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Abstract

This thesis investigates the vibrational behaviour of silicon pixel detectors used in
the Mu3e experiment, compares alternative design configurations through experi-
ments and simulations, and evaluates whether further mechanical reinforcement is
required. Vibrational responses were measured using a shaker table, and theoreti-
cal models were established to fit the linear response functions. These models were
then combined with measured background motion at the experimental site, using
the Wiener-Khinchin theorem, to estimate the expected Root Mean Squared (RMS)
displacement during operation. An additional airflow test supported by computa-
tional fluid dynamics simulations was conducted to assess performance under oper-
ational cooling conditions. The RMS displacement at the centre of a single Layer 4
ladder due to background motion was found to be xgms < 3 pum, while vibrations
induced by gaseous cooling flow are expected to remain at xrms < 21 pm. The
latter estimate should be interpreted with caution, as it is derived from a compari-
son between wind tunnel measurements at the University of Oxford and the helium
cooling system employed in the experiment. The two setups likely differ in flow
regime, with the operational flow expected to be more laminar. As these values are
smaller than the pixel resolution, detector performance remains limited by multiple
Coulomb scattering. Consequently, no significant degradation due to vibrations is
expected, and no further mechanical stability measures are deemed necessary.
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Introduction

The Standard Model (SM) of particle physics stands as one of the most successful
theoretical models in modern science, offering a combined quantum description of
the electromagnetic, weak, and strong interactions. Its theoretical predictions have
been validated experimentally with remarkable precision [1]. Despite this, a num-
ber of open questions and observed discrepancies indicate that it is not a complete
theory. Given its high accuracy, probing properties of the SM in extreme regimes re-
quires carefully engineered experiments capable of delivering the accuracy necessary
to reveal potential signs of physics beyond the Standard Model.

The Mu3e experiment is designed to be one such probe, aiming to improve the
current experimental bounds on the branching ratio of the charged lepton flavour
violating decay of an anti-muon into two positrons and one electron. Within the
SM (including neutrino mixing), this decay is highly suppressed, with a predicted
branching ratio below 107°® [2]. Any observation of this decay in the experiment
would therefore constitute clear evidence for new physics [3]. Before decaying,
muons are brought to rest; therefore, the resulting electrons and positrons have
momenta below 53 MeV /c. In this regime, multiple Coulomb scattering dominates
the track resolution, making an ultralight detector volume essential for achieving
Mu3e’s physics goals. The detector elements constructed under these stringent re-
quirements are known as ladders, a term inspired by their elongated, lightweight
structure. Each ladder consists of ultrathin silicon pixel sensors mounted on flexi-
ble support structures, designed to minimise material while preserving mechanical
integrity. To further enhance stability and suppress unwanted deformations, the lad-
ders are reinforced with carbon-fibre stiffeners. Despite these measures, the delicate
design means that ladders are susceptible to vibrational motion, which, while not
expected to be the dominant source of uncertainty, can still impact the tracking
performance.

The objective of this thesis is to study the vibrational response of ladders from the
outermost detector layer to excitations from both background motion and helium
cooling flow. A number of ladders were tested using a shaker table and a wind
tunnel. Using experimental measurements and simulations conducted at the Uni-
versity of Oxford, together with data collected at the future experimental site and
computational fluid dynamics (CFD) simulations of the helium cooling system, an
upper limit for the standard deviation of ladder displacement was determined and
evaluated in the context of the detector’s resolution requirements.

This thesis is structured in the following way. Chapter 1 provides the scientific
context, including an overview of the SM and the Mu3e experiment. Chapter 2
introduces the key mechanics concepts applied throughout the analysis. Chapter 3
presents shaker table measurements and examines the vibrational effects of the
helium compressors, while Chapter 4 focuses on flow-induced vibrations. Finally,
the results are summarised and placed in a broader context in Chapter 5.






Chapter 1

Scientific context and the
Mu3e experiment

1.1 The Standard Model of particle physics

The SM of particle physics is a relativistic quantum field theory that describes all
known fundamental particles and interactions, with the exception of gravity. Its
development gained momentum during the 1960s and 1970s, driven by the under-
standing of three key theoretical advances of the time: the quark model, the idea of
local gauge symmetry, and the concept of spontaneous symmetry breaking [4].

