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1. Multi-k  structure is not very special case by 
magnetic symmetry 

2. Symmetry analysis is done in a similar way for both 
multi-arm case and the case of multidimensional irreps 
(irreducible representations) 

3.Multi-k/arm structures are special because only they 
can have non-trivial topological properties. 
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Magnetic space groups and representation analysis: 
competing or friendly concepts?

3

E. F. Bertaut, CNRS, Grenoble

 Representation Analysis (RA)*

W. Opechovski, UBC, Vancouver

 Shubnikov magnetic space groups

In 1960th-70th opposed

even until recent times RA was considered to be more 
powerful in neutron scattering community.*

* Yu.A. Izyumov, V. E. Naish well known papers (1978-), book:, ”Neutron diffraction of 
magnetic materials”, New York [etc.]: Consultants Bureau, 1991.

RA  + symmetry for crystal structure

H. T. Stokes and D. M. Hatch (1988)
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1

Two ways of description of magnetic structures

1. How to make S(r) invariant? Find (new) symmetry elements.                                     
gnew S(r) = S(r) to itself, where gnew ∈ Gsh subgroup of PG 
paramagnetic space group: PG=G⊗1', where 1'=spin/time 
reversal, G (parent space group).                                

     or 

2. How can S(r) be transformed under elements of G ?                          
gS(r) = Snewg(r) to different functions for each    g ∈ G 

1

2

3

4

Magnetic structure is an axial vector function S(r) defined on the discrete 
system of points (atoms), e.g.  S(r) = s(r1) ⊕ s(r2) ⊕ s(r3) ⊕ s(r4)

Crystal with space group G
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Magnetic space groups and representation analysis: 
competing or friendly concepts?

5

E. F. Bertaut, CNRS, Grenoble

 Representation Analysis (RA)*

W. Opechovski, UBC, Vancouver

 Shubnikov magnetic space groups

In 1960th-70th opposed

Currently > 2010-…
(Representation Analysis) and  (Magnetic space groups) are 
complementary and must be used together to fully identify the 
magnetic symmetry. 

even until recent times RA was considered to be more 
powerful in neutron scattering community.*

* Yu.A. Izyumov, V. E. Naish well known papers (1978-), book:, ”Neutron diffraction of 
magnetic materials”, New York [etc.]: Consultants Bureau, 1991.

http://magcryst.org
RA  + symmetry for crystal structure

H. T. Stokes and D. M. Hatch (1988)

to establish standards for the description and dissemination of 
magnetic structures and their underlying symmetries…

http://magcryst.org
http://magcryst.org
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Web/computer resources to perform group theory 
symmetry analysis, in particular magnetic structures. 

6

General tools for representation analysis, Shubnikov groups, 3D+n, and much more...  
  
Two main web sites with  a collection of software which applies group theoretical 
methods to the analysis of phase transitions in crystalline solids.

Harold T. Stokes, Dorian M. Hatch, and Branton J. Campbell 

ISODISTORT: ISOTROPY Software Suite   http://iso.byu.edu 

M. I. Aroyo, J. M. Perez-Mato, D. Orobengoa, E. Tasci, G. de la Flor, and A. Kirov 
 Bilbao Crystallographic Server    http://www.cryst.ehu.es/

http://iso.byu.edu
http://www.cryst.ehu.es
http://iso.byu.edu
http://www.cryst.ehu.es
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All that is needed to know about magnetic neutron 
diffraction. Symmetry, representation analysis 

Yu. A. Izyumov, V. E. Naish and R. P. Ozerov, ”Neutron diffraction of magnetic materials”, New 
York [etc.]: Consultants Bureau, 1991. Obsolete with respect to magnetic (super)space 
symmetry and relation between irreps and magnetic space groups.

Modern way of magnetic symmetry and representation 
analysis 

Topical Review

“Magnetic superspace groups and symmetry constraints in incommensurate magnetic 
phases”, J M Perez-Mato, J L Ribeiro, V Petricek and M I Aroyo, J. Phys.: Condens. Matter 
24 (2012) 163201 


“MAGNDATA: towards a database of magnetic structures I & II” 

Gallego, Perez-Mato, Elcoro, Tasci, Hanson, Momma, Aroyo & Madariaga

JOURNAL OF APPLIED CRYSTALLOGRAPHY (2016) Volume: 49 Pages: 1750-1776, 
1941-1956


“Tabulation of irreducible representations of the crystallographic space groups and their superspace 
extensions” 

Harold T. Stokes, Branton J. Campbell and Ryan Cordes 

Acta Cryst. (2013). A69, 388–395 


Enumeration and tabulation of magnetic (3+d)-dimensional superspace groups

H. T. Stokes and B. J. Campbell

Acta Cryst. (2022). A78, 364-370
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Propagation vector k formalism. Spin amplitudes S0 are specified in 
zeroth block of the cell==parent cell w/o centering translations. 

All C, I, F, R —> Primitive

8

Magnetic moment 
below a phase transition S(tn) =

1

2

⇣
S0e

2⇡itn(+k) + S⇤
0e

2⇡itn(�k)
⌘

Bragg peaks at
q = H⌥ k

In general

-k is nonequivalent to +k

i.e. -k≠k+’recip. latt. period’

⌘ |S0↵|cos(2⇡tnk+ �↵), ↵ = x, y, z
<latexit sha1_base64="SUqn8nX9i5tA4EQWC7CVQHWSh18="></latexit>

⌘ |S0↵| cos(2⇡tnk+ �↵), ↵ = x, y, z
<latexit sha1_base64="zaiPbR1G1YXGOldHb26vp0urX4k="></latexit>



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

Propagation vector k formalism. Spin amplitudes S0 are specified in 
zeroth block of the cell==parent cell w/o centering translations. 

All C, I, F, R —> Primitive

8

Magnetic moment 
below a phase transition S(tn) =

1

2

⇣
S0e

2⇡itn(+k) + S⇤
0e

2⇡itn(�k)
⌘

Bragg peaks at
q = H⌥ k

In general

-k is nonequivalent to +k

i.e. -k≠k+’recip. latt. period’

⌘ |S0↵|cos(2⇡tnk+ �↵), ↵ = x, y, z
<latexit sha1_base64="SUqn8nX9i5tA4EQWC7CVQHWSh18="></latexit>

⌘ |S0↵| cos(2⇡tnk+ �↵), ↵ = x, y, z
<latexit sha1_base64="zaiPbR1G1YXGOldHb26vp0urX4k="></latexit>

multi-k or multi-arm★ structure 
(non-equivalent k1, k2, … km). 

