events with additional real photon(s)
• All recent measurements assumed fully inclusive

FlaviaNet analysis and updates used Cirigliano et al. ’08 
• Comprehensive analysis at fixed order e2p2

15

Seng et al.
JHEP 07 (2022)

Calculation of complete EW RC using hybrid current algebra and 
ChPT with resummation of largest terms to all chiral orders
• Reduced uncertainties at O(e2p4)
• Lattice evaluation of QCD contributions to γW box diagrams
• Conventional value of SEW subtracted from results for use with 

standard formula for Vus

Cirigliano et al. ’08 Seng et al. ’21

ΔEM(K0e3) [%] 0.50 ± 0.11 0.580 ± 0.016
ΔEM(K+e3) [%] 0.05 ± 0.12 0.105 ± 0.023
ΔEM(K+μ3) [%] 0.70 ± 0.11 0.770 ± 0.019
ΔEM(K0μ3) [%] 0.01 ± 0.12 0.025 ± 0.027
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• Lattice calculations of <π|V|K> @ 0.2%: 

Determination of Vus from kaon decays: K`3

K`3 decays: K ! ⇡`⌫`

�(K ! ⇡`⌫`(�)) =
C2

K G2
F |Vus|2M5

K |f
K⇡
+ (0)|2

192⇡3

⇣
1 + �K`

RC|{z}
�K`

EM+�SU(2)

⌘
IK`

,! ` = µ, e and two charge channels

Need theory input for:

Form factor: f K⇡
+ (0) = 0.9698(17) ETMC 2016, Fermilab/MILC 2019

Radiative corrections: �SU(2) = 0.0252(11) Cirigliano et al. 2002, �K 0e
EM = 0.0116(3),

�K+e
EM = 0.0021(5), �K 0µ

EM = 0.0154(4), �K+µ
EM = 0.0005(5) Seng et al. 2022

Result:
V K`3

us = 0.22330(35)exp(39)f+(8)IB[53]total

M. Hoferichter (Institute for Theoretical Physics) Status and prospects of the first-row CKM unitarity test October 7, 2022 7

Flavianet WG,  1005.2323           Moulson 1704.04104  

Potential issue:  definition of  ‘isosymmetric QCD’ in lattice (f+(0)) vs calculations of ΔEM, IB   

Vus from kaon decays – M. Moulson – ELECTRO 2022 – Mainz Institute for Theoretical Physics, 28 October 2022

|Vus| f+(0) from world data: 2022 update

24

% err BR τ Δ Int

KLe3 0.2162(5) 0.23 0.09 0.20 0.02 0.05

KLµ3 0.2165(6) 0.26 0.15 0.18 0.02 0.07

KSe3 0.2169(8) 0.39 0.38 0.02 0.02 0.05

KSµ3 0.2125(47) 2.2 2.2 0.02 0.02 0.08

K±e3 0.2169(6) 0.30 0.27 0.06 0.11 0.05

K±µ3 0.2168(10) 0.47 0.45 0.06 0.11 0.08

Approx. contrib. to % err from:|Vus| f+(0)

Average: |Vus| f+(0) = 0.21656(35)      χ2/ndf = 1.89/5 (86%)

V
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(13)�R(35)�(20)⌧n [42]total

V
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ud = 0.97367(11)exp(13)�V
R
(27)NS[32]total

Vus

Vud

����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡(16)�RC [51]total
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Vud

����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡(16)RC+IB[51]total

V
K`3
us = 0.22330(35)exp(39)f+(8)RC+IB[53]total

2

• Experimental input has received only small updates since 2010
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(i) ⇡0 � ⌘ mixing and (ii) possible isospin-breaking e↵ects in the coupling of K⇤� to K⇡. To
leading order in isospin-breaking, the first e↵ect is independent of s, and completely controlled
by the ⇡0� ⌘ mixing angle ✏ =

p
3
4

md�mu

ms�1/2(mu+md)
= 1.16(13)⇥ 10�2 [31]. The second e↵ect can

be estimated by using couplings of vector mesons to Goldstone Bosons that involve insertions
of quark mass matrices, such as those introduced in Ref. [32]. Requiring that the form factors
in the isospin-symmetric limit fall o↵ as 1/s, single vector meson resonance exchange implies
the parameterization:

fK�⇡0

+ (s)/f K̄0⇡�

+ (s) =
⇣
1 +

p
3 ✏

⌘ ✓
1 + g̃

m2
K

(4⇡F⇡)2
s

m2
K⇤

✏

◆
. (30)

The only unknown parameter in the above expression is the coupling g̃ ⇠ O(1), which we
vary between �2 and +2. This gives a first rough estimate of the e↵ect of s-dependent isospin
breaking e↵ect, namely �̃K

�⇡0

SU(2) = ±0.5%. On the other hand, the constant part due to ⇡0 � ⌘
mixing is better known and is 100% correlated with the analogous K`3 quantity. Putting
the two ingredients together, this procedure leads to �̃K⇡

SU(2) = (2.9 ± 0.4mixing ± 0.5)%. We
emphasize that this is a far-from-complete estimate of strong isospin breaking e↵ects, and it
is only meant to provide a rough estimate of the central value and uncertainty associated with
these e↵ects.

3.5 Branching ratios

Using Eq. (11) we predict Br(⌧� ! K�⇡0⌫⌧ ) and Br(⌧� ! K̄0⇡�⌫⌧ ). In Tab. 6 we summarize
the input values used for the predictions. We find for the branching ratios

BR(⌧� ! K̄0⇡�⌫⌧ ) = (0.8566± 0.0299) · 10�2 (31)

BR(⌧� ! K�⇡0⌫⌧ ) = (0.4707± 0.0181) · 10�2 (32)

with a 100% correlation. The error comes exclusively from the uncertainty on the ⌧ phase
space integrals. In Tab. 7 results for the 2nd generation of flavour factory with the error
budget can be found. One sees that the uncertainty coming from the evaluation of the phase
space integrals can be reduced by a factor of three. Then the uncertainties coming from EM
corrections start to matter.