The theory is formulated on flat Minkowski spacetime R3, whose symmetry group
is the proper, orthochronous part of the Poincaré group, denoted by ISO™ (1, 3) [5].
The content of the theory consists of a collection of quantised fields, whose excita-
tions correspond to the matter particles (fermions) and force carriers (bosons), all
treated as point-like. These fields are introduced through Lagrangian densities. All
bosons except the Higgs arise as gauge bosons, resulting from the requirement of
local gauge invariance under the product of Lie groups

SU(3)c x SU(2)L, x U(1)y, (1.1)
which together form the gauge group of the SM. Here,

e SU(3)c¢ describes the non-Abelian symmetry of the strong interaction (quan-
tum chromodynamics), acting on the colour degrees of freedom of quarks.

e SU(2)r, describes the non-Abelian symmetry of the weak interaction, acting
only on left-handed fermions.

e U(1)y is the Abelian symmetry associated with weak hypercharge.

This gauge structure dictates the form of the interaction terms in the Lagrangian [6].
Together with the kinetic terms, the Higgs potential, and the Yukawa interactions,
these gauge interactions comprise the full Lorentz invariant Lagrangian density of
the SM, from which the dynamics of the theory are derived [7].

All fields in the SM are categorised as either fermions or bosons. Bosons trans-
form under integer spin representations of the double cover of the Lorentz group
SO™(1,3), which is denoted by SL(2,C) [8]. Fermions transform under spin-3 rep-
resentations of SL(2, C), reflecting their half-integer spin nature. They are grouped
into leptons and quarks, depending on whether or not they experience the strong
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nuclear force. The SM includes six quarks and six leptons, organised into three gen-
erations of doublets, differentiated by their masses, starting with the first generation
as the lightest. A schematic overview of the particle content of the SM is shown in
Figure 1.1.

three generations of matter interactions / forces
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I I 11
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Figure 1.1: Summary of the elementary particle content of the SM [9)].

Leptons possess a property known as lepton flavour. It defines which generation
each lepton belongs to. For example, the presence of an electron or an electron
neutrino, being leptons of the first generation, contributes L. (electron flavour).
Their corresponding antiparticles, such as the positron or electron antineutrino,
contribute —L,, reducing the electron flavour count by one. In the SM without
neutrino oscillations, lepton flavour is a conserved quantity, meaning that there is
no process that changes the lepton flavour of a given state.

1.2 Muon decay

Muons are classified as leptons of the second generation. They are unstable ele-
mentary particles and decay via the weak interaction, having a mean lifetime of
approximately 2.2 ps [10]. The most common decay mode of the muon is the Michel
decay, shown in Figure 1.2. Its branching ratio, the probability that this specific
decay occurs when a decay takes place, is nearly 100% [1].

Lepton flavour violation (LFV) has been experimentally observed in the neutrino
sector, through the phenomenon of neutrino oscillations. This observation can be
accommodated in the SM by allowing neutrinos to have non-zero mass and to change
flavour as they propagate [12]. To account for this, the SM must be extended to
include neutrino masses and mixing. As a consequence, Standard Model extensions
allow other LFV processes, specifically charged lepton flavour violating processes.
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Figure 1.2: Feynman Diagram of the Michel decay of the muon [11].

Charged lepton flavour violation (cLFV) refers to processes involving a charged
lepton, that violate the conservation of lepton flavour. One such cLFV process is the
decay of an anti-muon into two positrons and one electron u* — eTe~e™. The exact
rate of such processes depends on the extension Lagrangian, dictating the precise
mechanism behind neutrino masses and lepton mixing [13]. For the u™ — ete~e™
decay, various values can be found throughout the literature, all of them below
1070 [2, 3, 14]. Other theories that go beyond the SM predict the branching ratio
of the Mu3e process to be much higher, rendering this decay a sensitive probe of
physics beyond the SM [15].