★One must distinguish between the arms 
   and the twin domains

<latexit sha1_base64="/4irTlYH+RRG32i0Ao3mwMgw+JA="></latexit>

S(tn) =
mX

l=1

1

2

⇣
S0le

2⇡itn(+kl) + S⇤
0le

2⇡itn(�kl)
⌘

1

2
000

1

2
0
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Representation analysis RA without symmetry

9
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Representation★ Analysis (RA). Propagation vector k formalism. 
Magnetic mode S0 is specified in zeroth block of the cell == parent 

cell without centering translations

10

Magnetic moment 
below a phase transition S(tn) = Re

�
CS0e

2⇡itnk
�

⇠ cos(2⇡tnk+ ')

amplitude or 
mixing 
coefficients 

magnetic mode



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

Representation★ Analysis (RA). Propagation vector k formalism. 
Magnetic mode S0 is specified in zeroth block of the cell == parent 

cell without centering translations

10

Magnetic moment 
below a phase transition

★irreducible representation irrep:  
each group element g --> matrix τ(g) that 

zeroth cell of parent space group

S01

S02

k=[1/2,1/2]

S(tn) = Re
�
CS0e

2⇡itnk
�

⇠ cos(2⇡tnk+ ')

amplitude or 
mixing 
coefficients 

magnetic mode
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Representation★ Analysis (RA). Propagation vector k formalism. 
Magnetic mode S0 is specified in zeroth block of the cell == parent 

cell without centering translations

10

Magnetic moment 
below a phase transition

★irreducible representation irrep:  
each group element g --> matrix τ(g) that 

zeroth cell of parent space group

S01

S02

k=[1/2,1/2]

magnetic mode S0 for 
chosen irrep★ specifies 
magnetic configuration 
of all spins in zeroth cell

0

BBBBBBBBBBBBBBBBBB@

sx1

sy1

sz1

sx2

sy2

sz2

...

...

...
sxN

syN

szN

1

CCCCCCCCCCCCCCCCCCA

S0 =

S(tn) = Re
�
CS0e

2⇡itnk
�

⇠ cos(2⇡tnk+ ')

amplitude or 
mixing 
coefficients 

magnetic mode
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Representation★ Analysis (RA). Propagation vector k formalism. 
Magnetic mode S0 is specified in zeroth block of the cell == parent 

cell without centering translations

10

Magnetic moment 
below a phase transition

zeroth cell of parent space group

S01

S02

k=[1/2,1/2]

E.g., atom1

atom2

S01 = ey

S02 = ex
S1(tn) = Cey cos(⇡(tnx + tny))

S2(tn) = Cex cos(⇡(tnx + tny))

magnetic mode S0 for 
chosen irrep★ specifies 
magnetic configuration 
of all spins in zeroth cell

0

BBBBBBBBBBBBBBBBBB@

sx1

sy1

sz1

sx2

sy2

sz2

...

...

...
sxN

syN

szN

1

CCCCCCCCCCCCCCCCCCA

S0 =

S(tn) = Re
�
CS0e

2⇡itnk
�

⇠ cos(2⇡tnk+ ')

amplitude or 
mixing 
coefficients 

magnetic mode
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Magnetic moment 
below a phase transition

zeroth cell of parent space group

S01

S02

k=[1/2,1/2]

S0 =

0

BBBBBB@

0
1
0
1
0
0

1

CCCCCCA

E.g., atom1

atom2

S01 = ey

S02 = ex
S1(tn) = Cey cos(⇡(tnx + tny))
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Representation★ Analysis (RA). Propagation vector k formalism. 
Magnetic mode S0 is specified in zeroth block of the cell == parent 

cell without centering translations

10

…
sy1 = |sy1|ei�y1ey

sx1 = |sx1|ei�x1ex

szN = |szN |ei�zNez

Magnetic moment 
below a phase transition

zeroth cell of parent space group

S01

S02

k=[1/2,1/2]

S0 =

0

BBBBBB@

0
1
0
1
0
0

1

CCCCCCA

E.g., atom1

atom2

S01 = ey

S02 = ex
S1(tn) = Cey cos(⇡(tnx + tny))

S2(tn) = Cex cos(⇡(tnx + tny))

magnetic mode S0 for 
chosen irrep★ specifies 
magnetic configuration 
of all spins in zeroth cell

0

BBBBBBBBBBBBBBBBBB@

sx1

sy1

sz1

sx2

sy2

sz2

...

...

...
sxN

syN

szN

1

CCCCCCCCCCCCCCCCCCA

S0 =

S(tn) = Re
�
CS0e

2⇡itnk
�

⇠ cos(2⇡tnk+ ')

amplitude or 
mixing 
coefficients 

magnetic mode

S0 and                      are 
complex quantities

C = |C|ei'
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Magnetic symmetry without irreducible representations

11



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

Magnetic symmetry. 1651 3D-Shubnikov (or magnetic) space groups

12

230 space groups (SG)

antisymmetry: Heesch (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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Magnetic symmetry. 1651 3D-Shubnikov (or magnetic) space groups

12

230 space groups (SG)
an additional element:  
spin reversal operator R or color change.  
R-group (1,R)

R( !) = " 

R(☺)=☹ 
R( ↑) = ↓

⇒

antisymmetry: Heesch (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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230 space groups (SG)
an additional element:  
spin reversal operator R or color change.  
R-group (1,R)

R( !) = " 

R(☺)=☹ 
R( ↑) = ↓

⇒

additional elements:  
‘anti-elements’ g’=(g·R),  g⋳G 

y

2y

S = ”[v � r]”

y

2y’

antisymmetry: Heesch (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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12

230 space groups (SG)
an additional element:  
spin reversal operator R or color change.  
R-group (1,R)

R( !) = " 

R(☺)=☹ 
R( ↑) = ↓

⇒

additional elements:  
‘anti-elements’ g’=(g·R),  g⋳G 

y

2y

S = ”[v � r]”

y

2y’

 Magnetic Groups = (subgroup of) 
space group G ⊗ R-group

antisymmetry: Heesch (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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Magnetic symmetry. 1651 3D-Shubnikov (or magnetic) space groups

12

230 space groups (SG)
an additional element:  
spin reversal operator R or color change.  
R-group (1,R)

R( !) = " 

R(☺)=☹ 
R( ↑) = ↓

⇒

additional elements:  
‘anti-elements’ g’=(g·R),  g⋳G 

y

2y

S = ”[v � r]”

y

2y’

 Magnetic Groups = (subgroup of) 
space group G ⊗ R-group

230 (gray) paramagnetic groups Shp 
1,1’ ⋳ Shp  ⇒ S=0 , e.g. Pnma1’