4 Implications for the inclusive determination of Vus

The most precise determination of |Vus| from ⌧ decays comes from the measurements of inclu-
sive |�S| = 0 and |�S| = 1 tau decay widths. Indeed one can build the theoretical quantity

�R⌧,th =
R⌧,NS

|Vud|2
� R⌧,S

|Vus|2
, (33)

where R⌧ is defined as

R⌧ =
�[⌧ ! hadrons ⌫⌧ ]

�[⌧ ! ⌫̄ee⌫⌧ ]
. (34)
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EXTRACTING Vus (and ms)

• Basic FESR relation
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2πi
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(LHS: experimental spectral data, RHS: OPE)
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• Inclusive (𝜏→Xsν): need integrated spectral functions + ΔΠjj(s) on the |s| = s0 ~ m𝜏2 circle (OPE → Lattice QCD) 
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Novel |Vus| Determination Using Inclusive Strange τ Decay and Lattice HVPs
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We propose and apply a new approach to determining |Vus| using dispersion relations with weight
functions having poles at Euclidean (space-like) momentum which relate strange hadronic τ decay
distributions to hadronic vacuum polarization functions (HVPs) obtained from lattice QCD. We
show examples where spectral integral contributions from the region where experimental data have
large errors or do not exist are strongly suppressed but accurate determinations of the relevant
lattice HVP combinations remain possible. The resulting |Vus| agrees well with determinations
from K physics and 3-family CKM unitarity. Advantages of this new approach over the conventional
hadronic τ decay determination employing flavor-breaking sum rules are also discussed.

INTRODUCTION

Precise determinations of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix element |Vus| are important
in the context of 3-family unitarity tests and searches
for physics beyond the Standard Model (SM). The
most precise such determination, |Vus| = 0.2253(7), is
from Γ[Kµ2]/Γ[πµ2], using the lattice input fK/fπ =
1.193(3) [1–4]. Three-family unitarity and |Vud| =
0.97417(21) [5], similarly, imply |Vus| = 0.2258(9),
while Kl3, with lattice f+(0) input, yields |Vus| =
0.2237(10) [6]. It is a long-standing puzzle that con-
ventional flavor-breaking (FB) finite-energy sum rules
(FESRs) employing hadronic τ decay data yield much
lower |Vus|, most recently 0.2186(21) [7] (0.2207(27) when
Γ[Kµ2] and dispersive Kπ form factor constraints are in-
corporated [8]).
The conventional FB FESR implementation employs

assumptions for unknown dimension D = 6 and 8
OPE condensates which turn out to fail self-consistency
tests [9]. An alternate implementation, fittingD > 4 con-
densates to data, yields results passing these tests and
compatible with determinations from other sources [9].
The resulting error is dominated by uncertainties on the
relevant weighted inclusive flavor us spectral integrals
and a factor > 2 larger than that of K-decay-based ap-
proaches. Improved branching fractions (BFs) used in
normalizing low-multiplicity us exclusive-mode Belle and
BaBar distributions would help, but ∼ 25% errors on
higher-multiplicity us “residual mode” contributions [10],
involving modes not re-measured at the B-factories, pre-
clude a factor of 2 improvement [9, 11].
This paper presents a novel dispersive approach to de-

termining |Vus| using inclusive strange hadronic τ decay
data, hadronic vacuum polarization functions (HVPs)
computed on the lattice, and weight functions, ωN (s) =
ΠN

k=1(s + Q2
k)

−1, Q2
k > 0, having poles at Euclidean

Q2 = Q2
k > 0. We show examples of such ωN which

strongly suppress spectral contributions from the high-
multiplicity us “residual” region without blowing up er-
rors on the related lattice HVP combinations. The ap-
proach yields |Vus| in good agreement withK-decay anal-
ysis results and 3-family CKM unitarity expectations.
The lattice error is comparable to the experimental one,
and the total error is less than that of the inclusive FB
FESR τ decay determination.

NEW INCLUSIVE DETERMINATION

The conventional inclusive FB τ decay determination
is based on the FESR relation [12, 13]

∫ s0

0
ω(s)∆ρ(s)ds = −

1

2πi

∮

|s|=s0

ω(s)∆Π(−s)ds, (1)

connecting, for any s0 and analytic ω(s), the relevant
FB combination, ∆Π(−s) = Πus(−s) − Πud(−s), of
spin J = 0, 1 HVPs and associated spectral function
∆ρ(s) = 1

π Im∆Π(−s). Experimental data is used on
the LHS and, for large enough s0, the OPE on the RHS.
In the SM, the differential distribution, dRV/A;ij/ds, as-
sociated with the flavor ij = ud, us vector (V ) or ax-
ial vector (A) current-induced decay ratio RV/A;ij =
Γ[τ− → ντhadronsV/A;ij]/Γ[τ

− → e−ν̄eντ ], is related to
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FIG. 1: Exclusive- and residual-mode contributions to the continuum |Vus|2 ρ̃V+A;us(s) distri-

bution, with 2016 HFAG normalization for the Kπ points.

A plot of the latest version of the ALEPH ud V+A spectral distribution may be found
in Ref. [18]. The exclusive- and residual-mode contributions to the continuum us V+A
distribution, in the form, |Vus|2 ρ̃V +A;us(s), directly determinable from the experiment,
are shown in Figure 1. For definiteness, the Kπ points are shown with the 2016 HFAG
Kπ normalization. A global rescaling of 1.044 is required to convert these to the alternate
2013 ACLP Kπ normalization.

We base our central results on the additionally-constrained ACLP input choice, but
quote results obtained using both Kπ normalizations. Note that the publicly available
ALEPH continuum ud V+A distribution is normalized to a slightly older version of the
inclusive ud continuum branching fraction. A small rescaling (0.5% or less) is required
to convert this to the normalization implied by the branching fractions we employ. The
normalizations of the different components of the 1999 ALEPH residual mode distribution
are also updated using HFAG 2016 branching fractions [26].