1.3 The Mu3e experiment

The Mu3e experiment aims to detect the ut — ete~e™ decay or, alternatively,
to exclude a branching ratio above 10716 at the 90% confidence level, thereby sur-
passing the precision achieved by previous experiments, such as the SINDRUM
experiment, by several orders of magnitude [16].

Data taking for the Mu3e experiment is scheduled in two main phases. Phase I
will be using the 7E5 beam line at Paul Scherrer Institute (PSI), where up to 10%
muons can be delivered per second. The aim is to reach a single event sensitivity
of 210715, already approaching the target of 107 '6. Phase II will utilise the High
Intensity Muon Beam (HIMB), currently under development at PSI [17], which is
planned to deliver an order of magnitude more muons, enabling the experiment to
reach its final sensitivity. Achieving the target sensitivity requires not only access to
very high muon beam rates but also strict requirements on the experimental design.
Specifically, the high rates necessitate a time resolution better than 100 ps, while
efficient background suppression demands a momentum resolution below 0.5 MeV /¢
and a vertex resolution better than 200 pm [18].
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1.4 Multiple scattering and detector resolution

In the low energy regime relevant for the Mu3e experiment, track resolution is dom-
inated by the effects of multiple scattering rather than by the intrinsic resolution of
the fine grained pixel detector. Multiple scattering refers to the deflection of charged
particle trajectories as they traverse material. An illustration of how multiple scat-
tering compares to pixel resolution in the multiple scattering dominated regime is
shown in Figure 1.3.

resolution

Multiple
scattering
uncertainty

Particle track Detector layer

Figure 1.3: Conceptual illustration of track uncertainty due to multiple scattering
and pixel size in the multiple scattering dominated regime (not to scale) [19].

A central objective of the detector design is to reduce multiple scattering and its
impact on detector performance. This requirement is addressed in various ways, one
of which is the application of a solenoidal magnetic field of 1T. In this magnetic
field, the momentum of charged particles is determined from the curvature of their
trajectories. By selecting the magnetic field strength such that tracks re-curl within
the detector acceptance, the dominant contribution to the momentum uncertainty
from multiple scattering is significantly reduced, as the effect partially averages out
after half a turn. This strategy is made feasible by the use of a stopping target,
consisting of a hollow double-cone of thin biaxially-oriented polyethylene tereph-
thalate foils. Incoming muons are brought to rest and subsequently decay, limiting
the momentum of decay product tracks to a maximum of 53 MeV /c. Another im-
portant design measure is the minimisation of the active detector volume. Lowering
the material budget reduces the fraction of a radiation length traversed by particles
and thereby decreases the number of scattering events [20]. The radiation length is
defined as the mean distance over which the energy of an electron is reduced to 1/e
of its initial value through bremsstrahlung. This consideration has motivated the
development and construction of an ultralight silicon tracking detector [19].

1.5 The Mu3e pixel detector

The Mu3e pixel detector consists of three main components: the central tracking
station and two re-curl stations positioned on either side of it. A schematic overview
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of the detector layout is shown in Figure 1.4. At the centre of the central station
lies the hollow double-cone stopping target, which is surrounded by the inner vertex
detector. This detector comprises two silicon pixel layers (Layer 1 and Layer 2)
that deliver the essential hit information for reconstructing particle trajectories
and decay vertices. Enclosing the vertex detector is the scintillating fibre (SciF1i)
detector, which enhances the timing resolution and assists in determining the charge
of the traversing particles. The entire system is completed by two additional pixel
layers (Layer 3 and Layer 4), forming the outer tracker. The re-curl stations are
equipped with scintillating tiles for precision timing, as well as additional pixel
layers, further extending the tracking volume. Together, these subsystems ensure
that tracks curling back due to the magnetic field still intersect the detector layers
and can be reconstructed, thereby increasing the overall detector acceptance.

Recurl pixel layers

Scintillator tiles Inner pixel layers

e —
————— uBeam Target
-

Scintillating fibres

O
T T T T T T T T T

Outer pixel layers
10cm

Figure 1.4: Schematic view of the Mu3e detector cut along the beam axis. The re-
curl stations are located at both ends of the central station. Image adapted from
internal Mu3e documentation.