230 Single-color magnetic groups 
no antielements

1191 black/whitе magnetic groups that contain 
additional ‘anti-elements’ g’=(g·R) except g=1 (identity). 
No primed 1’ 

antisymmetry: Heesch (1929), Shubnikov (1945). 
groups: Zamorzaev (1953, 1957); Belov, Neronova, 
Smirnova (1955) 
spin reversal: Landau and Lifschitz (1957)

14 Bravias lattice 32 point groups
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Examples of Magnetic Space Groups (MSG)

13

Two setting are possible OG and BNS



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

Examples of Magnetic Space Groups (MSG)

13

Ferromagnetic groups: point 
symmetry allows FM 
orientation of spins  
Only 275 FM groups out of 
1651…(~17%, 1/6th)  

Two setting are possible OG and BNS
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Examples of Magnetic Space Groups (MSG)

13

recap:  
for ‘anti-elements’ g’=(g·R),  g⋳G  
g can be a pure translation t, so t’ 
gives centering/doubling

FIGURES 1.1 MAGNETIC SPACE GROUP LATTICES - 2

C 2a,a+b,c a-b,a+b,c '(a+b),b,c 2c '(a+b),b,2c P a+b,b,c a,b,cP  = P  = P        C = C       C  = C   C  = C  = Cá á á      t = a = (1,0,0)       t = c = (0,0,1)            t = '(a+b) = (',',0) Orthorhombic System

a,b,c 2a 2a,b,c 2b a,2b,cP = P                  P  = P              P  = P 2c a,b,2cP  = P     
á á á       t = a = (1,0,0)    t = b = (0,1,0)     t = c = (0,0,1)

C 2a,a+b,c F 2a,a+b,a+c A a,2b,b+cP  = P P  = P  P  = Pá a+b,b+c,a+c á t = a = (1,0,0)      = P t = b = (0,1,0)á t = a = (1,0,0)

Ferromagnetic groups: point 
symmetry allows FM 
orientation of spins  
Only 275 FM groups out of 
1651…(~17%, 1/6th)  

Two setting are possible OG and BNS
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Magnetic Space Groups MSG and propagation vector

14

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC) 

• incommensurate IC |k|≠ m/n 

MSG: only 3D-crystallographic symmetry elements, e.g. no 
arbitrary rotation angles, only 60, 90, 120, 180 degrees

⇠ cos(2⇡tnk+ ')S(tn) = Re
�
CS0e

2⇡itnk
�
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Magnetic Space Groups MSG and propagation vector

14

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC) 

• incommensurate IC |k|≠ m/n 

MSG: only 3D-crystallographic symmetry elements, e.g. no 
arbitrary rotation angles, only 60, 90, 120, 180 degrees

⇠ cos(2⇡tnk+ ')S(tn) = Re
�
CS0e

2⇡itnk
�

1

modulated (in)commensurate 

helix SDW
cycloidal
spiral

 k=[0,0,kz]
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Superspace group concept

15

x4  - internal coordinate is 
“just” a 2π normalised 
phase

x1   - x 
x2   - y 
x3   - z

propagation vector k
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Example of MSSGs

x1   - x 
x2   - y 
x3   - z
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Example of MSSGs

This MSSG restrict all atoms 
located in special positions to be 
in phase and only AM is allowed 
for them.

Some simple, maybe unexpected, exemplary consequences 

<latexit sha1_base64="gu2ax4S3uRuzPxnRKILstsrthrs="></latexit>

M(�x4) = M(x4) ! M ⇠ m · cos(2⇡x4)

x1   - x 
x2   - y 
x3   - z
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Combined RA and MSG description of magnetic structures

17
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Combined RA and MSG description of magnetic structures

17

1. Magnetic or Shubnikov groups MSG. Historically the first way of 
description (Landau , Lifshitz 1951).   S(r) invariant under the 
Shubnikov subgroup MSG of G⊗1' (1'=spin/time reversal). 
Identifying those symmetry elements that leave S(r) invariant.  
The MSG symbol looks similar to SG one, e.g.  I4/m’ . For 
incommensurate structures: superspace 3D+n groups MSSG 

MSG Examples:          
Shubnikov 3D          3D+1 superspace 

I4/m1'(0,0,g)00s

I41'(0,0,g)ss

I41'(0,0,g)0s

I4_1m'd.1'(a,0,0)000s(0,a,0)0s0s
3D+2 superspace
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Shubnikov subgroup MSG of G⊗1' (1'=spin/time reversal). 
Identifying those symmetry elements that leave S(r) invariant.  
The MSG symbol looks similar to SG one, e.g.  I4/m’ . For 
incommensurate structures: superspace 3D+n groups MSSG 

2. Representation analysis. (Bertaut 1967) S(r) is 
transformed under g ∈ G  (parent space group) according 
to a single irreducible representation★ τi of G. Identifying/
classifying all the functions Si(r) that appears under all 
symmetry operators of the same space group G with 
propagation vector k

irrep Example: 
I4/m, k=0  has 8 1D irreps τ1,... τ8. 

MSG Examples:          
Shubnikov 3D          3D+1 superspace 

I4/m1'(0,0,g)00s

I41'(0,0,g)ss

I41'(0,0,g)0s

★each group element g --> matrix τ(g)

I4_1m'd.1'(a,0,0)000s(0,a,0)0s0s
3D+2 superspacemust be used together
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Shubnikov 3D          3D+1 superspace 
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I41'(0,0,g)ss
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Nomenclature of propagation (or wavevectors) vectors k and irreps

18
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©bilbao crystallographic server
http://www.cryst.ehu.es

propagation vector = a point on/inside BZ

Brillouine zone (BZ) of 
space group P2_13 (198)

The determination, classification, labelling and tabulation of 
irreducible representations (irreps) of space groups are based on the 
use of propagation wavevectors k. CMDL notation for k. 

P2_13 is famous because of 
topological MnSi, MnGe, … 

A.P. Cracknell, B.L. Davis, S.C. Miller and W.F. Love 
(1979) (abbreviated as CDML) 

“Brillouin-zone database on the Bilbao Crystallographic Server” 
Mois I. Aroyo et al, Acta Cryst. (2014). A70, 126–137
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Symmetry types of propagation vectors k

19
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Symmetry types of propagation vectors k

19

•  k=0 Gamma point of BZ
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Symmetry types of propagation vectors k

19

•  k=0 Gamma point of BZ

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC)
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Symmetry types of propagation vectors k

19

•  k=0 Gamma point of BZ

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC)

• special high symmetry Lifshitz C-vectors having 1/2, 
1/3, 1/4 and zeros, like 1/2,0,0 or 1/3,1/3,0, … - some 
symmetry elements keep k’s the same.
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Symmetry types of propagation vectors k

19

•  k=0 Gamma point of BZ

•  commensurate (C) : |k|=m/n, m,n: integers. For large (m,n) 
k should be considered incommensurate (IC)

• special high symmetry Lifshitz C-vectors having 1/2, 
1/3, 1/4 and zeros, like 1/2,0,0 or 1/3,1/3,0, … - some 
symmetry elements keep k’s the same.

