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Abstract

Hybrid life cycle assessment (HLCA) methods combine bottom-up data from process-based
inventories with top-down data from environmentally extended input-output tables. This is done
to overcome limitations of data coverage and aggregation: While process inventory data is more
detailed, it can never be complete. On the other hand, input-output tables offer full cost-coverage
for economic inventories that are complete, but highly aggregated into broad economic sectors.
Combining these complementary datasets gives a more complete picture of the environmental im-
pact associated with products or services. To this end, different mathematical methods have been
proposed. Of the four main methods currently recognized in literature, three combine this data
into a hybrid matrix. The path-exchange method instead works at the graph-level by combining
the supply-chain paths of both systems. Unlike matrix-based hybrid methods, the accuracy of
results of the graph-based method is limited by the number of paths considered, unless remain-
ders are again computed using a matrix-based approach. For the first time, we provide a concise
mathematical description of the path-exchange algorithm and conduct a proof that it is not a
distinct mathematical method. It is instead equivalent to the tiered-hybrid matrix method with
binary correction for double-counting, where upstream flows are inferred from the sectoral system.
Based on this finding, we conclude that the path-exchange method confers no distinct mathemat-
ical advantages over matrix-based alternatives. Our proof is an important step toward a unified
methodological framework for hybrid life cycle assessment.

Keywords: hybrid life cycle assessment, input-output life cycle assessment (I0-LCA), life cycle assess-
ment (LCA), structural path analysis, environmental input-output analysis

1 Introduction

Since the early days of life cycle assessment (LCA), researchers have attempted to combine data from
complete but highly aggregated input-output tables of the economy with the incomplete but high-
resolution process-based life cycle inventory into a hybrid inventory. The first attempt was made in
the 1970s |1], with most subsequent improvements made from the 1990s [2|. The umbrella term hybrid
life cycle assessment first saw use after 2000, for instance in a review by Lenzen et al. [3|. Today, it
designates a number of distinct methods.

Four main methods have been recognized in the literature |2||4]: The tiered method proposed in 1978 by
Bullard et al. |1] and formalized by Heijungs et al. in 2002 |5], which was further formalized with respect
to its harmonization of system boundaries to avoid double counting by Agez et al. between 2019 and
2022 [6]. The matrix augmentation method, introduced in 1999 by Joshi [7]. The integrated method,
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introduced in 2000 by Suh and Hupped [§]. Finally, the path-exchange (PXC) method, proposed in
1997 by Treloar [9] and formalized in 2009 by Lenzen et al. |10]. Despite recent publications aimed at
establishing a standardized taxonomy |2], disagreement remains over the distinctions between methods.

Unlike the other three established methods, the path-exchange method operates at the level of the
supply chain graph. This sets it apart from any matrix-based method. Its purported unique benefits,
however, have remained somewhat elusive. For instance, the original authors have repeated statements
of the kind "Unlike other hybridisation methods, modifications to the supply chain are performed solely
on discrete nodes, and thus do not require other changes within the overall matriz.” |11, Sec.2]. What
this means for the utility of the method, for instance in the context of double-counting as described
most recently by Agez et al. [6], has remained ambiguous. For instance, while some authors have
described the path-exchange methods as employing "algorithmic corrections for double-counting” |12,
Sec.6.1], others go further by claiming that it "solves problems of double counting” |4, Table 4] or that
it "cannot create any double-counting incident a la Stromman ([13])." |14, Sec.2.6.3].

The original authors of the method in 2017 still observed that "its application has been limited to a
small group of scientists. " |11] and in 2018 "(...) its application is rare and often limited to the group of
researchers behind its development.” |2, Sec.5.2]. A systematic literature review shows that the path-
exchange method for hybrid life cycle assessment today is finding use primarily in the environmental
assessment of the built environment, as shown in Table 2 of the Supplementary Information. Most
recently, Stephan et al. were awarded the Graedel Best Paper Prize by the Journal of Industrial Ecology
for their work on a "multiscale framework for modeling and improving the life cycle environmental
performance of built stocks” 15|, which employs this method.

Here, we describe the method in concise mathematical fashion, which allows us to illustrate the al-
gorithm for a simple example system. Finally, we show that the method is, in theory, equivalent to
the tiered hybrid matrix-based method for hybrid life cycle assessment. We highlight the limitations
inherent to any path-based algorithm, which mean that in practice, the path-exchange method will
necessarily be inferior in accuracy to the matrix-based method. Based on this discussion, we caution
practitioners against the use of this method. This comprehensive treatment will bring much-needed
clarity to the ongoing discussion around the development of methods for hybrid life cycle assessment.
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2 Mathematical Framework

2.1 Example System and Diagrammatic Notation

We introduce an example system in which we use extensively in [Section 5. It consists of four
economic sectors, and two production processes. We render the example system in a novel diagram-
matic notation which allows for simple identification of process/sector correspondence, instances of
double-counting, upstream flows from sectors to processes and the origin of data for every flow. This
notation allows for an intuitive understanding of the hybridization of processes and sectors. It also
allows us to augment the mathematical definition of the path-exchange method in with a
diagrammatic illustration in [Fig. 3

Legend (Symbols)

Ezample System
s

Ezxample Path
1/\’2procilssz 1 ctut ; P final demand/ref.product
1) “graph tocation /" flow (economic/material)

H A flow (emission)
@ /'_removed flow
/oﬂow known-to-be zero
——

C ‘L\sitczt(;zrlg;gfion 9 "~ origin: process inventory
_;’_I grap / origin: input-output table
pa double-counting
Dy
T sector of the economy
® production process
SI— D o5 C —ls Cs @ reference product process
T Lacc .

bS.aS. a5 el al FP upstream flow (to proc.)
ML 7 S input-output table flow

Figure 1: An example system of four sectors (A-D) and two processes (1,2), with corresponding
matrices as defined in [Eq. (1){Eq. (3)] and symbols in [Table 1. Flows and emissions are annotated
explicitly for the benefit of the reader. Note that not all sectors are connected to limit the complexity
of the example. The diagrammatic notation is described in a legend presented in the right panel of

the figure. This system is used in [Fig. 3 and the mathematical proof of

A B C D
A afo af‘B 0 0
Bla?, a3 a3 0
Aq — BA ABB A4BC 1
STcl o agB agc agD S
D G%A 0 a?:q)c G%D
1 2
1[0 0
Ap 2 {ag’l 0} (2)
1 2
Al 0
B|0 1
H=0rl0 o (3)
D0 O
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2.2 Mathematical Convention and Table of Symbols

For the sake of simplicity in the equations of our proof but without loss of generality, we assume
that both the process system and the sectoral system are already defined in the same units - either
monetary or physical. For a detailed description of the conversion between these, we refer the reader
to the comprehensive treatment by Weisz at al. |16].

For the sake of simplicity in our hybrid matrix representation, we have adopted the @ = Bp(I — Ap)~! f P
convention for the governing equation of process-based life cycle assessment. For a helpful discussion
of the two different conventions, compare the comprehensive treatment by Heijungs et al. [17].

We employ the terms node and edge consistent with their standard usage in graph theory [18, P.9],
where an edge is the flow between two nodes. In our case, a node could be a production process or
economic sector, while an edge is the monetary of physical flow between them.