II. TESTING CONVENTIONAL IMPLEMENTATION ASSUMPTIONS

The conventional implementation assumptions, C6 ≃ CV SA
6 and C8 = 0, can be ef-

ficiently investigated using appropriately chosen s0- and w-independence tests. A com-
parison of the results of the wτ(y) = 1− 3y2 + 2y3 and ŵ(y) = 1− 3y + 3y2 − y3 FESRs
is particularly illuminating since the coefficients of y2 in the two weights differ only by

5

Vus from tau decays
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(i) ⇡0 � ⌘ mixing and (ii) possible isospin-breaking e↵ects in the coupling of K⇤� to K⇡. To
leading order in isospin-breaking, the first e↵ect is independent of s, and completely controlled
by the ⇡0� ⌘ mixing angle ✏ =

p
3
4

md�mu

ms�1/2(mu+md)
= 1.16(13)⇥ 10�2 [31]. The second e↵ect can

be estimated by using couplings of vector mesons to Goldstone Bosons that involve insertions
of quark mass matrices, such as those introduced in Ref. [32]. Requiring that the form factors
in the isospin-symmetric limit fall o↵ as 1/s, single vector meson resonance exchange implies
the parameterization:

fK�⇡0

+ (s)/f K̄0⇡�

+ (s) =
⇣
1 +

p
3 ✏

⌘ ✓
1 + g̃

m2
K

(4⇡F⇡)2
s

m2
K⇤

✏

◆
. (30)

The only unknown parameter in the above expression is the coupling g̃ ⇠ O(1), which we
vary between �2 and +2. This gives a first rough estimate of the e↵ect of s-dependent isospin
breaking e↵ect, namely �̃K

�⇡0

SU(2) = ±0.5%. On the other hand, the constant part due to ⇡0 � ⌘
mixing is better known and is 100% correlated with the analogous K`3 quantity. Putting
the two ingredients together, this procedure leads to �̃K⇡

SU(2) = (2.9 ± 0.4mixing ± 0.5)%. We
emphasize that this is a far-from-complete estimate of strong isospin breaking e↵ects, and it
is only meant to provide a rough estimate of the central value and uncertainty associated with
these e↵ects.

3.5 Branching ratios

Using Eq. (11) we predict Br(⌧� ! K�⇡0⌫⌧ ) and Br(⌧� ! K̄0⇡�⌫⌧ ). In Tab. 6 we summarize
the input values used for the predictions. We find for the branching ratios

BR(⌧� ! K̄0⇡�⌫⌧ ) = (0.8566± 0.0299) · 10�2 (31)

BR(⌧� ! K�⇡0⌫⌧ ) = (0.4707± 0.0181) · 10�2 (32)

with a 100% correlation. The error comes exclusively from the uncertainty on the ⌧ phase
space integrals. In Tab. 7 results for the 2nd generation of flavour factory with the error
budget can be found. One sees that the uncertainty coming from the evaluation of the phase
space integrals can be reduced by a factor of three. Then the uncertainties coming from EM
corrections start to matter.

4 Implications for the inclusive determination of Vus

The most precise determination of |Vus| from ⌧ decays comes from the measurements of inclu-
sive |�S| = 0 and |�S| = 1 tau decay widths. Indeed one can build the theoretical quantity

�R⌧,th =
R⌧,NS

|Vud|2
� R⌧,S

|Vus|2
, (33)

where R⌧ is defined as

R⌧ =
�[⌧ ! hadrons ⌫⌧ ]

�[⌧ ! ⌫̄ee⌫⌧ ]
. (34)
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EXTRACTING Vus (and ms)

• Basic FESR relation
∫ s0
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(LHS: experimental spectral data, RHS: OPE)
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• Inclusive (𝜏→Xsν): need integrated spectral functions + ΔΠjj(s) on the |s| = s0 ~ m𝜏2 circle (OPE → Lattice QCD) 

Vus from tau decays

Experimental prospects: 

 Belle-II and possibly              
tau-charm factory & FCC-ee 

Theory prospects: 

(1) Radiative corrections are a bottleneck  for 
exclusive modes; 

(2) lattice QCD will provide first-principles  
inclusive determination

Prospects for |Vus| determinations from tau decays

Uncertainties

method experiment [%] theory [%] lattice QCD [%] rad.corr. [%]

fi ! Xs⌫ 0.84 0.49
fi!K=fi!ı 0.72 0.18 0.40
fi!K 0.69 0.19 0.29

uncertainties prospects

I experiment and rad.corr. uncertainties had minor or no improvements since LEP 1 times
I lattice QCD uncertainties decreased substantially in recent years and are now sub-leading
I recent activity on theory uncertainties, but lack of community consensus on recommended calculation

Alberto Lusiani (SNS & INFN Pisa) – Electro2022, October 24-28, 2022 10 / 15

A. Lusiani, HFLAG  WG (1909.12524)

Vus

From A. Lusiani, Talk at MITP ELECTRO 2022

𝜏 exclusive

𝜏 inclusive

HFLAV  22

Maltman 19

Hudspith 18

𝜏→Kν / 𝜏→πν

𝜏→Kν 

0.216 0.218 0.220 0.222 0.224 0.226 0.228 0.230
0.0

0.5

1.0

1.5

• Exclusive (𝜏→Kν / 𝜏→πν): need partial widths, decay constants (LQCD) & radiative corrections 
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The finite O(↵) matching coe�cient depends on the scheme through B(a). We have used the Naive
Dimensional Regularization (NDR) scheme for �5 and kept track of the additional evanescent operator
scheme dependence via the parameter a, defined by [68–70]

�
↵
�
⇢
�
�PL ⌦ ���⇢�↵PL = 4 [1 + a (4� d)] �⇢PL ⌦ �⇢PL + E (a) , (13)

with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.

The renormalized Wilson coe�cient Cr

�
(a, µ) obeys the following RGE:

µ
dCr

�
(a, µ)

dµ
= �(↵,↵s) C

r

� (a, µ) , (14a)

�(↵,↵s) = �0
↵

⇡
+ �1

⇣
↵

⇡

⌘2
+ �se

↵

⇡

↵s

4⇡
+ · · · , (14b)

�0 = �1 [36], (14c)

�
NDR

1 (a) =
ñ

18
(2a+ 1) , ñ =

X

f

nfQ
2
f , (14d)

�se = +1 [36, 66, 71], (14e)

where ñ is the scale-dependent e↵ective number of fermions, ↵ (µ) and ↵s (µ) are the electromagnetic
and strong running coupling constants. We have obtained �

NDR
1 (a) by adapting the QCD calculation

in [68]. As far as we know, this is the first time the full two-loop anomalous dimension is worked out.2