A key feature of the Mu3e detector design is the use of High-Voltage Monolithic
Active Pixel Sensors (HV-MAPS). These devices combine particle detection and
readout within a single sensor, drastically reducing the material budget and min-
imising the effects of multiple scattering. The material is further reduced through
the use of ultrathin MuPix sensors, specifically developed for the Mu3e experiment,
which can be thinned down to a mere 50 pm for the vertex detector and 70 pm for
the outer layers [21].

1.6 Helium cooling system

During operation, the power generated by the MuPix sensors must be removed. To
prevent the sensors from exceeding their thermal limit of 70 °C, an efficient cooling
system is essential [19]. Owing to its high specific heat capacity, more than five
times greater than that of air, its low density, approximately one-seventh that of
air, and its manoeuvrability, gaseous helium has been chosen as the coolant. The
helium is supplied at a temperature of approximately Ty =~ 0°C and circulated
through the magnet, housing the detector, using four miniature turbo compressors.

The total helium flow rate of 50 g s~ is distributed across several dedicated cooling

circuits, that is, individual flow loops designed to remove heat from specific detec-
tor subsystems. Of this, approximately 16gs™! is directed to the regions between
layers 3 and 4, cooling more than 900 silicon sensors, while approximately 2gs~" is
supplied to the vertex detector. A flow diagram of the helium cooling infrastructure

is shown in Figure 1.5.
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Figure 1.5: Flow diagram of the helium cooling infrastructure [22].

1.7 Ultralight silicon ladders

The MuPix sensors are mounted onto flexible multi-layered interconnection boards
known as High Density Interconnect (HDI) circuits, which consist of thin aluminium
traces deposited on flexible polyimide sheets. These circuits are responsible for trans-
mitting both signal and power. To establish electrical connection, the sensors are
bonded to the HDI using Single point Tape Automated Bonding (SpTAB), a tech-
nique that minimises the amount of bonding material and thereby keeps the material
budget as low as possible. To read out the sensors, the HDI is also bonded at ei-
ther end to interposer flex circuits, which transmit both signal and power to the
end-piece flex printed circuit boards.

To enhance the mechanical stability, stiffeners are attached to the face of the sensors
opposite to the HDI. These stiffeners were originally intended to incorporate cooling
channels and to be constructed from two 25 pm thick polyimide films (Kapton®7
DuPont), glued together to form a v-shape. However, recent design developments
led to the adoption of carbon-fibre stiffeners. These are made of 25 pm thick unidi-
rectional carbon fibre, co-cured with a 8 pum polyimide film layer and folded into a
u-shape. A comparison between the polyimide film (v-fold) and carbon-fibre (u-fold)
stiffeners is shown in Figure 1.6. The assembly of the sensors, HDI, interposer flex
and mechanical support constitutes a self-supporting structure known as a ladder.
In the following, ladders supported by polyimide film will be referred to as polyimide
ladders, whereas ladders with a carbon-fibre support structure will be referred to as
carbon-fibre ladders. Four ladders are combined into one module, except for Layer
2 modules, which are composed of five. The number of modules per layer, as well
as the number of ladders and of MuPix sensors per ladder, varies depending on the
detector layer. A complete breakdown of these quantities is provided in Table 1.1.
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(/4N

Figure 1.6: Image of a polyimide ladder (left) and a carbon-fibre ladder (right), each

housed inside a blue aluminium ring frame.

Layer 1 2

Number of modules 2 6 7
Number of ladders 8 10 24 28
MuPix sensors per ladder 6 6 17 18
Ladder length 124.7mm | 124.7mm | 351.9mm | 372.6 mm
Minimum radius 23.3mm 29.8 mm 73.9mm 86.3 mm

Table 1.1: Pixel tracker geometry parameters of the central station, with the radius
defined as the minimum distance of the MuPix sensors (excluding support struc-
tures) to the symmetry axis (beam line) [19].
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1.8 Static misalignment and track-based alignment

The ladders are connected to the rest of the detector solely through the interposer
flex circuits, as shown in Figure 1.7, which displays the complete end-piece region of
a single module. This flexible mechanical connection allows for relative displacement
of the MuPix chips with respect to the rest of the detector. In static conditions,
such displacements can arise from gravitational sag or lifting effects due to different
pressures above and below the ladder, for example, caused by the helium cooling
flow. These static misalignments will be corrected using Track-Based Alignment
(TBA) methods [23]. TBA is a software-based approach that reconstructs the precise
positions of detector elements, by analysing known particle tracks [24].