Table 1: Mathematical notation for vectors and matrices used throughout this article. The subscript
P denotes the process system, the subscript S denotes the sectoral system and the subscript H denotes
the hybrid system. For a complete derivation of the associated governing equations, refer to the sup-
plementary information. Following formal notation in linear algebra |19, P.26], A € RE*M designates
a matrix A of size R x M with all coefficients being elements of the real number field R.

Index System Description

1€ Nyfor (1 <i¢< M) processsystem production process ("activity")

Jj €N, for (1 N) sectoral system economic sector

k € N, for ( R) process system  environmental burdens (biosphere flows)
leN,for (1<k<P) sectoral system environmental burdens (env. satellite categories)

<J<
<k<

Matrix or Vector  Description

Ap € Ryxnmr process system A-matrix (technology matrix [5])
Bp € Rruum process system environmental flow matrix (intervention matrix [5|)
f p € Ryrxa final demand vector
€p € Rrx1 environmental flow vector
Tp € Ryx1 output vector
Cy € Ryxm upstream cut-off matrix
As € Ryun technical coefficient matrix
Bs € Rpyn environmental satellite matrix
HeRywum concordance matrix
pE Ryx1 price vector
Oko € Ryxamr binary correction matrix for flows known to be zero
Opc € Ryxm binary correction matrix for double-counting
4
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2.3 Matrix-Based HLCA Framework

Recent reviews recognize three distinct methods for hybrid life cycle assessment which can be expressed
in matrix form: the tiered hybrid method, the integrated hybrid method and the matrix-augmentation
hybrid method [20][2, Sec.5.2]|21, Sec.4]|22, Sec.4.1.1]|23, Sec.3.4]. While we must defer to these
publications for detailed treatment of other different methods, we recapitulate the derivation of the
tiered hybrid matrix method in the Supplementary Information for the benefit of the reader.

The basic assumption of the tiered hybrid method is that production processes consume inputs from
other production processes, and in addition, consume "upstream" inputs from different sectors of the
economy. Bearing in mind that a coefficient a;; of the A-matrices defined in [Table T describes the
flow from node ¢ — j, we can consider a column of the A-matrix as the "production recipe" for the
associated process or sector. With this, the governing equation of the tiered hybrid matrix method
can therefore be written in the form most frequently used in literature:

-1 N
o Bp 0 I-Ap 0 f
C€H(tiered) — ( 0 BS) ( C((;Jor'r I— AS) ( OP> (4)

The upstream cutoff matrix Cy contains information on all flows from sectors to processes. It can
be populated manually by the practitioner. It can also be populated automatically, by inferring flows
from the sectoral system, as first described by Strgmman [24]. An intuitive illustration of this process

is provided in

Sy
S el
Z BA
< U B
+———CB1
DC! p
""" 21
U
- c
binary | 4* X
S ti ClS [z R S
a4 correction ‘AB o agp

Figure 2: A simple example system consisting of three sectors (A,B) and two processes (1,2), adapted
from the larger system in [Fig. 1. Shown is the process by which upstream flows cV are inferred ("=")
from the sectoral system, as well as an instance of double-counting ("DC!"): If both the upstream
flow c%, and the process flow af] are retained, the environmental impact upstream of process 1 will
be overestimated. Under the binary double-counting correction technique, the upstream flow c%l is
removed ("x") altogether. The upstream flow cg2 is not removed, since no process flow to process 1
originates in sector B. For a legend of the diagrammatic notation used, compare the right panel of

Fig. 1

Here, for process 1 we originally have information only on a single input al; from process 2, which
might reflect an incomplete system boundary, considering that its corresponding sector A, as per the
input-output system, requires input a% 4 from sector B and input a% 4 from sector D. If the coefficients
of the upstream cutoff matrix are inferred from the requirements of sector A, it may compensate for
missing flows from sector D. It also runs the risk, however, of "double counting" some inputs. In this
case, the flows c%, = a%, and af}. This illustrates the need for harmonization of the boundaries of
the process and sectoral inventories through an automated correction for double counting.
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1
2
3
4 ur  The construction of the uncorrected upstream cutoff matrix according to Strgmman can be formally
Z us defined as |24, Eqn.(4)ff.][6l Eqn.(7)]
7 119 C"" = AgH (5)
8 A B 1 2
9 A aa a3g]Afl 0O (6)
1‘1) 20 TBlay, abg|Bl0 1
1 2
12 AlcY, = a5 4, = a3
13 _ Al AA  Ca2 AB
121 =Bl =4S _ 9 (7)
14 CB1 = Adpa Cp2 = 4BR
15 122 using the concordance matrix H. As detailed in the Supplementary Information, a concordance matrix
16 123 contains the information required to assign each process to one or more sectors of the economy. It can
1; 124 be used to convert vectors or matrices from the process-basis into the sector-basis.
1
19 1 if sector ¢ contains process j
125 H i1 — 8
20 (H:; {O else ®)
21
22 s However, [Fig. 2| illustrates that inferring upstream flows through leads to potential cases of
23 w7 double-counting. These are instances in the hybrid system where an upstream flow from a sector into
24 128 a process is already covered by a process flow.
2 . . .
22 120 The upstream cut-off matrix must therefore be corrected to avoid double-counting. For a comprehen-
57 130 sive discussion of different double-counting correction methods, compare the recent review by Agez et
28 w al. [6]. Here, we use the binary double-counting correction metho Under this correction method,
29 12 the upstream input from sector ¢ into process j is set to zero, if any process flow to process j originates
30 113 from a process contained in sector i. The concept is illustrated in [Fig. 2. As we will see later, the
31 134+ path-exchange method essentially employs an identical logic.
32 135 In matrix notation, this can be expressed through a binary double-counting correction matrix & p¢c
33
34 136 C?]ON =0Opc® C%}ncorr (9)
22 17 where a coefficient of the correction matrix is intuitively defined as
37 0 if 3 any process flow from within sector ¢ — process j
38 138 (GDC)ij = (10)
1 else
39
40 1 For the proof in we must prepare a mathematical formulation of the conditions in [Eq. (17)|
41 uw  We first introduce the Iverson bracket, which is a generalization of the Kronecker delta [26]. It is
42 w1 defined such that it evaluates to 1 if the condition in the bracket is true and evaluates to 0 otherwise.
43 12 In our case, we use the condition
44 ? 1 ifx=0
3 =0 = 11
22 a [ ] {O else (11)
47 us  where the question mark above the equality indicates that the expression is a logical condition eval-
48 us uated by the Iverson bracket, rather than an assignment. Using the Iverson bracket notation and
49 us the definition of the concordance matrix, we can now formalize the equation which applies the binary
50 w7 double-counting correction technique to the uncorrected upstream flow matrix.
51 M ,
U, p U,
gg s cij corr _ |:Z hikakj - 0:| Cl‘j uncorr (12)
k=1
54
55 INote that a small error is present in the equations for the corrected upstream cut-off matrix C¢P"" provided by Agez
56 et al. |6, (8)-(8)]. Instead of the standard matrix multiplication the authors meant to use the Hadamard product |25].
57
58 6
59
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According to the definition of the concordance matrix in [Eq. (8)|

(13)

b aP akpj if flow from process k — j originates in sector 4
R 0 else

and

M < i< N...index i iterates over all N sectors
1<j < M...index j iterates over all M processes
1 <k < M...index k iterates over all M processes

We can see that the expression in the Iverson bracket evaluates to 1, only if no process in sector ¢ has
a flow a® that terminates in process j. This is the definition of binary double-counting correction for
hybrid life cycle assessment. Using this notation, we can write corrected coefficients of the upstream
flow matrix from the simple example in [Fig. 2.