With appropriate rescalings of the QCD diagrams of Ref. [68], we also reproduce �se = 1. �0 and �se

are scheme-independent. The scheme independence of �se follows from the general argument given in
Ref. [72], combined with the fact that there is no finite matching term nor anomalous dimension to O(↵s)
for the operator under study here. On the other hand, �1 depends on both the treatment of �5 in d

spacetime dimensions and on the scheme used for evanescent operators.
In our final result, we will use the numerical solution for C

r

�
(a, µ). However, it is quite instructive

to provide an approximate analytic solution, based on the perturbative treatment of the next-to-leading
logarithm (NLL) terms associated with the scheme-dependent two-loop anomalous dimension �1(a) =
O(↵2) and the finite one-loop matching condition B(a). First, setting �1(a) ! 0 and consistently taking
as an initial condition C

r

�
(a, µSM ) = 1, generalizing the result of Ref. [71] given at the ⌧ -mass scale, we
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where we have subsequently integrated out the b quark, ⌧ lepton, and c quark, and the strong and
electromagnetic running couplings are obtained by solving the one-loop RGEs. This solution resums all
the terms of O(↵n lnn(µSM/µ)) and O(↵↵n

s ln
n(µSM/µ)). We can then perturbatively include the e↵ects

of O(↵2 ln(µSM/µ)) due to �1(a) and B(a), arriving at
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⇡
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Ref. [38] quotes the ñ-enhanced component of �1. Taking into account the di↵erent normalization, Ref. [38] obtains
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1 (a = �1) = �(1/16)⇥ (44/9)ñ+O(ñ0

), while we find �NDR
1 (a = �1) = �(1/16)⇥ (8/9)ñ for the total.
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The finite O(↵) matching coe�cient depends on the scheme through B(a). We have used the Naive
Dimensional Regularization (NDR) scheme for �5 and kept track of the additional evanescent operator
scheme dependence via the parameter a, defined by [68–70]
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⇢
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�PL ⌦ ���⇢�↵PL = 4 [1 + a (4� d)] �⇢PL ⌦ �⇢PL + E (a) , (13)

with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.

The renormalized Wilson coe�cient Cr
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(a, µ) obeys the following RGE:
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f , (14d)

�se = +1 [36, 66, 71], (14e)

where ñ is the scale-dependent e↵ective number of fermions, ↵ (µ) and ↵s (µ) are the electromagnetic
and strong running coupling constants. We have obtained �

NDR
1 (a) by adapting the QCD calculation

in [68]. As far as we know, this is the first time the full two-loop anomalous dimension is worked out.2

With appropriate rescalings of the QCD diagrams of Ref. [68], we also reproduce �se = 1. �0 and �se

are scheme-independent. The scheme independence of �se follows from the general argument given in
Ref. [72], combined with the fact that there is no finite matching term nor anomalous dimension to O(↵s)
for the operator under study here. On the other hand, �1 depends on both the treatment of �5 in d

spacetime dimensions and on the scheme used for evanescent operators.
In our final result, we will use the numerical solution for C

r

�
(a, µ). However, it is quite instructive

to provide an approximate analytic solution, based on the perturbative treatment of the next-to-leading
logarithm (NLL) terms associated with the scheme-dependent two-loop anomalous dimension �1(a) =
O(↵2) and the finite one-loop matching condition B(a). First, setting �1(a) ! 0 and consistently taking
as an initial condition C

r

�
(a, µSM ) = 1, generalizing the result of Ref. [71] given at the ⌧ -mass scale, we

obtain the solution
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where we have subsequently integrated out the b quark, ⌧ lepton, and c quark, and the strong and
electromagnetic running couplings are obtained by solving the one-loop RGEs. This solution resums all
the terms of O(↵n lnn(µSM/µ)) and O(↵↵n

s ln
n(µSM/µ)). We can then perturbatively include the e↵ects

of O(↵2 ln(µSM/µ)) due to �1(a) and B(a), arriving at
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�(a, µ) =
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1 +

↵(µ)

⇡
B(a)
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�(µ)⇥ �NLL(µ), (16)

2
Ref. [38] quotes the ñ-enhanced component of �1. Taking into account the di↵erent normalization, Ref. [38] obtains

�NDR
1 (a = �1) = �(1/16)⇥ (44/9)ñ+O(ñ0

), while we find �NDR
1 (a = �1) = �(1/16)⇥ (8/9)ñ for the total.
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The finite O(↵) matching coe�cient depends on the scheme through B(a). We have used the Naive
Dimensional Regularization (NDR) scheme for �5 and kept track of the additional evanescent operator
scheme dependence via the parameter a, defined by [68–70]

�
↵
�
⇢
�
�PL ⌦ ���⇢�↵PL = 4 [1 + a (4� d)] �⇢PL ⌦ �⇢PL + E (a) , (13)

with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.

The renormalized Wilson coe�cient Cr

�
(a, µ) obeys the following RGE:

µ
dCr
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�(↵,↵s) = �0
↵

⇡
+ �1

⇣
↵

⇡

⌘2
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18
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2
f , (14d)

�se = +1 [36, 66, 71], (14e)

where ñ is the scale-dependent e↵ective number of fermions, ↵ (µ) and ↵s (µ) are the electromagnetic
and strong running coupling constants. We have obtained �

NDR
1 (a) by adapting the QCD calculation

in [68]. As far as we know, this is the first time the full two-loop anomalous dimension is worked out.2

With appropriate rescalings of the QCD diagrams of Ref. [68], we also reproduce �se = 1. �0 and �se

are scheme-independent. The scheme independence of �se follows from the general argument given in
Ref. [72], combined with the fact that there is no finite matching term nor anomalous dimension to O(↵s)
for the operator under study here. On the other hand, �1 depends on both the treatment of �5 in d

spacetime dimensions and on the scheme used for evanescent operators.
In our final result, we will use the numerical solution for C

r

�
(a, µ). However, it is quite instructive

to provide an approximate analytic solution, based on the perturbative treatment of the next-to-leading
logarithm (NLL) terms associated with the scheme-dependent two-loop anomalous dimension �1(a) =
O(↵2) and the finite one-loop matching condition B(a). First, setting �1(a) ! 0 and consistently taking
as an initial condition C

r

�
(a, µSM ) = 1, generalizing the result of Ref. [71] given at the ⌧ -mass scale, we

obtain the solution
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�(µ) =
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◆ 3
8
✓
↵ (m⌧ )
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where we have subsequently integrated out the b quark, ⌧ lepton, and c quark, and the strong and
electromagnetic running couplings are obtained by solving the one-loop RGEs. This solution resums all
the terms of O(↵n lnn(µSM/µ)) and O(↵↵n

s ln
n(µSM/µ)). We can then perturbatively include the e↵ects

of O(↵2 ln(µSM/µ)) due to �1(a) and B(a), arriving at
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r