• incommensurate IC |k|≠ m/n

• special IC-vectors also possible, e.g. [0,u,0] in cubic or 
tetragonal SG.
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Propagation vector star and arms from point group

20
https://mpg.web.cmu.edu

The k-vector stars of space group I41md (109)
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Propagation vector star and arms from point group

20
https://mpg.web.cmu.edu

The k-vector stars of space group I41md (109)
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Propagation vector star and arms from point group

20
https://mpg.web.cmu.edu

The k-vector stars of space group I41md (109)
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Multi-arm structures. Little group.

21

symmetry 
operators

I41md  k1=                SM point of BZ {[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>
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Multi-arm structures. Little group.

21

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star has four arms

k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>

symmetry 
operators

I41md  k1=                SM point of BZ {[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>
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Multi-arm structures. Little group.

21

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star has four arms

k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>

k1 -k1

k2

 k2little group Gk

symmetry 
operators

I41md  k1=                SM point of BZ {[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

3-arms 0½0

Examples of propagation vector stars

22

6-arms 0b0 3-arms ½½0

P2_13: 8 symops, three 2-fold and there 3-fold rotations 

DT                       MnGe X M
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3-arms 0½0

Examples of propagation vector stars

22

6-arms 0b0 3-arms ½½0

P2_13: 8 symops, three 2-fold and there 3-fold rotations 

4-arm uuu

◦ u u u
◦ -u -u u
◦ -u u -u
◦ u -u -u

1-arm ½½½

LD                            MnSi R

DT                       MnGe X M
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propagation vector = a point on/inside BZ

Brillouine zone (BZ) of Pmmm (Г0)

...

k19
k20
k22
k24
k21
k25

...

Kovalev

H=0

SG Pnma at X-point k=[1/2,0,0] of BZ, two 2D-irreps, e.g. mX1

Nomenclature of space group irreps using an example 

g: Group elements, dkν: matrices or irreducible representation irrep or IR
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propagation vector = a point on/inside BZ

Brillouine zone (BZ) of Pmmm (Г0)
Dimension_total=D_of_PIR × arms

SG Pnma at X-point k=[1/2,0,0] of BZ, two 2D-irreps, e.g. mX1

Nomenclature of space group irreps using an example 

g: Group elements, dkν: matrices or irreducible representation irrep or IR
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multi-dimensional irrep naturally appear  
for the multi-arm structures

24



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

Dimension of irrep of the propagation vector star

25

CeAlGe, I41md, no. 109  k1=[u,0,0]   irreps SM1 & 2 

one k1, irrep of little group Gk                

            SM1 SM2
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Dimension of irrep of the propagation vector star

25

CeAlGe, I41md, no. 109  k1=[u,0,0]   irreps SM1 & 2 

one k1, irrep of little group Gk                

            

k1 & -k1 irrep

all vectors k1 , -k1 & k2 , -k2. The IRREP to be used together with symmetry  

SM1 SM2
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Multidimensional irreps result in several magnetic modes S0 in RA★

26
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Multidimensional irreps result in several magnetic modes S0 in RA★

26

any relations between mixing coefficients  
Cl                    ?

1. multi-dimentional (nD) irreducible 
representation generates nD magnetic 
modes S01, S02, S03… S0nD 

S(0) ⇠
nDX

l=1

ClS
l
0

★Representation Analysis
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any relations between mixing coefficients  
Cl                    ?

what if several magnetic modes S0, S0, S0…  are possible in RA?

27

1    2    3

1. multi-dimentional (nD) 
irreducible representation generates 
nD magnetic modes S01, S02, S03… 
S0nD 
S(0) ⇠

nDX

l=1

ClS
l
0

RA: widespread unfavourable 
paradigm that one-k is enough…

C2/c
2. multi-Arm/multi-k structure 
(non-equivalent k1, k2, km….) 
nA magnetic modes S01, S02, 
S03… S0nA 1

2
000

1

2
0

Example of mutiarm, 
full star {k1,k2}:       
J. Phys.: Condens. 
Matter 26 496002
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1. multi-dimentional (nD) 
irreducible representation generates 
nD magnetic modes S01, S02, S03… 
S0nD 
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nDX
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ClS
l
0

RA: widespread unfavourable 
paradigm that one-k is enough…

C2/c
2. multi-Arm/multi-k structure 
(non-equivalent k1, k2, km….) 
nA magnetic modes S01, S02, 
S03… S0nA 1
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full star {k1,k2}:       
J. Phys.: Condens. 
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1. multi-dimentional (nD) 
irreducible representation generates 
nD magnetic modes S01, S02, S03… 
S0nD 
S(0) ⇠

nDX
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ClS
l
0

RA: widespread unfavourable 
paradigm that one-k is enough…

C2/c
2. multi-Arm/multi-k structure 
(non-equivalent k1, k2, km….) 
nA magnetic modes S01, S02, 
S03… S0nA 1

2
000
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0

Example of mutiarm, 
full star {k1,k2}:       
J. Phys.: Condens. 
Matter 26 496002

No from RA alone…


Yes from magnetic 
symmetry!
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An essence of using RA and MSG
or

A recipe for finding the ISOTROPY 
magnetic subgroup of the parent

28
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The general scheme of RA and MSG

29

Parent grey space group

choice of star of k vector

choice of irrep of the k-star

order parameter direction OPD for the k-star irrep

isotropy (OPD is inv.) magnetic subgroup 
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Parent grey space group
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“Usual” Representation Analysis RA in case of multidimensional 
irreps and/or multi-arm

31

Some consequences of usual practice of RA
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1. Only general direction of order parameter OPD (kernel) in 
representation carrier space is considered. For example for 3D irrep 
OPD=(a,b,c):  no special (a,0,0), (a,a,0), (a,a,a) … ⇒ symmetry lost                   
Solutions that are considered do not have maximal possible  symmetry 

in case of >1D irreps and/or multi-Arm
Some consequences of usual practice of RA
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Multi-k or multi-arm structures

32

•  k and -k are NOT always arms… 

 case 1. 
no apparent relations between several k1, k2, 
k3, …  vectors - no extra symmetry relations 
between modes S(k1), S(k2), S(k3)… and no 
advantage of using symmetry arguments 

 case 2. 
the k vectors  are arms of k-vector star - 
S(k1), S(k2), S(k3)… might be symmetry 
related 

 case 1a. 
…, BUT there is a primary irrep P that breaks the 
symmetry so that  allows secondary irrep S in the 
MSG generated by irrep P. 
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2k magnetic structure was missed using RA

Zeroth cell contains 13 spins (and 5+5+3 =13 
modes S0) of Tb3+. Conventional magnetic unit 
cell contains 126 spins of Tb3+!!