U,corr ? U,uncorr U,uncorr
cgr =[0=0Jcg =¢p1 (14)
e = lafy 20l = 0 (15)
In matrix form, [Eq. (12)|can be expressed as
C([JJOT'T' — [HAP ; 0] ® C’l[lanOT'T' — @DC ® C%L]?LC()"'T' (16)

There may also be cases where we know some upstream inputs to be zero. Correcting for this is
accomplished through a binary known-to-be-zero correction matrix © g

0 if upstream flow from sector ¢ — process j known to be zero
(Oko)ij = (17)
1 else
and adapting [Eq. (16)f]
C(IJJOT‘T‘ — @KO ® @DC ® C'l[;'I'LCO’I"”’ (18)

2Strgmman in |24, Eqn.(3)] included ® xqg®pc in a single matrix ®. The use of two separate matrices is more
instructive when defining the logical conditions inherent in the binary double-counting correction matrix mathematically.
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2.4 Path-Based HLCA Framework

As per the governing equation of both environmentally-extended input-output analysis and process-
based life cycle assessment, the environmental bugden vector €, which gives the total environmental
burdens incurred from an arbitrary final demand f, can be written as

¢=B(I-A)"'f=BLf (19)

In this context, L is known as the Leontief inverse. In the following, we will limit the discussion to
the case of a single environmental burden (eg. carbon dioxide emissions). The above equation then
becomes

e=b'Lf (20)

The first part of the equation is also known as the multiplier vector |27, Sec.6.2.3, Sec.8.5.1]
T =b'L (21)

As originally proposed by Waugh [28] and reported by Miller & Blair from 1985 [29]|30][27], the Leontief
inverse L = (I — A)~! can be approximated by a power series, since Yo aij < 1Aay; > 0|27, Sec.
2.4.2].

L=I-A)"'"=I+A+A*+A%+...) (22)

This is sometimes called production layer decomposition |10]. It forms the basis of both structural path
analysz'sﬁ in general and the path-exchange method for the hybrid method for life cycle assessment in
particular. A path in this context describes a product of coefficients of the kind bsaszas;. These paths
are formally known as directed acyclic graphs [18, P.200ff.]. With this, the environmental burden
multiplier vector m” in [Eq. 21§ can be expressed using the product layer decomposition in [Eq. i22i

as
N N N

=b; —|—Zb aﬂ—l-ZZbkak]a]z +ZZZblalkak]aﬂ (23)

k=1j=1 =1 k=1j=1

The path-exchange method now operates by combining paths from the production layer decomposition
of a process system and a sectoral system. The associated algorithm is described in detail in[Section 3.1}
Similar to [Eq. (4)] we introduce the following notation to describe operation of the path-exchange
method on both the sectoral and process paths

e =PXC{Bs(I - Ag),Bp(I—A,)"'}fp (24)

3A detailed discussion of the evolving use of the term structural path analysis is provided in the Supplementary
Information.
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3 The Path-Exchange Method for Hybrid life cycle Assessment

3.1 General Description and Illustration

As detailed in [Section 3.2, the path-exchange algorithm was first proposed by Lenzen et al. in 2009
[10]. Unfortunately, a formal mathematical or pseudo-code definition of this first implementation of
the algorithm (hereafter named "PXC(2009)") was not provided. Instead, the different steps were
traced out explicitly using a practical example.

Subsequent publications on the methodology of the path-exchange method by Crawford and Stephan
et al. in 2017 [11] and 2019 [31] (hereafter named "PXC(2017/2019)") changed the definition of the
method slightly |11} Sec.3.2]|31} Sec.2.1]. No formal definition of the new implementation was provided
either, although the method was visually illustrated in |11}, Figure 2] and |31, Figure 1]. The method
consists of multiple discrete steps, which we have illustrated in using our novel diagrammatic
notation.

i
i

s s . - M=3
= = = 07| 32 sy 20| ey
B B B | [ 5ol
' B
3
<
nAQ
3
nQ
=

- M=3 )
8 p s
— b3 Z hBza., :o}aBA

- z=1

o], 2]

.

P P
by as

by, |hsral; + hpsad + hesah, # O}G%A =0

1 2 1 2
Af1 0] , 1[0 0
( 7 moBlo1 P=20ad 0
A —C|0 0
A=iq Dlo 0
L;,_l
B-!
- A _’@'— D
L J Hybrid System, 1*" order paths
A B B C C D

TTT T T T T TTT TTT T T Hybrid System, 2** order paths

Figure 3: Visual representation of the PXC(2017/2019) algorithm, using the example system of
First, the algorithm conducts a structural path analysis of both the process system and the sectoral
system. Of this, here we show only paths of orders 1-2 terminating in process 1. For order 1, we obtain
one process path b'aZ] and three sectoral paths b%a%A, biaiA, b%a%A. Now, the algorithm "matches”
the paths based on a concordance matrix H. In our diagrammatic notation, this is intuitively shown
by process symbols being contained in sector symbols. Now, those sectoral paths are removed for
which there is a direct process path equivalent. In this example, this is the case only for path b%aSB A
which has the equivalent b} al}. Summing all paths according to now yields the "hybrid"
environmental impact. The mathematical formulation of this condition is shown next to the removed
path. For a definition of the Iverson bracket operator used, compare For a legend of the
diagrammatic notation, compare the right panel of [Fig. 1.
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3.2 Historical Development and Motivation

Lenzen in his first complete formulation of the path-exchange method for hybrid life cycle assessment
describes his work [32, Sec.1] as building on the earlier method of Treloar 33| Sec.4], then referred to
as "an innovative input-output based hybrid analysis method" |34, P.205]. He then asserts that "The
general decomposition approach [used in the path-exchange method| was introduced into economics
and regional science in 1984 under the name Structural Path Analysis.”, citing Defourny et al. [35]
and Crama et al. [36]. We find this representation of the lineage of the method to be incorrect, and
present a more accurate version in A detailed discussion of this lineage is presented in the
Supplementary Information.

Table 2: Milestones in the historical development of the path-exchange method for HLCA.

authors year  contribution

Waugh 1950 power series expansion of the Leontief inverse |28]
Bullard et al. 1975 power series expansion of the Leontief inverse and coefficient replacement 137]
Seeman 1984 power series expansion of the Leontief inverse and coefficient replacement 38|
Treloar 1997  refined method for coefficient replacement 9|
Lenzen et al. 2009 first formalization in the context of life cycle assessment [39]
Crawford et al. 2017 workflow formalization 11]
Stephan et al. 2019  software implementation 31|

3.3 Motivation and Misconceptions

To support our formal proof in[Section 4] we are providing a detailed discussion of three major miscon-
ceptions associated with the path-exchange method for hybrid life cycle assessment in
These misconceptions have all been used to motivate the introduction and use of the
method and are among the reasons why the path-exchange method has so far been listed as a separate
hybrid life cycle assessment method in reviews publications.

3.3.1 "Avoiding Changing Coefficients in the Sectoral Matrix"

Treloar in his 1998 thesis motivated the introduction of his first version of the path-exchange method
from two different perspectives: "The process analysis framework cannot be used as a basis for hybrid
analysis because of its incompleteness (ie, regardless of the greater reliability of the process analysis
data). The comprehensive input-output framework cannot currently be used as basis for hybrid analysis
because the substitution of process analysis data into the input-output model causes unwanted indirect
effects.” |33, Sec.1].