- Ladders with chips Interposer flex PCB
= Connecting ladder to interposer
One per ladder

PEI endpiece
With manifold inside for distributing
the helium cooling gas (transparent)

Closing the helium volume
of the endpiece ndpiece
Interposer flex PCB

Connecting 4 ladders
to one module
connection matrix

Carbon fibre bracket

Figure 1.7: Outer layer assembly showing the end-piece region of a single mod-
ule [19].

The effectiveness of TBA in the case of static misalignment of the Mu3e pixel
detector is illustrated in Table 1.2, which shows the simulated improvement in
signal reconstruction efficiency in the case of a misalignment corresponding to the
expected sensor displacement after assembly.

Parameter Nominal | Misaligned | Aligned
Efficiency (short) | 100.0% 5.9% 99.7%
Efficiency (long) 100.0 % 2.2% 100.1 %

RMS Zree — Zirue | 0.553 mm 0.724 mm 0.550 mm
RMS %rec — Ytrue | 0.555 mm 0.687 mm 0.552 mm
RMS zrec — Zirue 0.356 mm 0.813mm 0.355 mm

Table 1.2: Signal reconstruction efficiency and vertex resolution for nominal, mis-
aligned and aligned configurations of the pixel detector. The efficiencies are relative
to the nominal configuration. The misaligned version corresponds to an estimate of
the expected sensor misplacements after assembly [19].
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1.9 Vibrations of outer pixel ladders

TBA techniques are highly effective in correcting static or slowly varying misalign-
ments of detector components [25]. However, they are fundamentally limited in
addressing high-frequency displacements, particularly those with periods shorter
than the algorithm’s runtime, which typically exceeds several seconds [23, 26]. Such
dynamic misalignments, also called vibrations, remain uncorrected and can degrade
the effective pixel resolution if large enough. While multiple scattering is the dom-
inant contribution to track resolution in the low-energy regime of Mu3e, pixel res-
olution continues to play a crucial role in tasks such as track finding [27, 28, 29].

In the Mu3e detector, the primary sources of vibration originate from the helium-
based cooling infrastructure. Two mechanisms are of particular concern: mechan-
ical background motion transmitted by the helium compressors, dominated by a
frequency peak at 100Hz, and dynamic pressure fluctuations within the helium
flow itself. Both can introduce time-dependent excitations of the detector ladders,
potentially reducing resolution.

The aim of this thesis is to assess whether the mechanical stability of the Layer 4
ladders satisfies the stringent performance requirements of the Mu3e experiment.
This is done by estimating an upper bound on the RMS vibrational displacement
and evaluating whether the resulting pixel motion remains within acceptable limits
or necessitates improvements to the mechanical design. The analysis is based on
experimental measurements, simulation data, and vibrational modelling.



Chapter 1. Scientific context and the Mu3e experiment

10




Chapter 2

The mechanics of vibration

This chapter outlines the theoretical framework that underpins the analysis pre-
sented in this work. The aim is not to provide a comprehensive overview, but rather
to introduce the essential concepts and derive the relations required for the interpre-
tation of the experimental data. Where appropriate, emphasis will be placed on the
physical assumptions and approximations underlying each result, as these dictate
the range of validity of the formulas employed.

2.1 Power spectral densities

Given a time dependent signal x(¢) with finite energy, i.e. a square integrable func-
tion x(t) € L2, the energy spectral density (ESD) in the case of a symmetric con-
vention is defined as the squared magnitude of its Fourier Transform (FT) [30]:

So(w) =X (W), (2.1)
where X (w) denotes the FT of x(t).