Antiferromagnetic (à la cycloidal spiral) three sub-lattice ordering in 
Tb14Ag51

PHYSICAL REVIEW B 72, 134413 (2005) P6/m → Pm’ (lowest monoclinic symmetry)
k-vector:  kK=[1/3, 1/3, 0]
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Tb2

Tb1 Tb3

Manu Perez Mato

Only three of 13 independent 
sites are “wrong” => Pm’

99 spins in the 3 ︎x 3 x︎ 1 cell of the 
published model comply with the 
MSG P-6’, while 27 do not. 

Tb2

2k magnetic structure was missed using RA

Zeroth cell contains 13 spins (and 5+5+3 =13 
modes S0) of Tb3+. Conventional magnetic unit 
cell contains 126 spins of Tb3+!!

Antiferromagnetic (à la cycloidal spiral) three sub-lattice ordering in 
Tb14Ag51

PHYSICAL REVIEW B 72, 134413 (2005) P6/m → Pm’ (lowest monoclinic symmetry)
k-vector:  kK=[1/3, 1/3, 0]
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Antiferromagnetic (à la cycloidal spiral) three sub-lattice ordering in 
Tb14Ag51

2k magnetic structure was missed using RA

34

P6/m → Pm’ (lowest monoclinic symmetry) PHYSICAL REVIEW B 72, 134413 (2005) 

Zeroth cell contains 13 spins (and 5+5+3 =13 
modes S0) of Tb3+. Conventional magnetic unit 
cell contains 126 spins of Tb3+!!

k-vector:  kK=[1/3, 1/3, 0]

Acta Cryst. (2022). B78, 172-178

k-vectors:  kK=[1/3, 1/3, 0] 
and   3kK=[0,0,0]

P6/m → P-6’

maximal possible symmetry 
for 4D irrep 

https://journals.iucr.org/b
https://journals.iucr.org/b/contents/backissues.html
https://journals.iucr.org/b
https://journals.iucr.org/b/contents/backissues.html
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Possible alternative magnetic symmetries if the spin  arrangement transforms 
according to the four-dimensional physically irreducible representation mK4K6.

35

(2a+b,'a+b,c;1/3,'1/3,0)/ (2a+b,c,a'b;0,0,0)/ (2a+b,c,a'b;0,0,0)/

(2a+b,c,a'b;0,0,0)/
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Possible alternative magnetic symmetries if the spin  arrangement transforms 
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1. Restrict the symmetry to hex. 
2. In addition to modes of k=[1/3,1/3,0] 

allows modes with k0=[0,0,0], which 
is 3rd harmonic of k

k=[1/3,1/3,0]
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A Note: If we use only magnetic symmetry without irreps

36

 0

 3 1  2 4

 5  7  11 9  8 17 6  12 15  10 16 18

 13  19  20  14  23 21  24  22

 25
P1

P 1̄ P 1̄′ P2P2′ PmPm′

P2/mP2′/m P2/m′P2′/m′

P3P3

P 3̄ P 3̄′ P6P6′ P 6̄P 6̄ P 6̄′P 6̄′

P6/m

P6/m1′

P6′/m P6/m′P6′/m′

too many subgroups to consider and we loose the concept of single irrep active at the transition
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Mn1
Mn2

Two examples of the power of the RA & symmetry for magnetic structures

37

Moments along x

multiferroic TmMnO3

one-arm two dimensional irrep  k=[1/2,0,0]. 

Ferro-electric phase polar magnetic group Pbmn21

V. Yu. Pomjakushin, et al New Journal of 
Physics vol. 11, 043019 (2009) 
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Mn1
Mn2

Two examples of the power of the RA & symmetry for magnetic structures

37

Moments along x

multiferroic TmMnO3

one-arm two dimensional irrep  k=[1/2,0,0]. 

Ferro-electric phase polar magnetic group Pbmn21

magnetic Weyl semimetal CeAlGe 
Topologically nontrivial magnetisation textures in real-
space ==> topological Hall effect (THE). Full star 
superspace 3D+2 group I4_1md1’(a00)000s(0a0)0s0s

-5
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-5  0  5  10  15  20

(Mx,My) components in the xy plane, Mz-component by color
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 0.5

View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)

V. Yu. Pomjakushin, et al New Journal of 
Physics vol. 11, 043019 (2009) 



Samples: both powder and single crystals of CeAlGe grown at PSI in Solid State Chemistry group 


38

Superspace magnetic structure in Weyl semimetal CeAlGe. Multi arm 
antiferromagnetic order.

Neutron diffraction experiments: HRPT and DMC, SANS at PSI Switzerland, D33, at ILL France

Resistivity: Topologicall Hall Effect in University of Tokyo

Space Group: 109 I4_1md C4v-11

non-centrosymmetric 
Lattice parameters: 

a=4.25717, c=14.64520

TN

Ce1 4a (0,0,z), z=-0.41000  single magnetic Ce site

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)
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Magnetic peaks are well seen from both powder and s.c. neutron diffraction

39

k1=[g,0,0], SM point of BZ, g=0.06503(22) ~65Å

all peaks +-k DMC 4.5A
Magnetic NPD difference profile taken between T = 1.7 K and 10 K

Gamma point k=0 does not fit NPD

CeAlGe

Q=0.15-2.6 Å-1 

Q=0.85Å-1 

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)
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all peaks +-k DMC 4.5A
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Gamma point k=0 does not fit NPD

CeAlGe

T[��cí��

T \
��c

í�
�

í���� � ����

í����

�

����

/R
J�
�,Q

WH
QV

LW\
��&

WV
���
�V
�

�����

����

���

���

D

D

�F

N
N

�

�

+� ��P�

�D�

T[��cí��
í���� � ����

N�
N�

+� ���7P�

�E�7� �����. 7� �����.