The first point relates to the lack of available data for building the background inventory of a process-
based life cycle assessment. At that time, the Fcoinvent database predecessor ETH 96 had just been
released and featured less than 2’500 individual processes [40][41] - a number which has since increased
to over 20’000 in the latest version [42]|43]. The hope of Treloar was therefore to utilize readily available
and up-to-date government-compiled input-output tables for better data coverage.

The interpretation of the second point is more involved and reveals an important misconception which
has been frequently repeated since then. Treloar goes on to specify that "(...) input-output-based
hybrid analysis (...) involves the substitution of process analysis data for coefficients in the direct
input-output matriz (Bullard et al., 1978 [1]; Seeman, 1984 [38])." |33, Sec.2.3.2].

The concern here is that changes made to a technical coefficient of the input-output matrix in the
context of one specific supply chain affect all other supply chains involving this technical coefficient.

This is an understandable concern in principle. However, the referenced publication by Bullard et al.
does not modify the input-output matrix at all. It is instead an early example of input-output-based
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life cycle assessment, as described most recently by Heijungs [17]. We must stress that the publication
of Bullard et al. does not attempt to hybridize data, nor replace any coeflicients in the input-output
matrix, as claime

Similarly, the referenced thesis of Seeman does not modify the input-output matrix with more specific
coefficients either. He briefly suggests a way to dis-aggregate sectors into more specific sub-sectors,
thereby adding new columns and rows to the technical coefficient matrix. This approach would later
be described in detail by Joshi [7] and is now commonly referred to as the matriz-augmentation
hybrid method |2|. The calculations of Seeman, however, do not actually employ this dis—aggregatio
Instead, he describes a method for using the power series expansion of the Leontief inverse where input-
output technical coefficients are replaced with more process-specific coefficients. This was already
suggested by Bullard some 10 years earlier [37]. We must stress again that the publications of Seeman
and Bullard et al. do not replace any coefficients in the input-output matrix, as claimed.

Apart from the integrated method for hybrid life cycle assessment, where this is done deliberately, no
hybrid analysis modifies the coefficients of the sectoral matrix. This includes the publications cited by
Treloar. Note also that when Treloar made his proposal in 1997, the integrated method for hybrid life
cycle assessment had not yet been developed - and could therefore not have been referenced by him.
Only two early publications by Bullard from 1976 [45] and 1978 1] on what is today designated the
tiered hybrid method had been published at the time.

Even so, this second point of the original motivation for the path-exchange method continued to be
cited in subsequent publications: "Treloar observed that changing the transaction coefficient for a
particular element, or node, in an input-output matriz used for LCA would affect all supply chain
paths that contain that node, even if the changed coefficients applied only to a particular path. Treloar
correctly recognized that SPA provides a means to avoid such undesired “global” effects.” |10, Sec.1].

In summary, the second of two key issues cited as the original motivation for the introduction of the
path-exchange method is not supported by the literature cited. It is plausible that it is based on a
misinterpretation of the referenced publications.

4In the last paragraph, the theoretical possibility of "integrating" process data and input-output data is mentioned:
"With more extensive data, such as that from a conventional LCA, and a two-step process that integrates these data
into the input-output matriz, we believe the two approaches can be integrated.” |44]|. However, this "integration” is not
described there in any further detail, nor is its implementation within the scope of the publication.

5The only change to the technical coefficient matrix that is made as part Seeman’s calculations is the conversion of
"(...) the outputs of the energy sectors from dollars to megajoules (...)" to facilitate the analysis of energy flows rather
than economic flows.

11

This is a proof for the purposes of peer review only.

Page 12 of 35



Page 13 of 35

oNOYTULT D WN =

268

269

270

272

273

274

275

276

277

278

279

280

Journal of Industrial Ecology Peer Review Proofs

3.3.2 "Working on Mutually Exclusive Nodes"

More recent publications on the path-exchange method have built on the misconception of
and listed as the main advantage of this approach that "(...) it operates on mutually exclusive process
and input output nodes” |31, P.240] and that "Unlike other hybridisation methods, modifications to the
supply chain are performed solely on discrete nodes, and thus do not require other changes within the
overall matriz.” |11, P.159).

This suggests that the path-exchange hybrid method, unlike matrix methods, can selectively modify
nodes or edges in the supply chain pathways of a sectoral system and replace them with more precise
nodes or edges from another system.

However, this is another misconception about the path-exchange method. In fact, selective replacement
of sectoral information for process information at arbitrary locations in the supply chain graph can
easily be achieved using a matrix-based system. As an example, consider a system illustrated in

S

af&AL—A‘L 1/ ®AB = ‘__IagB

b5 +— —e b7,

_)f
B4 Ad B Al
$.8 S S ¢S 5
bpapaaapapafs ¢ S S S f
a a a
BA AB BA
By As

s S .S .S s
bpapAaipas-af1 +—

s
aBA
B A
.8 .S P P
bpapaaipas i e 35
aBA

_ U
= Ca2

Figure 4: Top: A simple example system consisting of two sectors (A,B), adapted the larger system
in Here, we assume sector A produces metals, while sector B supplies electricity. Bottom: An
example path of order three: bgas 4 A5 g AS 4f5, in which a coefficient a¥,, is exchanged for a more
specific coefficient a%,. ,. For a legend of the diagrammatic notation, compare the right panel of

We first posit that we have obtained specific information on edge a%Q 4, the flow from the electricity
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sector into the metals sectors. In the following, we designate this specific node B*. This includes data
on the specific environmental burden of sector B b%; and the amount of flow supplied to sector A

a%; 4, Note that according to the legend in |Fig. 1, the integer subscripts here indicate the position of
the node or edge in the supply chain. The corresponding path

bgg a%;Alfi (25)

is shown in Now, we consider an arbitrary third order path of the sectoral system. Note that
the edge a% 4 appears in different locations of this supply chain. It is underlined for emphasis.

S S S s s
534%94,43 AA3B,%By Ay fa (26)

According to this path is now altered by the path-exchange method to
s S S S S
bB4 AB,A3043B, 2B A, fa (27)

The path-exchange method has targeted a specific edge, denoted as a%z 4, at a particular point in the
supply chain and replaced it with another edge instance, a%s 4,» Without altering other instances of

the node-edge pair, such as a; . .

However, such a scenario can be easily captured in matrix form. The key to understanding this
equivalence lies in the abstract notion that specific information always lives on a specific supply chain.

First, it is important to realize that in this example, we have information only on the electricity
production node which feeds directly into the metal production node By — A;. We have no information
on electricity production nodes which appear further upstream in the supply chain, such as By — As.

To elaborate, consider again the first-order path of [Eq. (25). In our scenario, we have specific infor-
mation on the environmental burden coefficient b%*; of node B at position 2 in the graph:

By — A1 — f (28)
By A — f (29)

From we can see that in our scenario we know not only something specific about node Bs,
but also something about node A;. At the very least, we know that in our specific supply chain,
node A; does not consume the average input of node Bg, but the input of a specific node B;. In our
scenario, this is the only thing we know about node A;. All other properties of this node we simply
infer from the input-output system. These properties are the technical coefficient to this node a% A
and the environmental burden coefficient b5.

We can therefore think of node A; as a specific node instance of sector A, much like B3 is a specific
node instance of sector B. For consistency, we therefore denote it Aj. This means that in our specific
example, we have taken the metal production sector as a prozy for the metal production process under
investigation.