In situations where the integral of the squared signal does not converge, the above
definition becomes ill-posed. In such cases, one considers the power spectral density
(PSD), defined as:

.1 2
Selw) = Jlim = |Xp(w)P?, (2.2)
where X7 (w) is the Fourier transform of the truncated signal

wr(t) = w(t) - Hr(t), (2:3)

with ITp(t) denoting a rectangular window of width 7. It is worth noting that
care must be taken with the physical units associated with the PSD, as this is a
frequent source of confusion. From dimensional analysis of the above definitions, it
follows that the PSD carries units equal to the square of the signal’s units divided
by frequency. Specifically, for a signal with units [z], the PSD has units
(2]

~ Hz’

For instance, if x(t) denotes an acceleration signal with units m/s?, then the cor-
responding PSD is expressed in m?/s3. In experimental contexts, particularly in
vibration analysis, g2 /Hz, where g denotes the standard gravitational acceleration,
is often used instead [31]. In contrast, the ESD carries the PSD units multiplied by
time. In the remainder of this work, both the energy and power spectral densities
will be referred to generically as the spectral density (SD).

[S:] (2.4)

11
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2.1.1 Wiener-Khinchin theorem

At the core of many calculations in this work lies the Wiener-Khinchin theorem,
which establishes that the SD and the autocorrelation function form a FT pair:

1 > :
Tex(T) = — Sy (w) e dw. 2.5
== [ 5 2.5)
The autocorrelation function is defined as

ree(T) = E[z(t) 2 (t — 7)], (2.6)

where E[-] denotes the expectation operator and z(t)* is the complex conjugate of
z(t). Evaluating this expression at zero lag, 7 = 0, yields the second moment of the

signal [32]:

raa(0) = E [lo(®)"] = 2hus- (27)

By the Wiener-Khinchin theorem, this quantity can equivalently be written in the
frequency domain as

P \/\/1277 /0; S, (w)deo, (2.8)

thus providing a direct link between the time domain variance and the integral of
the SD, given a vanishing mean signal.

2.2 Physical models of the ladder

To analyse the vibrational response of the ladders, an appropriate physical model
must first be established. In the most elementary approximation, the ladder is
treated as a harmonic oscillator (HO), effectively modelled as a point mass while
neglecting its spatial extent. This idealisation captures the essential dynamic be-
haviour but ignores deformation modes.

A more refined description models the ladder as a Bernoulli-Euler beam, thereby
incorporating bending deformations in a single spatial direction while retaining the
assumptions of small deflections and linear elasticity.

In the following subsections, both approaches are examined, and their respective
linear response functions are derived. These results will form the basis for the quan-
titative analysis presented later in this work. The last subsection will extend the
derivations to the coupled table-ladder system describing the shaker table.

2.2.1 Harmonic oscillator response function

A HO is a system whose dynamics are governed by a restoring force proportional
to its displacement. Including damping and an external driving force, the equation
of motion can be written as

d*x dx

m—s + 2v— + kx = F(t), 2.9

2+ ke = F(t) (29)
where m is the mass, v the damping coefficient, k the spring constant, and F'(t) an
external driving force.
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We seek the linear response function H(w), defined through the relation between
the SD of the driving force Sp(w) and that of the displacement S, (w):

Sp(w) = |H(w)|? Sp(w). (2.10)

Applying the Fourier transform to the equation of motion yields

(= mw? + 2w + k) X (w) = F(w), (2.11)
and hence
F(w)
Xw)=——+"—. 2.12
() k — mw? 4 2iyw (2.12)
Introducing the resonance frequency wg = % and the quality factor QQ = ”;20 we
rewrite this as
1 F
1-— 7(21 + IQUJO
Taking the squared modulus gives
1 SF (w)
Sy (w) = = 2 — (2.14)
(1-2)" +(a%)
from which we derive the equation for the linear response function:
1
|H (w (2.15)

=5
PO+ (g5)

2.2.2 Bernoulli beam response function

We now move beyond the 1-dimensional approximation of the HO and model the
ladder as a slender elastic beam. Although the beam exists in three spatial dimen-
sions, we restrict the displacement to a single transverse direction, neglecting effects
such as elongation, torsion, and bending in the orthogonal plane. As will become
apparent when the motion is examined at a fixed point along the beam, the corre-
sponding response function can be expressed as a sum over harmonic oscillator type
modes with different weights. This framework naturally extends to more complex
geometries, such as plate theory, while retaining a nearly universal linear response
structure.