N��N�

_T
_��
cí

� �
� ��� ��� ���

+�__�F��7�P�

����

����

����

����

���_T
_��
cí

� �

_T_��$YH��N �N �� �

_T_��N ��N �� �

�F�

� ��� ��� ���
+�__�F��7�P�

���
�
��
��
��
��
���

,Q
W��
,Q
WH
QV

LW\
��D

�X
��

��[�,�N �N �� �

�G�

�����

�����

�����

�����

����� _T_��N ��
_T_��N ��

� ��� ��� ���
+�__�D��7�P�

� ��� ���
+�__�D��7�P�

���
�
��
��
��
��
���

,Q
W��
,Q
WH
QV

LW\
��D

�X
��,�N ��

,�N ��
�H�

�I�

'��

'��

6$16�,

6$16�,

$YH��,�N �N �� �

k1=[g,0,0], k2=[0,g,0]
Single  crystal 

   -0.1     0     0.1    -0.1     0     0.1

0.1

-0.1

Q=0.15-2.6 Å-1 

Q=0.85Å-1 

P. Puphal, et al, Physical Review Letters, 124, 017202 (2020)



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg 40

Space group I41md:   

8 symops & I-centering, 

Ce 4a (0,0,z) single 
magnetic Ce site: 4 
atoms per cell

One k-case, standard representation analysis 
without magnetic group symmetry arguments.
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Space group I41md:   

8 symops & I-centering, 

Ce 4a (0,0,z) single 
magnetic Ce site: 4 
atoms per cell

One k-case, standard representation analysis 
without magnetic group symmetry arguments.

Two other Ce’s are 
generated by I-centering 
translations (½, ½, ½)+

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

4(a) ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z) - maybe move this to above

41

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z) - maybe move this to above

41
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or

Group Gk has          
only 2 symops           out of 8!          

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z) - maybe move this to above

41

{[g, 0, 0], [0, g, 0]}
<latexit sha1_base64="g/36/a5fmuDSHAjdyHfLEDvtKP0="></latexit>

Propagation vector star
k1 k2

ȳ, x+
1

2
, z +

1

4
<latexit sha1_base64="M8edIN7cXYaiH44jkY9riGIXHI0="></latexit>

or

Group Gk has          
only 2 symops           out of 8!          

Group Gk has two 1D irreps 

            τ1    τ2

            1       1

            1      -1

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z)

42

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

MCe(i) = mix sin(2⇡kx)ex +miz sin(2⇡kx+ 'i)ez, i = 1, 2
<latexit sha1_base64="yECVDxZ2eaxP78tWNDcJi5S+sYk="></latexit>

Experimental values (μB) :

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce2: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

• Cycloid in ac-plane for k1=[g,0,0], in bc=lane for k2=[0,g,0]

• two magnetic domains (twins)
k=|k1|=|k2|=g

Lowest monoclinic MSSG 
8.1.4.2.m33.2 Bm.1'(a,b,0)ss

Solution: SM2 irreducible representation
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One k-case, standard representation analysis without magnetic group symmetry 
arguments: Space group I41md, Ce 4a (0,0,z)

42

Two independent sites. 
No symmetry relations 
between Ce1 and Ce2 

Ce1(0, 0, z)
<latexit sha1_base64="8t0CUktEh7Fsn2PRoL7ohL3r8+E="></latexit>

Ce2(0,
1

2
, z +

1

4
)

<latexit sha1_base64="3jkbIRZeyHmyosrBw44y56FTEz0="></latexit>

MCe(i) = mix sin(2⇡kx)ex +miz sin(2⇡kx+ 'i)ez, i = 1, 2
<latexit sha1_base64="yECVDxZ2eaxP78tWNDcJi5S+sYk="></latexit>

Experimental values (μB) :

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce2: m2x= -1.50(2), m2z = 0.46(8) 𝜑1=𝜑2≈ 90°

• Cycloid in ac-plane for k1=[g,0,0], in bc=lane for k2=[0,g,0]

• two magnetic domains (twins)
k=|k1|=|k2|=g

             Note: if 𝜑1=𝜑2=0 → amplitude 

                                modulation, different

                                 symmetry

Lowest monoclinic MSSG 
8.1.4.2.m33.2 Bm.1'(a,b,0)ss

Solution: SM2 irreducible representation
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Symmetry of cycloid. 3D+1 superspace group for SM2 irrep

43

I2mm1'(0,0,g)0s0s

Experimental values:

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce2: m2x= -1.50(2), m2z = 0.46(8)

MCe(i) = mix sin(2⇡kx)ex +miz cos(2⇡kx)ez, i = 1, 2
<latexit sha1_base64="fhNMfzF9N6Ofar79JdAwTKCjib4="></latexit>

Advantage of magnetic symmetry when keeping {+k,-k}I41md1’ or
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Symmetry of cycloid. 3D+1 superspace group for SM2 irrep

43

I2mm1'(0,0,g)0s0s

Experimental values:

Ce1: m1x= -0.64(1), m1z =-0.30(6)

Ce2: m2x= -1.50(2), m2z = 0.46(8)

MCe(i) = mix sin(2⇡kx)ex +miz cos(2⇡kx)ez, i = 1, 2
<latexit sha1_base64="fhNMfzF9N6Ofar79JdAwTKCjib4="></latexit>

Advantage of magnetic symmetry when keeping {+k,-k}I41md1’

phase shift 90 degrees between x and y-
components is fixed by symmetry!

or
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subgroup tree for I4_1md [u,0,0]+[0,u,0] 

 I4_1md1’ 4D irrep SM2 <latexit sha1_base64="rjq7dTk3zdlFVgCWFdBfuoh9C8I="></latexit>0

BB@

a
b
c
d

1

CCA

 I2mm.1'(0,0,g)0s0s
OPD=(a,0;0,0)

Bm.1'(a,b,0)ss

OPD=(a,b;0,0)

OPDirrep

1 incommensurate 
modulation
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subgroup tree for I4_1md [u,0,0]+[0,u,0] 

 I4_1md1’ 4D irrep SM2 <latexit sha1_base64="rjq7dTk3zdlFVgCWFdBfuoh9C8I="></latexit>0

BB@

a
b
c
d

1

CCA

 I2mm.1'(0,0,g)0s0s
OPD=(a,0;0,0)

Bm.1'(a,b,0)ss

OPD=(a,b;0,0)

I4_1md.1'(a,0,0)000s(0,a,0)0s0s

OPD=(a,0;a,0)

 I2mm.1'(0,b1,0)00ss(0,0,g2)0s0s
OPD=(a,0;b,0)

2 incommensurate modulations

OPDirrep

1 incommensurate 
modulation



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

-5

 0

 5

 10

 15

 20

-5  0  5  10  15  20

y/
a

x/a

(Mx,My) components in the xy plane, Mz-component by color

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

CeAlGe: Maximal symmetry full star superspace 3D+2 magnetic group 
I4_1md1’(a00)000s(0a0)0s0s

45

View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

I4_1md1’(a,0,0)000s(0,a,0)0s0s      
single Ce site: Ce1 and Ce2 equivalent


k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

I41md1’ IR: mSM2 , k-active= (g,0,0),(0,g,0)
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CeAlGe: Maximal symmetry full star superspace 3D+2 magnetic group 
I4_1md1’(a00)000s(0a0)0s0s

45

View along the z-(c-)axis of the magnetic structure of CeAlGe. 
The x- and y-axes are in units of in-plane lattice parameter a.