How can we collect this specific information? One way to do so is in a process matrix Ap and an
environmental burden coefficient vector Bp. We can also think of these specific sectoral node instances
(A, By) as processes (1,2).

A" B* 1 2
A* 0 0 1 0 0
APB*{a%A 0 }2{612}91:(1%14 0] (30)
S AT bS] 1] bF =05
Br =p- [ by } :2[ by = b5 ] (31)
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We can see that in the technical coefficient af, between nodes B, and A; is simply the
technical coefficient A ,. Similarly, we can see that in the environmental burden coeflicient
bL for node By is simply the specific coefficient b3 of which we have knowledge. The environmental
burden coefficient b for node A; is simply the sectoral average environmental burden coefficient 3.

We know one more thing about node By. Since it is a specific instance of sector B, we can see from
that is takes input from sector A. We record this information in an upstream flow matrix CY.

(32)

We can now, according to the definition of matrix-based methods for hybrid life cycle assessment |2,
combine this process matrix Ap with the input-output technical coefficient matrix Ag. We do the
same for the environmental burden coefficient vectors.

1 2 A B
1[ 0 0 0 0
2| ab = a3, 0 0 0
A= A 0 U2 =0%p | 034 a3 (33)
B 0 0 Wi g
1 be = béﬁ
= 2| by =by"
B by
Conducting a structural path analysis on the hybrid matrix in [Eq. (33)} we get:
my ~ by al + agap acGoall + ... (35)

This is equivalent to the path-exchange approach. As we can see, the matrix-based solution retains

In summary, it is key to understand that we can make modifications of specific nodes in a supply
chain graph. However, this means that a node in one of the production layers can be modified without
modifying that node in all other production layers. All nodes downstream of this modified node become
specific node instances. We can infer their parameters from the input-output system and record them
in a process matrix. This matrix can then be solved exactly according to the governing equation of
input-output analysis (I — A)~!f = 7 [27, Eqn.(2.11)].
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3.3.3 "Avoiding Double Counting"

Another claim made by recent publications about the path-exchange method is that it "avoids double-
counting” |10, Sec.4] as a result of "exchange by definition” |10, Sec.2.1]. This refers to the step of the
path-exchange method that replaces some sectoral nodes with process nodes, leaving no "ambivalence”

or double flows in these pathways.

However, this is another misconception about the path-exchange method. It does not somehow in-

herently avoid the problem of double counting. Instead, it simply employs the well-established binary
double-counting correction method at the graph-level. As an example, consider a system illustrated in

Fig. 5

|

S
2%

By As B

5.5 .S S S

bpapaaapapafs ¢ S 5
a a
BA AB

Aq

B4 Aé

S.,S .S P ¢P
bpagatapas i ¢ 5
apA

_ U
=Ca2

Figure 5: Top: A simple example system consisting of two sectors (A,B) and two processes (1,2), taken
the larger system in For the corresponding hybrid matrix, compare . Note that the
two upstream flows c§; and c%, are not considered in the hybrid matrix for reasons of simplicity and
are therefore shown in grey and denoted 0(def!) in the matrix. As indicated by the line-style of the
two red "upstream flow" arrows, they have been deduced from the underlying sectoral system. The
resulting instance of double-counting is marked "DC!". As indicated by the terminating "X", flow cg,
is removed completely, therefore constituting binary double counting correction. For a legend of the

U

diagrammatic notation, compare the right panel of Bottom: Two example paths of the system:

P P pP s S S PP
by azy fi and bpag aipaz fi -

Here, we again consider an arbitrary third order path of the sectoral system:

S S S s S
bB4aB4A3 AA,B, 0B, A, fa

Note that according to the legend in[Fig. 1] the integer subscripts here indicate the position of the node

(37)

in the supply chain. As indicated in specific information on two processes (1,2) is available.

According to the path is therefore altered by the path-exchange method to

s S S S P _
bB4a’B4A3aAgBQ a2211 fl -

s S S S P
bB4 aB4A3 cAg 25 a22 1, fl

Note that here only the coefficient a%z 4, Wwas changed, but not a%4 As-
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The system of can be represented through a hybrid technical coefficient matrix A i and a hybrid
environmental burden coefficient vector B.

1 2 A B

1 0 0 0 0

2| ab) 0 0 0
Ay = 21 : 40
A 0(def!) Yy =alp |als alp (40)

B| o(DC!)  0O(def!) |az, ap

1 2 A B

B =10 by b3 b3 | (41)

As we can see from [Eq. (57)} the upstream flow c%, into process 1 has been removed, because there is
already a process flow a3, into process 1. This is the definition of binary double-counting correction.
In the matrix this is indicated through "0(DC!)".

To trace the supply chain paths of this system, we now conduct a structural path analysis, following
the description in [Section 2.4, In the governing equation of environmentally extended input-output
analysis, the environmental burden e associated with a final demand vector fH can be expressed as

e=BLA—Ap) ' fu (42)
The first part of this equation is known as the multiplier vector m
m=BT(I-A)"! (43)
Using the power series expansion of a matrix inverse
I-Ap) '=I+Ay+A}+... (44)

we can expand the multiplier vector of [Eq. (43)l In our example, we consider the case where the
functional unit is the output of process 1, as indicated in [Fig. 5. The final demand vector is therefore
simply

1{1
> 210
B| O
According to [Eq. (42)|and [Eq. (43)} in this case the environmental burden e can be written as
€ = T?LfH (46)
e =ma (47)

and the power series expansion can be written as
4 4 4 4
P H
=0+ S+ 3 S ettt 3OS0 Y Wallafall + (48)
j=1 j=1k=1 1=1 j=1 k=1

We can now take a single third-order pathway from this expansion

H H H_ H _ 1S S U P
by ag3a35a51 = DpagACA2a, (49)

This path is visualized in the bottom section of [Fig. 5. As we can see, the binary double-counting
correction in [Eq. (57)|ensures that no flow from sector B to process 1 is added. However, it does not
impede the flow between sectors B and A elsewhere in the supply chain.
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3.3.4 "Matching Paths of varying Length"

Another claim about the path-exchange method is that unlike matrix-based methods for hybrid life
cycle assessment, it is able to match paths of different lengths. This is illustrated in Fig.2, "Case
B"]. This means that for a single sectoral technical coefficient al-sj it is able to substitute multiple

rocess coefficients afaf ... in a path.
p El%m p

However, this is another misconception about the path-exchange method. Matrix-based methods,
such as the tiered hybrid method, can combine paths of arbitrary length just as well. As an example,

consider a system illustrated in

a
I J/;/,

S
& b

N A
gy |2 E4|7
m BA #

multiple processes ===

S S5 P 4P
bpag a1 fi #

Figure 6: Top: A simple example system consisting of two sectors (A,B) and two processes (1,2). Note
that this example system differs from the larger system in[Fig. 1} For the corresponding hybrid matrix,
compare Here, we assume that sector A produces electricity, while sector B supplies metals.
In this example, sector A includes electricity production as well as electricity grid distribution. Note
that in this example, we know the upstream flow ¢%, to be zero. Note also that the flows ¢, ¢4,
a4 and a3, 5 are not considered in the hybrid matrix for reasons of simplicity and are therefore shown
in grey and denoted 0(def!) in the matrix. For a legend of the diagrammatic notation, compare the
right panel of Bottom: Two example paths of the system: bga% 4 f3 and bgap 4ab) fF.