The transverse motion of the beam is governed by

pr 0 (z,1) = F(z,t) (2.16)
ozt " Cor TP )Y T H Y, :

where y(z,t) is the transverse displacement, ET is the flexural rigidity, ¢ is a scalar
uniform viscous damping constant, pA is the mass per unit length, and F(z,t) is
the external driving force.

Since the force in our case depends on both time and space, a straightforward
separation of variables is not applicable. Instead, we expand the displacement in
terms of the spatial eigenfunctions (mode shapes) ¢, (z):

y(m,t) = Z¢n(m>Qn(t)7 (2'17)
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where ¢, (t) are the time-dependent modal amplitudes.

Applying the Fourier transform in time to the full equation of motion yields
o (x .
> (Efax” — pAw?n (z) + 1cw¢>n<w>) (@) = f@gl@),  (218)

where we have assumed a separable forcing F(z,w) = g(x) f(w).

Projecting both sides onto the basis functions ¢,,(x) using the inner product, we
obtain

/d)m(x) ; <EI34§;§£E) - pAw2¢n(I) + lcw¢n(x)> Qn(w)d‘x = f(w)/¢m(z)g(x)dxa
(2.19)

and using the eigenvalue relation

04 ¢, ()

ozt

together with the orthogonality of the eigenfunctions, we find
J dm(2)g(x)dz

EI = Antn(@), (2.20)

m(W) = —. 2.21
4m(w) = f(w) Am — pAw? + iwe (2.21)
The general frequency-domain solution then reads
_ J on(a")g(a")da’
Y (z,w) = f(w) zn: () A e (2.22)
For the specific case of symmetric forcing applied at both ends
1 L L
o) = 3 [de— Fr+ o+ 5] (229
this reduces to
_ bn (=) +¢n (3)
V() = f0) o) 508 = A ey (2.24)

By introducing parameters w,, and II,, in analogy with the harmonic oscillator, this
expression can be rewritten as

Y(z,w)=flw)) % (2.25)

n w I, wy
where additional mode-dependent terms have been absorbed in ¢,,(x), thus creating
QS;L(:U) When comparing this expression with Equation (2.13) it becomes evident
that if the motion is examined at a fixed point x = xg, the response reduces to a
sum of harmonic oscillator terms, each associated with a normal mode and its own
characteristic parameters.

2.2.3 Derivation of the table-ladder system response function

We now extend the description of Section 2.2.1 to include the coupling to the shaker
table, as realised in the experimental setup. The essential difference lies in the fact
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that the ladder is driven only through the spring damper connection to the table,
rather than by a direct external force. As will become apparent, when the motion
is examined in the frequency domain, the response function of the coupled system
has the same form as that of an isolated harmonic oscillator with H(0) = 1, except
for a multiplicative factor that remains close to unity in the parameter regime of
interest.

Let x(t) denote the displacement of the ladder in the laboratory frame, x,(t) the
displacement of the table and

2, (t) = z(t) — xp(t), (2.26)

their relative displacement. The spring exerts a force proportional to z,.(t), while
the damper exerts a force proportional to &,(t), both acting on the ladder. This
can be thought of as a car with a harmonic oscillator mounted on top, driving on a
bumpy road; an illustration of this situation is shown in Figure 2.1. No additional
direct forcing from the table motion is assumed.

x(t)
L . [
& PO
1 xp(® J

Figure 2.1: Analogy: a car with a HO mounted on top, driving over a bumpy road,
representing a ladder placed on a shaker table excited with a sinusoidal signal.