�(a, µ) =
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1 +

↵(µ)

⇡
B(a)

◆
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r

�(µ)⇥ �NLL(µ), (16)

2
Ref. [38] quotes the ñ-enhanced component of �1. Taking into account the di↵erent normalization, Ref. [38] obtains

�NDR
1 (a = �1) = �(1/16)⇥ (44/9)ñ+O(ñ0

), while we find �NDR
1 (a = �1) = �(1/16)⇥ (8/9)ñ for the total.
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RGEs in the LEFT

The finite O(↵) matching coe�cient depends on the scheme through B(a). We have used the Naive
Dimensional Regularization (NDR) scheme for �5 and kept track of the additional evanescent operator
scheme dependence via the parameter a, defined by [68–70]
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↵
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⇢
�
�PL ⌦ ���⇢�↵PL = 4 [1 + a (4� d)] �⇢PL ⌦ �⇢PL + E (a) , (13)

with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.

The renormalized Wilson coe�cient Cr

�
(a, µ) obeys the following RGE:
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+ · · · , (14b)
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f , (14d)

�se = +1 [36, 66, 71], (14e)

where ñ is the scale-dependent e↵ective number of fermions, ↵ (µ) and ↵s (µ) are the electromagnetic
and strong running coupling constants. We have obtained �

NDR
1 (a) by adapting the QCD calculation

in [68]. As far as we know, this is the first time the full two-loop anomalous dimension is worked out.2

With appropriate rescalings of the QCD diagrams of Ref. [68], we also reproduce �se = 1. �0 and �se

are scheme-independent. The scheme independence of �se follows from the general argument given in
Ref. [72], combined with the fact that there is no finite matching term nor anomalous dimension to O(↵s)
for the operator under study here. On the other hand, �1 depends on both the treatment of �5 in d

spacetime dimensions and on the scheme used for evanescent operators.
In our final result, we will use the numerical solution for C

r

�
(a, µ). However, it is quite instructive

to provide an approximate analytic solution, based on the perturbative treatment of the next-to-leading
logarithm (NLL) terms associated with the scheme-dependent two-loop anomalous dimension �1(a) =
O(↵2) and the finite one-loop matching condition B(a). First, setting �1(a) ! 0 and consistently taking
as an initial condition C

r

�
(a, µSM ) = 1, generalizing the result of Ref. [71] given at the ⌧ -mass scale, we

obtain the solution
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�(µ) =
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◆ 3
8
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, (15)

where we have subsequently integrated out the b quark, ⌧ lepton, and c quark, and the strong and
electromagnetic running couplings are obtained by solving the one-loop RGEs. This solution resums all
the terms of O(↵n lnn(µSM/µ)) and O(↵↵n

s ln
n(µSM/µ)). We can then perturbatively include the e↵ects

of O(↵2 ln(µSM/µ)) due to �1(a) and B(a), arriving at

C
r

�(a, µ) =

✓
1 +

↵(µ)

⇡
B(a)

◆
⇥ C̃

r

�(µ)⇥ �NLL(µ), (16)

2
Ref. [38] quotes the ñ-enhanced component of �1. Taking into account the di↵erent normalization, Ref. [38] obtains

�NDR
1 (a = �1) = �(1/16)⇥ (44/9)ñ+O(ñ0

), while we find �NDR
1 (a = �1) = �(1/16)⇥ (8/9)ñ for the total.
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For the semileptonic Wilson coe�cient Cr

�
, we include ↵, ↵↵s, and ↵

2 contributions to the running,

as described in Section 3.1.8 To illustrate the e↵ect of running from the electroweak to GeV scales, we
provide results for the fixed order (LO) C�(mc) = 1 + (↵(mc)/⇡) ln(MZ/mc), leading logarithms (LL),
next-to-leading logarithms NLL1, which includes the anomalous dimensions up to order ↵↵s, and next-
to-leading logarithms NLL2, including the anomalous dimensions up to orders ↵↵s and ↵

2. For the initial
conditions, we specify

C
LL,NLL1
�

(MW ) = 1 +
↵(MW )

⇡
ln

MZ

MW

, (91)

C
NLL2
� (MW ) = 1 +

↵(MW )

⇡
ln

MZ

MW

+
↵(MW )

⇡
B(a = �1). (92)

After numerically solving the RGEs, we obtain the following values for the e↵ective couplings at µ = mc:

C
LO
� (mc) = 1.01014, (93a)

C
LL
� (mc) = 1.01043, (93b)

C
NLL1
� (mc) = 1.01027, (93c)

C
NLL2
� (mc) = 1.01018. (93d)

The e↵ects of NLL1 and NLL2 resummations combine to essentially “undo” the e↵ect of LL resummation.
The final result is very close to the pertubative one. The numerical solution of the RGEs agrees with
the analytic solutions provided in Section 3.1. Our result for the NLL1 correction is consistent with the
finding of Ref. [71]. The impact of NLL2 corrections in our result is more than a factor of 2 larger than
in Ref. [38], reflecting the di↵erence discussed in Section 3.1.

For the running of the vector coupling constant gV , we include the O(↵) and O(↵2) anomalous
dimensions, as described in Section 5.3. 9 We provide the relative running contributions for the one-loop
logarithm (LO), namely gV (me)/gV (mp)|LO = 1+(3/4)(↵/⇡) ln(mp/me), the LL resummation, where we
include only �̃0 in the RGE, and NLL resummation, where we also include �̃1 in the RGE:

gV (me)

gV (mp)

�����
LO

= 1.01308, (94a)

gV (me)

gV (mp)

�����
LL

= 1.01325, (94b)

gV (me)

gV (mp)

�����
NLL

= 1.01330. (94c)

At the level of decay rate, our NLL correction implies an increase of 1.0⇥ 10�4 (roughly half of the final
uncertainty of the radiative corrections).