I4_1md1’(a,0,0)000s(0,a,0)0s0s      
single Ce site: Ce1 and Ce2 equivalent


experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

All Ce are equivalent and their moments 
are given symmetrically by 4 parameters 

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~

k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)

⌘
ez

<latexit sha1_base64="YMa/WR/PeGCbSYM5w+nPYpT5qNA="></latexit>

MCe2 = m2 sin(k̃x)ex +m1 sin(k̃y)ey +
⇣
m4 cos(k̃x) +m3 cos(k̃y)

⌘
ez

<latexit sha1_base64="xDaVDAi+sqdIpQ6EA63UV1rLWzA="></latexit>

I41md1’ IR: mSM2 , k-active= (g,0,0),(0,g,0)
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The x- and y-axes are in units of in-plane lattice parameter a.

I4_1md1’(a,0,0)000s(0,a,0)0s0s      
single Ce site: Ce1 and Ce2 equivalent


experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

All Ce are equivalent and their moments 
are given symmetrically by 4 parameters 

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~

k1=[g,0,0], SM point of BZ, 
g=0.06503(22): four arms

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)

⌘
ez

<latexit sha1_base64="YMa/WR/PeGCbSYM5w+nPYpT5qNA="></latexit>

MCe2 = m2 sin(k̃x)ex +m1 sin(k̃y)ey +
⇣
m4 cos(k̃x) +m3 cos(k̃y)

⌘
ez

<latexit sha1_base64="xDaVDAi+sqdIpQ6EA63UV1rLWzA="></latexit>

I41md1’ IR: mSM2 , k-active= (g,0,0),(0,g,0)
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CeAlGe: Maximal symmetry full star superspace 3D+2 magnetic group 
I4_1md1’(a00)000s(0a0)0s0s
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Period about 15 cells, ~ 65 A
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subgroup tree for I4_1md [u,0,0]+[0,u,0] 

 I4_1md1’ 4D irrep SM2 <latexit sha1_base64="rjq7dTk3zdlFVgCWFdBfuoh9C8I="></latexit>0

BB@

a
b
c
d

1

CCA

 I2mm.1'(0,0,g)0s0s
OPD=(a,0;0,0)

Bm.1'(a,b,0)ss

OPD=(a,b;0,0)

I4_1md.1'(a,0,0)000s(0,a,0)0s0s

OPD=(a,0;a,0)

 I2mm.1'(0,b1,0)00ss(0,0,g2)0s0s
OPD=(a,0;b,0)

2 incommensurate modulations

OPDirrep

1 incommensurate 
modulation

P1.1'(a1,b1,g1)0s(a2,b2,g2)00

OPD=(a,b;c,d)

Bm.1'(a1,b1,0)ss(0,0,g2)0s
OPD=(a,0;b,c)



Topological density and charge. H=0

48

�w(x, y) = 1
4⇡ (n · [�nx ⇥�ny])

<latexit sha1_base64="2fLw0WcaLUmk58HKA9axZIMjGNE="></latexit>

solid angle per square placket

Q =
P

x,y �w(x, y)
<latexit sha1_base64="M0pANryq3crJELmptjXpx33G8F0="></latexit>

experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

MCe1 = m1 sin(k̃x)ex +m2 sin(k̃y)ey +
⇣
m3 cos(k̃x) +m4 cos(k̃y)

⌘
ez

<latexit sha1_base64="YMa/WR/PeGCbSYM5w+nPYpT5qNA="></latexit>

MCe2 = m2 sin(k̃x)ex +m1 sin(k̃y)ey +
⇣
m4 cos(k̃x) +m3 cos(k̃y)

⌘
ez

<latexit sha1_base64="xDaVDAi+sqdIpQ6EA63UV1rLWzA="></latexit>

n = M/M
<latexit sha1_base64="aFjomaZKcORpvYcTCifAZRB4EJ4="></latexit>

k=2𝜋|k1|=2𝜋|k2|=2𝜋g~
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Topological density and charge. H=0

49

+½

-½ -½

+½
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Experimental proof comes from behaviour in external field

50

mf = 0 μB mf = 0.3 μB
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SANS diffraction: k1+k2+0 is 3rd 
order harmonics in external field

Topological charge per magnetic cell
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Simulation of external field ~ FM component along z-axis

51

mf = 0 μB mf = 0.3 μB mf = 0.5 μB

experiment: (m1,m2,m3,m4 ) = (0.44(1), 1.02(1), −0.21(5), 0.29(7)) μB. 

Topological charge per magnetic cell



V. Pomjakushin, Magnetic symmetry for multi-k structure models,  Nov 23, 2022, Herzberg

Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA

52

Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG
magnetic symmetry AND representation only representation

No rules to make constraints without symmetry arguments
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA

52

Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG
magnetic symmetry AND representation only representation

Construction of 
basis functions 
(normal modes)

No rules to make constraints without symmetry arguments

Constraints on the 
mixing coefficients 
of basis function for 
>1D irrep and/or 
multi-arm star of k,         

Magnetic structure 
made from linear 
combination of 
normal modes.
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA

52

Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG
magnetic symmetry AND representation only representation

Construction of 
basis functions 
(normal modes)

No rules to make constraints without symmetry arguments

Constraints on the 
mixing coefficients 
of basis function for 
>1D irrep and/or 
multi-arm star of k,         

?

Magnetic structure 
made from linear 
combination of 
normal modes.
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA

52

Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG

is irrep real and 1D, and single arm {k}-star?

Yes

Shubnikov from PSG 
Symop g that have irrep(g)=-1 
are primed in Sh-group

magnetic symmetry AND representation only representation

Magnetic structure made 
from admissible spin 
directions in Sh-group

Construction of 
basis functions 
(normal modes)

No rules to make constraints without symmetry arguments

Constraints on the 
mixing coefficients 
of basis function for 
>1D irrep and/or 
multi-arm star of k,         

?