Here, we consider a first order path of the sectoral system:
bpagafi (50)

As indicated in specific information on two processes (1,2) is available. Both processes are
contained within the same sector. However, from the relation between sectors A and B alone, there is
no objective way of inferring the share of upstream inputs from sector B into process 2 and process 1.
In this example, for reasons of simplicity, we therefore assume that only process 2 receives upstream
input from the sectoral system and therefore ¢%; = 0. This could be because process 1 is a distribution
or market process, or because we know its inputs to be complete or because it is chosen as a simplifying
assumption. This corresponds to both the example used by Lenzen et al. Fig.2, case "B"] and the
assumption made by Agez et al. Sec.3.2.3]. According to the path is therefore altered
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by the path-exchange method to

S U P ¢P _
bpcpaas fi =

S S PP
bpagsas fi

(51)
(52)
The system of can again be represented through a hybrid technical coefficient matrix Ay and

a hybrid environmental burden coefficient vector B. First, the uncorrected upstream cut-off matrix
C}"°™" can be constructed according to [Eq. (5)

1 2
Al 0(defh 0(def!) ]
Cuncorr — A H — 53
v S B [Cgl = G%A CgQ = G%A (53)
Now, the corrected upstream cut-off matrix CY can be constructed according to
Cy™" = ©pc ®Oxo @ Clycon:. (54)
1 2 1 2 1 2
A1 1] A1 1] _A[0(def!) 0(def!)
=B {1 1} “B {0 1} “B [ Gy Y, (55)
1 2
A0 0
A (6)

This allows us to construct the hybrid matrix Ay and the hybrid environmental burden coefficient
vector B:

1 2 A B

1 0 0 0 0

2 al) 0 0 0
AH = 4\ Oldefly 0(defl) [ 0(defl) 0 (57)

B 0 Chy=aBa | afa  0(def!)
1 2 A B
B =[b by b3 b3 ] (58)
The power series expansion of this matrix can now be written as
4 4 4

mlzbfﬂLbeaﬁwLZZkaakHjaﬁwL... (59)

j=1 j=1k=1

We can now take the second-order pathway from this expansion, which corresponds to the path in

by agpaz =
As we can see, this is equivalent to the path returned by the path-exchange algorithm [Eq. (52)|
In practice, this approach has already been demonstrated by Agez et al. Sec.3.2.3|, who have

selectively hybridized processes of the Ecoinvent database.

SU P _31S .S P
bpCpaas = bpagaas (60)
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3.4 Limitations

In the structural path analysis of 7 the upper bound for the number of possible paths of
order n for a system of N economic sectors is N™. This holds true only if every node in the system
is connected to every other node. Note that the exact number of possible paths in a more realistic
system can only be computed by means of the adjacency matrix of the hybrid system, which we
describe in the Supplementary Information. The equation for the upper bound of paths is frequently
used incorrectly when referring to the number of possible paths |9, P.378|[47, Footnote 1]|39, P.8252]|14,
P.25]. Even limiting the investigation of paths to an arbitrary maximum path order may therefore
prove computationally prohibitive, depending on the size of the system. To mitigate this issue, pruning
techniques are used by practitioners, disregarding paths below a threshold contribution to overall
impact 48] Sec.2.3]. These pruning techniques can be effective, reducing the number of relevant paths
to a number much smaller than the total number of paths [49]. However, as practitioners note, a
specific cut-of values is often chosen "(...) for convenience, and because it was expected that it would
provide a sufficiently detailed model to be used as the basis for an I-O-based hybrid analysis without
providing too many energy paths." [34]. And since most studies use systems of different size and scope,
"(...) subjective choices are unavoidable during the computational process.” |48].

One study combined the input-output table of the United Kingdom with the Ecoinvent database using
the path-exchange method to investigate emissions of wind power. It was found that 23% of emissions
were associated with paths that each contributed less than 0.034% [50, Supplement Sec.5]. As other
authors observed, "These small paths are often neglected in SPA studies ([51]/32][52])." 53]. One
interesting example from a specific case study was provided: "environmental impacts of electricity
production in developing countries arise from numerous small contributions and not a few single, but
large, contributions.” |53]. Any method working at the path-level is therefore subject to the above
limitations. This is also the case for the path-exchange method for hybrid life cycle assessment.

In addition, the error introduced by cutting of paths cannot be readily quantified. Error here refers
to the missing amount of upstream input from the sectoral system into the process system, which is
not accounted for due to the path cutoffs inherent to the path-exchange method. Since the number
of possible paths grows exponentially with the size of the hybrid system, the traversal of these paths
must be cut off after a specific threshold ¢ of contribution to total emissions, or a specific path length
d. In practice, authors have used varying parameters, depending on the study context d = 5/t =
0.005 — 0.01% [48], d = 6/t = 5 — 1% [52], d = 8/t = 0.001% [54], d = 9/t = 0.001% [53| or
d =10/t =0.1% [55].
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3.5 Mathematical Definition of the Path-Exchange Algorithm

Here, we provide the first ever formal mathematical description of the path-exchange algorithm. In
we will use this description to prove that the path-exchange method is equivalent to the tiered
hybrid method. To show this, we will simply perform a structural path analysis on a matrix-based
hybrid system and compare it to the formal description below.

As described in [Section 3.1, a structural path analysis of the sectoral system and the process system is
first performed. The key to a formal mathematical description of the algorithm is now the description
of the logic it employs to add only some of the nodes of the sectoral system to the process system.
The resulting paths then contain only the "mutually exclusive nodes” often cited as the distinction of
the path-exchange method |11} Sec. 2]|2, Sec.4]|31, Sec.2.1].

As we can see in only those paths from the sectoral SPA for which there is no corresponding
process path are added. Consider, for instance, all first-order paths into sector in the example

system of

N

> bfafsqy = bHaba +bBaZa (61)
j=1

Here, the index subscript notation S(1) refers to the sector which contains process 1. In the example
system of , S(1) — A and therefore the sum Z;V:1 afs(l) =apa +apa.

First, we must determine whether there is any process with flows to process (I) originating in sector

. As we can see from , process path al] corresponds to sectoral path a% 4- Under the definition
of the algorithm, this sectoral path must therefore not be added.

Again availing ourselves of the Iverson bracket notation [Eq. (11)]and the definition of the concordance
matrix [Eq. (8), we can write this condition as

M . . .
1 if no process flow af” to process 1 originates in sector B
[Somal 2a] = ) e proces o @
=1

0 else

The formal definition of the algorithm is now provided in As we can see, the condition of
Eq. (62)|is used whenever sectoral paths are appended to a process path.
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M
beéjl + (63)
——
P:0th —order
M N M )
S : S
#3030 | Yoty Zofasi +
= j=1 r=1
N——
P:1st—order S:1st—order
P P _P S ?
DI WCES ISR EVES 9 3L TAD SORLE e
k=1j=1 k=1j=1 z=1 k=1 j=1
P:2nd —order S/ P:2nd —order S:2nd —order
M M M N N N
S
DD DAL N DR LA DRE S
=1 k=1 j=1 =1 k=1 j=1
P:3vd—order S:3rd —order
N N M 4 N M M
! S
DN ITID SURTETITHIES 09 S P ILRIET| E I
=1 k=1j5=1 =1 k=1 j=1 =1

S/ P:3vd—order
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4 Proof of Mathematical Equivalency with Matrix Method

Despite previous reports in literature, the path-exchange method for hybrid life cycle assessment does
not constitute a distinct mathematical approach for integrating process and sectoral data. This has not
been observed previously, as is evident by the treatment of this method in recent review publications
[4]12]. In this section, we show the mathematical equivalence between the path-exchange method we

formally defined in and the matrix method we introduced in

More specifically, we show the equivalence of the matrix method with binary double-counting correction
where C% =0 A C* # 0.