Putting together all the results obtained so far, we evaluate the vector coupling constant gV (µ�) in
the MS renormalization scheme of �PT at the scale µ� = me, where O(↵n) loop corrections to the matrix
elements of the Lagrangian (1) do not contain large logarithms:

gV (µ� = me)� 1 = (2.499± 0.013)%. (95)

8
We perform the one-loop running for ↵ (µ) and ↵s (µ) in LEFT, consistently with the order of our calculation. We have

checked that using the higher-order couplings as in Ref. [66] modifies our final results at the level of 0.001%.
9
We match LEFT at the scale µ = mc to the HB�PT at the scale µ� = mp, below which we perform the running of ↵

with the one-loop anomalous dimension for leptons and pions [8, 66].
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The finite O(↵) matching coe�cient depends on the scheme through B(a). We have used the Naive
Dimensional Regularization (NDR) scheme for �5 and kept track of the additional evanescent operator
scheme dependence via the parameter a, defined by [68–70]
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�PL ⌦ ���⇢�↵PL = 4 [1 + a (4� d)] �⇢PL ⌦ �⇢PL + E (a) , (13)

with an evanescent operator E(a) that has a vanishing matrix element in d = 4. Current conservation
protects C� from O(↵s) corrections. Concerning the terms of O(↵↵s), we only keep logarithmic contri-
butions, as the finite matching coe�cients and the corresponding three-loop anomalous dimensions are
not known.

The renormalized Wilson coe�cient Cr
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(a, µ) obeys the following RGE:
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dµ
= �(↵,↵s) C

r

� (a, µ) , (14a)
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2
f , (14d)

�se = +1 [36, 66, 71], (14e)

where ñ is the scale-dependent e↵ective number of fermions, ↵ (µ) and ↵s (µ) are the electromagnetic
and strong running coupling constants. We have obtained �

NDR
1 (a) by adapting the QCD calculation

in [68]. As far as we know, this is the first time the full two-loop anomalous dimension is worked out.2

With appropriate rescalings of the QCD diagrams of Ref. [68], we also reproduce �se = 1. �0 and �se

are scheme-independent. The scheme independence of �se follows from the general argument given in
Ref. [72], combined with the fact that there is no finite matching term nor anomalous dimension to O(↵s)
for the operator under study here. On the other hand, �1 depends on both the treatment of �5 in d

spacetime dimensions and on the scheme used for evanescent operators.
In our final result, we will use the numerical solution for C

r

�
(a, µ). However, it is quite instructive

to provide an approximate analytic solution, based on the perturbative treatment of the next-to-leading
logarithm (NLL) terms associated with the scheme-dependent two-loop anomalous dimension �1(a) =
O(↵2) and the finite one-loop matching condition B(a). First, setting �1(a) ! 0 and consistently taking
as an initial condition C

r
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(a, µSM ) = 1, generalizing the result of Ref. [71] given at the ⌧ -mass scale, we

obtain the solution
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, (15)

where we have subsequently integrated out the b quark, ⌧ lepton, and c quark, and the strong and
electromagnetic running couplings are obtained by solving the one-loop RGEs. This solution resums all
the terms of O(↵n lnn(µSM/µ)) and O(↵↵n

s ln
n(µSM/µ)). We can then perturbatively include the e↵ects

of O(↵2 ln(µSM/µ)) due to �1(a) and B(a), arriving at

C
r

�(a, µ) =

✓
1 +

↵(µ)

⇡
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r

�(µ)⇥ �NLL(µ), (16)

2
Ref. [38] quotes the ñ-enhanced component of �1. Taking into account the di↵erent normalization, Ref. [38] obtains

�NDR
1 (a = �1) = �(1/16)⇥ (44/9)ñ+O(ñ0

), while we find �NDR
1 (a = �1) = �(1/16)⇥ (8/9)ñ for the total.
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Combining the HBChPT coupling constants into the /⇡EFT counterterm ĈV according to
Eqs. (2), (3), (72), and (73), we achieve the matching condition

gV (µ�) = C
r

� (a, µ)

"
1�

↵ (µ�)

2⇡

 
2B(a) +

5

8
+

3

4
ln

µ
2
�

µ2
0

+
⇣
1�

↵s

4⇡

⌘
ln

µ
2
0

µ2

!

� e
2
ˆ

id4q

(2⇡)4
⌫
2 +Q

2

Q4

T 3(⌫, Q2)

2mN⌫

#
, (76)

where we resummed logarithms in the Wilson coe�cient C
r

�
(a, µ), as it is described in Section 3.1.

This expression does not contain electroweak-scale parameters or artificial hadronic scales, besides the
dependence contained in the coupling constant C

r

�
(a, µ). The vector coupling gV (µ�) does not depend

on the scale and scheme used in the LEFT at the one-loop level.
We can further simplify the expression for gV (µ�) and connect it to the previous literature. First,

we eliminate the evanescent scheme dependence by defining the scheme-independent NLO Wilson coe�-
cient [68]

C
r

�(µ) =
C

r

�
(a, µ)

1 + ↵(µ)
⇡

B(a)
, (77)

which can be immediately read o↵ from Eq. (16). We then have

gV (µ�) = C
r

� (µ)

"
1 +⇤V

Had(µ0)�
↵ (µ�)

2⇡

 
5

8
+

3

4
ln

µ
2
�

µ2
0

+
⇣
1�

↵s

4⇡

⌘
ln

µ
2
0

µ2

!#
, (78)

where the non-perturbative input is in the “subtracted” hadronic contribution ⇤V

Had(µ0), which is closely
related to the standard ⇤V

�W
of Refs. [1, 2, 39]

⇤V

Had(µ0) = �e
2
ˆ

id4q

(2⇡)4
⌫
2 +Q

2

Q4


T3(⌫, Q2)

2mN⌫
�

2

3

1

Q2 + µ2
0

✓
1�

↵s(µ2
0)

⇡

◆�
, (79)

⇤V

�W = �e
2
ˆ

id4q

(2⇡)4
M

2
W

Q2 +M2
W

⌫
2 +Q

2

Q4

T3(⌫, Q2)

2mN⌫
. (80)

We will evaluate the non-perturbative input in Eq. (79) in Sec. 5.2.
Eq. (78) encodes the so-called “inner” radiative corrections to the Fermi transitions in the EFT

language in the form of a µ�-dependent coupling gV (µ�), which appears in the e↵ective Lagrangian of
Eq. (1). Once all large electroweak logarithms are resummed via the RGE in C�(µ), Eq. (78) does not
contain additional large logarithms when the scales µ�, µ, and µ0 are similar and of order ⇤� ⇠ 1 GeV. As
shown below, the µ�-scale dependence in gV (µ�) is canceled in physical amplitudes by the µ� dependence
of the virtual photon corrections computed in the pionless theory. Since the only scale of these loops is
O(me), we will evolve gV (µ�) down to the scale µ� ⇠ me in order to avoid large logarithms, see Sec. 5.3.