Magnetic structure 
made from linear 
combination of 
normal modes.
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA

52

Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG

is irrep real and 1D, and single arm {k}-star?

Yes

Shubnikov from PSG 
Symop g that have irrep(g)=-1 
are primed in Sh-group

magnetic symmetry AND representation only representation

Magnetic structure made 
from admissible spin 
directions in Sh-group

Construction of 
basis functions 
(normal modes)

No rules to make constraints without symmetry arguments

Constraints on the 
mixing coefficients 
of basis function for 
>1D irrep and/or 
multi-arm star of k,         

?

Magnetic structure 
made from linear 
combination of 
normal modes.

equivalent
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA

52

Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG

is irrep real and 1D, and single arm {k}-star?

Yes

Shubnikov from PSG 
Symop g that have irrep(g)=-1 
are primed in Sh-group

No is k commensurate?
Yes

choice of direction of 
order parameter for 
irrep

combining nD irrep based on arms 
of star {k} & c.c into real 2nD

magnetic symmetry AND representation only representation

Magnetic structure made 
from admissible spin 
directions in Sh-group

Construction of 
basis functions 
(normal modes)

No rules to make constraints without symmetry arguments

Constraints on the 
mixing coefficients 
of basis function for 
>1D irrep and/or 
multi-arm star of k,         

?

Magnetic structure 
made from linear 
combination of 
normal modes.

equivalent
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA
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Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG

is irrep real and 1D, and single arm {k}-star?

Yes

Shubnikov from PSG 
Symop g that have irrep(g)=-1 
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Yes
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directions in Sh-group
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Construction of 
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(normal modes)
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mixing coefficients 
of basis function for 
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?

Magnetic structure 
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combination of 
normal modes.

equivalent
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA
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Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG
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Shubnikov from PSG 
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
RA
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Symop g that have irrep(g)=-1 
are primed in Sh-group
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choice of direction of 
order parameter for 
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of star {k} & c.c into real 2nD
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from admissible spin 
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isotropy subgroup of 
PSG. 

Construction of 
basis functions 
(normal modes)
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Constraints on the 
mixing coefficients 
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?

Magnetic structure 
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normal modes.
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3D+n magnetic 
superspace group for 
incommensurate k
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Relation of magnetic Shubnikov/superspace symmetry and representation analysis 
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Paramagnetic crystallographic space group (PSG) Propagation vector of magnetic structure k

choose one irreducible representation (irrep) of PSG

is irrep real and 1D, and single arm {k}-star?
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Shubnikov from PSG 
Symop g that have irrep(g)=-1 
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No is k commensurate?

3D+n magnetic 
superspace group for 
incommensurate k

No Yes

choice of direction of 
order parameter for 
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combining nD irrep 
based on full star {k}
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magnetic symmetry representation

Magnetic structure made 
from admissible spin 
directions in Sh-group

Shubnikov from 
isotropy subgroup of 
PSG. 
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Construction of 
basis functions 
(normal modes)

or in 3D+n magnetic group

No rules to make constraints without symmetry arguments

Constraints on the 
mixing coefficients 
of basis function for 
>1D irrep and/or 
multi-arm star of k,         

?

Magnetic structure 
made from linear 
combination of 
normal modes.

The disadvantage of using only RA:  

In general:  there are no rules to make constraints,    (except ones based on physical grounds)  

but the constraints appear in a natural way from magnetic group symmetry arguments 

The disadvantage of using only magnetic subgroups:  

We loose the concept of single irrep active at the transition - too many “unphysical” subgroups
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The End
Thank you!
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Antiferromagnetic order in orthorhombic multiferroic TmMnO3

55

Mn

Re

O

1. one-arm two dimensional irrep  k=[1/2,0,0]. 
Ferro-electric phase polar magnetic group 
Pbmn21


2. Constraints on basis functions vs. superspace for the 
incommensurate two arm  k=[1/2±δ,0,0]. {k}={-k,+k}. 
Para-electric phase (3D+1) superspace magnetic group 
Pmcn1’(00g)000s [Pnma, bca]


 New Journal of Physics 11, 043019 (2009)
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Symmetry analysis using both RA and magnetic subgroups

56

Mn1 Mn2

TmMnO3

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

Moments along x

RA with  arbitrary mixing coefficients 
gives different spin sizes for the same 
type of spins. Symmetry?
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Symmetry analysis using both RA and magnetic subgroups

56

Mn1 Mn2

TmMnO3

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)

P1 (a,0) 11.55   P_a2_1/m,  basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(1/2,0,0), s=2, i=4, k-active= (1/2,0,0)

P3 (a,a) 31.129 P_bmn2_1, basis={(0,1,0),(2,0,0),(0,0,-1)}, origin=(3/4,1/4,0), s=2, i=4, k-active= (1/2,0,0)

C1 (a,b) 6.21    P_am,          basis={(2,0,0),(0,1,0),(0,0,1)}, origin=(0,1/4,0), s=2, i=8, k-active= (1/2,0,0)


Order parameter 
direction

Magnetic Shubnikov 
Space group

Moments along x

RA with  arbitrary mixing coefficients 
gives different spin sizes for the same 
type of spins. Symmetry?
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Symmetry analysis using both RA and magnetic subgroups
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PS1

PS 1̄Pa21 Pa21PamPccPbc

Pa21/mPc21/cPbmn21Pana21

Pnma1′Bilbao Crystallographic Server 
http://www.cryst.ehu.es

(a,a) (a,0)
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Moments along x

RA with  arbitrary mixing coefficients 
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Case 1: magnetic mode E1 -> most symmetric maximal subgroup of Pnma1’

57
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irrep:  2D mX1(τ1)

Solution!

http://stokes.byu.edu/iso/

ISODISTORT 
Version 6.1.8, November 2014 

Harold T. Stokes. Branton J. Campbell, and Dorian M. Hatch,

Pnma k=[1/2,0,0], irrep:  2D mX1(τ1)
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Order parameter 
direction

Magnetic Shubnikov 
Space group

http://www.cryst.ehu.es/
http://www.cryst.ehu.es/
http://stokes.byu.edu/iso/
http://stokes.byu.edu/iso/
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Case 1: magnetic mode E1 -> most symmetric maximal subgroup of Pnma1’

57

Electric polarisation 
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Case 2: General solution in RA -> low symmetry non-maximal subgroup

Mn1
Mn2

58
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Solution

Maximal and non-maximal MG for the parent SG 227 (Fd-3m) at gamma point k = (0, 0, 0) 
generated by one irrep for 16d (1/2,1/2,1/2), 16c (0,0,0) position 

Magnetic structure of Pyrochlore Tm2Mn2O7 at Г-point k=0
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