Starting from the governing equation of the integrated hybrid matrix method in ?? and the governing
equation of the path-exchange hybrid method in [Eq. (24)] we need to show that

e_}H(paxcc) = PXC(BS(I - AS)il)f‘P =
= PXC(Bs(I+ Ag + (As)? + (As)® +...))fp (64)

1 5
o = Bp 0 Ap 0 fp
(8 B 1)

In order to show the equivalence of [Eq. (64)|and [Eq. (65)} we must conduct a structural path analysis
of the hybrid matrix in[Eq. (65). The trick is to simply split up the row/column index into two indices,
which go over 1 < i < M (processes) and M < i < N (sectors). Note also that by the definition of
the tiered hybrid matrix introduced in the downstream flow matrix is zero and therefore
all terms Zf\il Z;V: M41 @ij = 0. For convenience, the range of the row/column index combinations

(i, ) is shown in[Eq. (6]

1<i<M ‘ 1<i<M

1<j<M|M<j<N 66
M<i<N| M<i<N (66)
1<j<M|M<j<N

Note that in the upstream quarter of the matrix, where M < i < N A1 < j < M the binary
double-counting correction method from [Eq. (12)| must be applied. This means, that instead of the

term
N M
> Sl (67

i=M+1 j=1

in the decomposition, we get

N M
2> [Z hikag; = 0] af} (68)
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Splitting up the indices, we can write:

M N
Mime = b6+ 7 01 (69)
j=1 =M+1
H:0th —order
+sz B > oSl o]
j=M+1 =1
H:1st—order
M M
Sl afall + 3 Sl [Sohwsad, Lol alf + 3 S ffaly [Sonss o]
k=1 j=1 k=M+1 j=1 =1 k=M+1j=M+1
H:2nd —order
M M M
LSSl alilidl + S S S ol alfly [k 20] o
=1 k=1 j=1 J=M+1k=M+11=M+1
H:3*d—order
M M
3 S Sl [ Sty Lo ot + 30 530 [ el o] off ol 4.
I=M+1k=M+1 j=1 I=M+1k=1j=1 =1

H:3vd—order

Comparing this to [Eq. (63)] we find all paths to be equal. O

This means that the power-series expansion of the system in of a hybrid matrix like 77,
which is constructed according the definition of the tiered hybrid method with binary double-counting
correction, is equivalent to the paths returned by the path-exchange hybrid method.
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5 Example

We illustrate the proof of mathematical equivalency from [Section 4 by explicitly writing out all possible
paths up to order 2 for the example system in To simplify the equations, we assume the case
of only a single environmental burden of interest (eg. carbon dioxide emissions). In addition, we place
only a single unit of final demand on process 1, which is contained in sector A through a final demand

vector
fr=t
P10

Using the definition of the path-exchange algorithm we introduced in|Eq. (63)| of [Section 3.5, for paths
up to order 2, the governing equation of the method can be written as

N=4 N=4
€1, H (pzc) ~ PXC{ Z b; ((5j1 + afl + Z afkafl) } (70)

j=1 k=1

For illustrative purposes, we first separately write out the results of the structural path analyses of
the process system and the sectoral system. The sub-paths of the sectoral system for which there is
no correspondence with any sub-paths of the process system are underlined for better visibility.

SPA(S) ~b5+ (71)
+biaiA + b%a%A + b%a%AJr

s 5 s s 5 s g £\ s s s S s s 5 s S S s s s
+b30340%4 + 030 50% 4 +b5aB A0 +bEaBEAEA + 0000 paE s + 020l paDa +0DADDADA

SPA(P) ~b¥+ (72)
+b% ak +
+b3 agpad)

The path-exchange algorithm now goes to work and returns:

€1,H (pxc) Nbf"’ (73)
—l—biaiA + b§a§1 + b%a%A

s 5 5 S s p 5 s s S S P 1S P P 158 S 5 S S
+b20240%4 +ba0a a5 + bpaBAGAs + VEaBpas + boacpas +boagpapa +bpappapa

Now, we construct the hybrid matrix of the example. This will allow us to perform a structural path
analysis on the hybrid matrix and compare it to [Eq. (73)|

1 2 A B o D

1 0 0 0 0 0 0

2 aly 0 0 0 0 0

Ay — A 0%1 = aiA 0%2 = aiB aiA (Z%A 0 0

=B Cg1 =0(DCY) ng = a%B G%A G%B a%o 0
c 0 Cg2 =acp 0 aé’B af;c ag*p
D 0%1 = aSDA 0 a%A 0 a%c Q%D
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We can now perform the structural path analysis on this matrix:

M+N=2+4 M+N=2+4
€1,H(maz) ™~ Z bf (5j1 + ajHl + Z ﬁa,ﬁ) (74)
j=1 k=1
=bi'+ (75)

+ bHa21 + bHa31 + b6 a/61+
+ b afhadl + bilaghadl + bf alball + bf albal] + b alhag) + b afball + b alball
=bP+ (76)
+bYagy + b5y + 0D+
+ b3 chaah, + bichaah + bEclaak + biafackhy + bBaBackhy + bgaZpehy + bhadpedy
=P+ (77)
+ by ag) +ba% 4 + bhad,

s
+ b3adpad; + bpappas) + bZadgas, +biad4a% 4 + bBagaaia + bEagpad 4 + bpaPpad s

Comparing [Eq. (73)| and [Eq. (77), we find them to be equal. Note that the paths listed in these
equations can be also visually traced in the diagrammatic representation of the example system in
Fig. 1

6 Computational Intensity and Possible Mitigation

As shown in , the path-exchange method for hybrid life cycle assessment must add up envi-
ronmental burdens b; along pathways. As we have previously discussed, the number of paths grows
exponentially with the size of the system. What is more, number of paths required to obtain rea-
sonable coverage of total emissions Number of required paths depends strongly on the system under
investigation [49]. Generally, a large enough number paths therefore is required to obtain a high degree
of emissions coverage, which in life cycle assessment is essential in the context of decision-making [47].