5.2 Evaluation of the non-perturbative input

As shown in Refs. [1, 2], the box function can be represented as a one-dimensional integral over the Q2
> 0

variable

⇤V

�W =
↵

8⇡

ˆ 1

0
dQ2 M

2
W

M2
W

+Q2
F (Q2), (81)

where F (Q2) = (12/Q2)M (0)
3 (1, Q2) and M

(0)
3 (1, Q2) is the first Nachtmann moment of the structure

function defined in terms of the imaginary part of T3(⌫, Q2). Following Refs. [1, 2], it is useful to isolate
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Radiative corrections: ‘Sirlin’s representation’ 

• Long history, starting in the 1950’s.   Modern approaches build 
upon Sirlin current algebra formulation from the ’60 & ‘70s  

Seng et al. 1807.10197,  Czarnecki et al, 1907.06737, Shiells et al. 2012.01580 
Hayen  2010.07262 , Gorchtein-Seng  2106.09185
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Figure 1: Feynman diagrams corresponding to the amplitude
in (4) which contribute at order O(↵/⇡) to neutron � decay
and are sensitive to the hadronic scale.

We summarize in this Letter the essential features of our
analysis that lead us to these values, and defer details to
an upcoming longer paper [21].

Among the various contributions atO(↵/⇡) to the neu-
tron � decay amplitude, Sirlin established [22] that the
only one sensitive to the hadronic scale is the part in the
�W box amplitude (Fig. 1),

MV A = 2
p
2e2GFVud

Z
d4q

(2⇡)4



ūe(k)�µ(/k � /q +me)�⌫PLv⌫(k)

q2[(k � q)2 �m2
e]

M2
W

q2 �M2
W

Tµ⌫
V A

�
, (4)

involving the nucleon matrix element of the product of
the electromagnetic (EM) and the axial part of the weak
charged current

Tµ⌫
V A =

1

2

Z
d4x eiqxhp(p)|T [Jµ

em(x)J
⌫
W,A(0)]|n(p)i . (5)

After inserting the nucleon matrix element parametrized
in terms of the P -odd invariant function Tµ⌫

V A =
i✏µ⌫↵�p↵q�

2p·q T3 into the amplitude (4), the correction to the

tree level amplitude is expressed as [22]

⇤V A
�W =

↵

8⇡

Z 1

0
dQ2 M2

W

M2
W +Q2

⇥

Z i
p

Q2

�i
p

Q2

d⌫

⌫

4(Q2 + ⌫2)3/2

⇡MQ4
T3(⌫, Q

2) (6)

where after Wick rotation the azimuthal angles of the
loop momentum have been integrated over and the re-
maining integrals have been expressed in terms of Q2 =
�q2 and ⌫ = (p · q)/M . With negligible error, we assume
a common nucleon massM in the isospin symmetric limit
and we work in the recoil-free approximation. This con-
tributes to the nucleus-independent EWRC as

�V
R = 2⇤V A

�W + . . . , (7)

where the ellipses denote all other corrections insensitive
to the hadronic scale.

Marciano and Sirlin estimate ⇤V A
�W by phenomenolog-

ically treating the ⌫-integral FM.S.(Q2) ⌘
R
d⌫ . . . in the

second line of (6) as a function of Q2, and parametriz-
ing it piecewise over three domains: in the short distance
domain Q2 > (1.5 GeV)2, the leading term in the OPE
corrected by high order perturbative QCD is used; in
the long distance domain Q2 < (0.823 GeV)2, the elas-
tic nucleon with dipole form factors is used with a 10%
uncertainty; and at intermediate scales (0.823 GeV)2 <
Q2 < (1.5 GeV)2, an interpolating function inspired by
VMD is used and is assigned a generous 100% uncer-
tainty. Performing the integration over Q2 in (6) yields
their value of �V

R quoted above.
Our evaluation of ⇤V A

�W begins by first separating the
invariant amplitude T3 with respect to isosinglet and

isotriplet components of the EM current T3 = T (0)
3 +T (3)

3 .

Crossing symmetry implies T (0)
3 is odd under ⌫ ! �⌫

while T (3)
3 is even. Since the ⌫ integration measure in

(6) is odd, only T (0)
3 contributes to ⇤V A

�W . We then

write a dispersion relation in ⌫ for T (0)
3 , taking into ac-

count the physical sheet singularities. Poles at ⌫B =
±Q2/(2M) correspond to the elastic single-nucleon in-
termediate state, and branch points at ⌫⇡ = ±(m2

⇡ +
2Mm⇡ + Q2)/(2M) correspond to single pion produc-

tion thresholds. We identify the discontinuity of T (0)
3

across the cut as the �W -interference structure function,

4⇡F (0)
3 (⌫, Q2) = T (0)

3 (⌫ + i✏, Q2) � T (0)
3 (⌫ � i✏, Q2), so

that the dispersion relation reads

T (0)
3 (⌫, Q2) = �4i⌫

Z 1

0
d⌫0

F (0)
3 (⌫0, Q2)

⌫02 � ⌫2
. (8)

where F (0)
3 contains both the elastic and inelastic contri-

butions. No subtraction constant appears since T (0)
3 is an

odd function of ⌫. Only I = 1/2 intermediate states con-
tribute because the EM current is isoscalar. After insert-
ing (8) into (6), performing the ⌫-integral, and changing
the integration variable ⌫0 ! Q2/(2Mx) we obtain

⇤V A
�W =

3↵

2⇡

Z 1

0

dQ2

Q2

M2
W

M2
W +Q2

M (0)
3 (1, Q2), (9)

where M (0)
3 (1, Q2) is the first Nachtmann moment of the

structure function F (0)
3 [23, 24]

M (0)
3 (1, Q2) =

4

3

Z 1

0
dx

1 + 2r

(1 + r)2
F (0)
3 (x,Q2), (10)

and r =
p
1 + 4M2x2/Q2. To estimate ⇤V A

�W , we require

the functional form of F (0)
3 depending on x and Q2, or

equivalently, W 2 = M2 + (1� x)Q2/x and Q2.
We draw attention to the fact that (9) relates [MS]’s

phenomenological function to the first Nachtmann mo-
ment

FM.S.(Q
2) =

12

Q2
M (0)

3 (1, Q2) , (11)

Gorchtein, Feng, Jin, Seng, …  
2003.09798,  2003.11264, 2102.12048,  2308.16755 

Gennari, Drissi, Gorchtein, Navratil, Seng,    2405.19281 

• Recent new developments:   dispersive approach to the non-
perturbative input (γ-W box) for neutron,  pion,  kaon and 
nuclear  decays & connection to LQCD and nuclear many-body 
first principles methods

• Example:  EM correction to n→p vector coupling Larger correction, smaller error.
It affects both neutron and nuclear decays

Determination of Vud from superallowed � decays

Master formula Hardy, Towner 2018

|Vud |
2 =

2984.432(3) s
F t(1 +�V

R)

with (universal) radiative corrections �V
R

Value of Vud crucially depends on �V
R :

Ref. �V
R

Marciano, Sirlin 2006 0.02361(38)

Seng, Gorchtein, Patel, Ramsey-Musolf 2018 0.02467(22)

Czarnecki, Marciano, Sirlin 2019 0.02426(32)

Seng, Feng, Gorchtein, Jin 2020 0.02477(24)

Hayen 2020 0.02474(31)

Shiells, Blunden, Melnitchouk 2021 0.02472(18)

Cirigliano, Crivellin, MH, Moulson 2022 0.02467(27)

,! main uncertainty from Regge region,

lattice QCD to improve?

Hardy, Towner 2020

M. Hoferichter (Institute for Theoretical Physics) Status and prospects of the first-row CKM unitarity test October 7, 2022 3

Combined [2208.11707] 
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Figure 4: World data of the first Nachtmann moment
M⌫p+⌫̄p

3 (1, Q2). The red curve is the pQCD-corrected GLS
sum rule above Q2

⇡ 2 GeV2, and the blue curve is the result
of the fit for AWW and BWW in (19).

Llewellyn-Smith sum rule [36] corrected by pQCD [37],
while at low Q2, the �-resonance and the Born contri-
bution saturate the Nachtmann moment [34]. At large
W 2, the ! trajectory controls the leading behavior, and
couples to the external currents by the a1 and ⇢ mesons
(see Fig. 3b), leading to

F ⌫p+⌫̄p
R = CWW fth

m2
⇢

m2
⇢ +Q2

m2
a1

m2
a1

+Q2

✓
⌫

⌫0

◆↵!
0

. (18)

We then fit the unknown function CWW (Q2) to the data
for M⌫p+⌫̄p

3 (1, Q2) in the range Q2
 2 GeV2. Due to

the quality of the data, we choose the simple linear form

CWW (Q2) = AWW (1 +BWWQ2) (19)

and obtain AWW = 5.2± 1.5, BWW = 1.08+0.48
�0.28 GeV�2.

The result of the fit is shown by the blue curve in Fig. 4.
The solid curve corresponds to the central value of the fit,
and the dotted curve indicates the maximum variation in
M⌫p+⌫̄p

3 allowed by the errors in the fit. We do not fit
the three data points below Q2 = 0.1 GeV2 where Born
and resonance contributions dominate the GLS sum rule:
rather, we use the resonance parameters obtained in [27]
from a fit to modern neutrino data.

Finally, to obtain C�W (Q2), we require the ratio

of Nachtmann moments M (0)
3,R(1, Q

2)/M⌫p+⌫̄p
3,R (1, Q2) to

agree with the value predicted by VMD at Q2 = 0, and
the QCD-corrected parton model at Q2 = 2 GeV2. Since
the ⇢ and ! Regge trajectories are nearly degenerate [31],
the two conditions predict the same ratio [21]

M (0)
3,R(1, 0)

M⌫p+⌫̄p
3,R (1, 0)

⇡
M (0)

3,R(1, 2 GeV2)

M⌫p+⌫̄p
3,R (1, 2 GeV2)

⇡
1

36
. (20)

For the linear parametrization in Eq. (19), this implies

C�W (Q2) =
1

36
CWW (Q2) , (21)

providing us with the final piece of FR in (17).
Upon inserting our parameterization (12) for the struc-

ture function F (0)
3 into (9, 10) and performing the inte-

grations, we obtain the following contributions to ⇤V A
�W

in units of 10�3: 2.17(0) from parton+pQCD, 1.06(6)
from Born and 0.56(8) from Regge+resonance+⇡N , the
digit in parentheses indicating the uncertainty. Com-
bining them with the remaining known contributions
[MS] gives our new values, �V

R = 0.02467(22) and
|Vud| = 0.97366(15). Our reevaluation of �V

R repre-
sents a reduction in theoretical uncertainty over the pre-
vious [MS] result by nearly a factor of 2. However,
it also leads to a substantial upward shift in the cen-
tral value of �V

R and a corresponding downward shift of
|Vud| by nearly three times their quoted error, now rais-
ing tension with the first-row CKM unitarity constraint:
|Vud|

2 + |Vus|
2 + |Vub|

2 = 0.9983(4).
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Figure 5: Log-linear plot of
M2

W
M2

W+Q2M
(0)
3 (1, Q2) as a function

of Q2. The blue curve is the result of our parameterization
in (12), and the red curve is the piecewise parametrization
used by [MS]. For a given parametrization, the contribution
to ⇤V A

�W is proportional to the area under the curve, see (9).

We pause to comment on the origin of the large shift
in the central value for �V

R with respect to [MS]. In Fig.

5 we plot the integrand M2
W

M2
W+Q2M

(0)
3 (1, Q2) of Eq. (9)

as a function of Q2. In solid blue, we show the re-
sult of our parametrization (12) after integrating over
x. In dashed red, we show the piecewise parametriza-
tion by [MS] obtained with the help of (11). The dis-
continuity in their parametrization at Q2 = (1.5 GeV)2

arises from their choice of matching the Q2 integrals of
pQCD and the interpolating function over the short dis-
tance domain, rather than matching the functions them-

Lattice QCD calculation 
confirms this behavior 

 2308.16755

Seng et al. 1807.10197