In Panel A of we show that for the simple case of a single-region input-output table of only
114 sectors, computation on current high-end consumer hardware may for some sectors take 2hrs
while covering only 50% of total emissions in the computed paths. While it is evident that for some
sectors the structural path analysis does indeed converge quickly, for others the convergence behavior
is very poor. Even computational optimizations such as parallelization cannot compensate for poor
convergence behavior. In Panel B of [Fig. 7 on the other hand, we show that the exact solution of
a hybrid system system combining Ecoinvent and the Exiobase multi-regional input-output table of
a combined 30’800 rows/columns can be computed exactly within ~ 3min on the same hardware.
For these solutions, we found excellent numerical stability to within floating-point precision for all
calculations.
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35 Figure 7: Computational intensity of generating individual pathways for the path-exchange (graph-
36 based) hybrid life cycle method and the tiered (matrix-based) life hybrid life cycle method. Panel A:
37 Convergence behavior of the environmental burden coverage from a structural path analysis for every
38 sector in the input-output table of Australia. Every line represents a single sector. The maximum
39 path length was set to 20, with the cut-off criteria varied between [0.1%, 0.01%, 0.001%, 0.0001%,
40 0.00001%]. In general, high SPA coverage in short computation time is desirable. It is evident that
41 the convergence behavior strongly depends on the sector and can vary between > 90% in ~ 5min
42 to < 50% in ~ 2hrs on current hardware. Note that this system is two orders of magnitude smaller
43 than the hybrid system of Panel B. Computations were preformed using the pyspa package (v2.4)
44 on a MacBook Pro with an M1 Max CPU and NumPy (v2.2.1). Panel B: Computation time for the
45 solution of the governing equation of hybrid life cycle assessment e = Qg - By - A;Il - f using the
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50 solution was checked by repeating the same computation 4 times. For every computation, the solution
51 was found to be stable within the precision of the standard NumPy floating point data type. Note
[¥) that this system is two orders of magnitude larger than the single-region input-output table of Panel
53 A. Computations were preformed using NumPy v2.2.1. built against the Apple Accelerate BLAS
54 framework on a MacBook Pro with an M1 Max CPU. All underlying data is available in a Zenodo
55 repository @
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As evident from [Eq. (23)|and [Fig. 7, it is by definition impossible to use only a path-based method to
obtain the complete environmental burden e; associated with some final demand f;. Stephan in 2023
through version 2 of the pyspa package Readme, Line 40| proposed an approach to alleviate this
inherent shortcoming by adding the residual to a set of paths. This method has thus far not been
described in literature.

The residual of a path-based life cycle assessment can be defined in relation to a cutoff as the amount
of environmental burden not covered by the paths considered. For the case of a cutoff after paths of
length [ = 1, the residual would be:

N
m; = b; + Z bjaj; + residual (78)
j=1
N N N N N
residual = Z Z brag;as; + Z Z Z biaparjaz; + ... (79)
k=1j=1 =1 k=1 j=1

As an example, consider a system illustrated in

2~ Bp

Yar—g 1

e W?D:l .

bAQ‘ @ ------ (121'ﬂ 'QbB
1 022 i

_)f

bxy
H=

B
%;&%
b

;

S S ¢S
bpagala

~E=.s\\\\\\\\~ “ J[I'[o;m;) \\uE=IA\v

b,
-
B i

L

CHY =N

B

)
alip E*
B(I_AS)_l(flpagl) :B(I_AS)_lf;(’cutoff) bga;l IP

Figure 8: Top: A simple example system consisting of two sectors (A,B) and two processes (1,2),
adapted from the larger system in |Fig. 1 as used in Bottom: Path b3a3 , f45, with a cutoff
after length one. Adding all upstream inputs and related burdens to Bs can be accomplished through
the residual B(I — A)‘lfg(cutoff) as defined in [Eq. (79). Of course, the path coefficients can still be

exchanged, for instance to b'al} ff’. The residual in this case is added in the same way. For a legend
of the diagrammatic notation, compare the right panel of

Here, we assume that, for reasons of computational intensity, we need to cut off all paths after length
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one. This leaves us with the power series expansion of shortened to

N
m; = b; + Z bjaj; + residual (80)
j=1

The residual of this cutoff can be computed by means of the a matrix method as described in

N N N
m; = b; + Z bjaji + Z Z B(I — A)_lfiajiakj Tk (81)
j=1

k=1 j=1

where 1; is the standard basis vector, which is defined as (Tz) j = 0ij.

As shown in [Fig. 8 individual path coefficients in [Eq. (81)|can, of course, now be exchanged again

as described in This approach, which now captures 100% of environmental burdens,
constitutes a combination of a path-based and a matrix-based method for life cycle assessment. Note
that this method postdates all reviewed publications using the path-exchange method listed in Table
2 of the Supplementary Information.
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7 Discussion

In [Section 3.2, we provide a description of the path-exchange method supported by our novel diagram-
matic notation introduced in Following a short historical overview in we show in
that the key assumption underlying the motivation for the development of the algorithm
was incorrect. We list in detail multiple misconceptions about the purported uniqueness of the method
End show how a matrix-based method can solve all relevant edge-cases as well. In [Eq. (63)] of [Sec|

tion 3.5 we then provide a concise mathematical description of the path-exchange method |10][11]|31]
for hybrid life cycle assessment. This description makes use of a concordance matrix and the Iverson
bracket. To our knowledge, no such definition has been provided to date. This is of great importance
to base future methodological discussions or operationalizations on a clear, unambiguous mathematical
definition.

In order to augment the original visual illustrations of the algorithm provided by the authors in |11}
Figure 2] and [31, Figure 1], a novel diagrammatic illustration of the method is provided in @
Finally, in we show that the path-exchange (=graph-based) method for hybrid life cycle
assessment is mathematically equivalent to the tiered hybrid (=matrix-based) method for hybrid life
cycle assessment. The core of the proof is straightforward: A structural path analysis of the hybrid
matrix compiled according to the tiered hybrid method is performed. Splitting up the indices of the
matrix multiplication in the power-series expansion, it then becomes clear that the resulting paths are
equivalent to those of the path-exchange method. An explicit example based on the system illustrated
in [Fig. 1 is provided in [Section 5l In [Section 6] we show how the inherent computational intensity
of graph-based methods requires computing the residual to avoid missing a large share of overall
environmental burdens when adding individual paths.

Notably, from [Section 3.3 and [Section 4, we can see that the frequently invoked argument of the
path-exchange method working on "mutually exclusive paths” [11]|31] is not an inherent property of
the method. Instead it is a result of the algorithm making implicit use of binary double-counting
correction. By extension, the claim that the method somehow avoids the problem of double-counting
[14, Sec. 2.6.3||4, Table 4] is insubstantial. The method avoids instances of double-counting only
through its implicit use of binary double counting correction. Finally, we can see that the purported
advantage of avoiding (...) the need to collect data and make assumptions that would be needed to
populate the so-called upstream and downstream cut-off matrices (...) [which] makes the process more
efficient as only the most significant nodes are modified.” |31, Sec. 2.1] is void: Downstream cut-
off coefficients are not considered simply by definition of the path-exchange method algorithm. On
the other hand, all information which the practitioner of the path-exchange method has on specific
processes can easily be arranged into a matrix - the upstream cut-off matrix.

8 Conclusion

The path-exchange method for hybrid life cycle assessment does not represent a distinct mathematical
method. It is instead equivalent to the tiered hybrid method for hybrid life cycle assessment with
binary double-counting where upstream flows are inferred from the sectoral system. While in
we have shown equivalency in principle, this of course holds true only in the case where the power
series expansion of is considered ad infinitum - a practical impossibility. Even though this
computational burden can be mitigated by computing the residual as shown in this adds
additional complexity to a method which has already been described as "infrequently used (...), possibly
due to its time intensive nature and complezity” [22, Sec.4.1.1].

Ultimately, more widespread use of hybrid life cycle assessment methods will depend on the devel-
opment of well-tested open-source software tools. Since, as we have shown in use of the
path-exchange method confers no distinct mathematical advantage, we see the selection of one or the
other as a mere question of personal preference for practical implementation in software.
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We hope that our formal treatment of the path-exchange method will provide some much-needed
clarity in the ongoing discussion surrounding the specific properties and applicability of methods for
hybrid life cycle assessment. It is our hope that work toward a unified theory of methods will continue,
ultimately providing a sound mathematical basis for the development of open-source tools, which can
be integrated into mainstream software for life cycle assessment.
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