The equations of motion are then

Er(t) = (t) — Zp(t) 2.27)
#(t) = —%x’r(t) — Wiz (t). (2.28)

Applying the Fourier transform in time, with X — iwX, Eq. (2.28) becomes

—mw?X (w) = —2iwy [X (W) — Xp(w)] — k [X (w) — Xp(w)] . (2.29)

Ir];troducing the natural frequency w2 = % and the quality factor @ = mg—f;, we
obtain

X(w) |~w? 4+ wd + iwbg)}

wo

Q

{wg + iw

} Xp(w). (2.30)
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Solving for X (w) yields
w3 + iw

2 _ 2 4 i,wo "
wy w+1wQ

X(w) = Xp(w) - (2.31)

The magnitude of the numerator differs from w2 only by the slowly varying factor

<1 + (6»22())2) (2.32)

which is close to unity for the damping values and frequency values relevant here.

Therefore, the coupled system behaves as

J(-5)"+ ()

where H(w) is the response function of a damped harmonic oscillator, normalised
such that H(0) = 1. This shows that, in the regime of interest, the ladder displace-
ment follows the table displacement through a transfer function nearly identical in
form to that of an isolated harmonic oscillator, differing only by a constant prefactor.
Note that this transfer function relates position SDs and is therefore dimensionless.
We assume that an analogous relation holds for other models, such as the Bernoulli
beam.

X(w) =~ Xp(w) = Xp(w) - |H(w)|, (2.33)

2.3 Fluid dynamics

When analysing results in Section 4.3.2, we compare the wind tunnel conditions at
the University of Oxford with the helium-cooling environment of the experiment. For
this comparison to be quantitative, we introduce a key dimensionless parameter from
fluid dynamics, the Reynolds number, whose definition and physical significance will
be discussed in the following subsection. We then outline a theoretical motivation
for the expected scaling of the RMS displacement zryg with respect to both flow
velocity and fluid density, providing a framework for interpreting the subsequent
measurements.

2.3.1 Reynolds number

The Reynolds number Re quantifies the ratio of inertial to viscous forces acting on a
fluid element [33]. It is a dimensionless parameter that serves as a primary indicator
for distinguishing flow regimes around solid bodies [34]. Low values of Re typically
correspond to laminar flow, whereas high values are associated with turbulence.

Formally, it is defined as
Re = —=—, (2.34)

where p is the fluid density, Uy, the free stream velocity (i.e. the velocity sufficiently
far from any boundary layer), p the dynamic viscosity of the fluid, and L the
characteristic length scale. The definition of L depends on the geometry of the
problem and standard conventions for the specific configuration under consideration.
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For internal flows, such as those in pipes or ducts, it is common to take L as the
hydraulic diameter,

(2.35)

where A is the cross-sectional area of the flow and P is the wetted perimeter.

When considering the boundary layer over a flat surface, the characteristic length
becomes the distance from the leading edge L = = and the corresponding Reynolds
number is denoted:

PUsox

Re, = . (2.36)
W

2.3.2 Scaling behaviours of the RMS displacement

To estimate the RMS displacement, rms, of an object with response function H(f)
placed in an air channel, we begin by considering the aerodynamic forcing. In real-
ity, multiple aerodynamic force components contribute, but for a sufficiently large
Reynolds number, the relevant terms exhibit the same velocity scaling, differing pri-
marily by multiplicative coefficients [35]. We therefore combine them into a single
effective term, writing the instantaneous force as

F,(t) = %pv(t)ZC’A, (2.37)

where p is the fluid density, A the effective exposed area, C' a dimensionless coeffi-
cient, and v(t) is the time-dependent flow velocity.

The corresponding SD of the force is

2
S (w) = (;pCA> Sy (), (2.38)

where S,2(w) is the SD of v(t)2.

Applying the Wiener-Khinchin theorem, which has been introduced in Section 2.1.1,
we obtain:

1 > 2 _ 1 L = 2 (W w 2 w
xRMsz\/m/o Si(w)|H (w)| d“"z””‘\/m/o s ()| H () 2o,
(2.39)

where Sr(w) and therefore also S,2(w) are taken to be one-sided, thus changing the
lower limit of integration to zero.

At this stage, the expression cannot be simplified further without assuming a par-
ticular form for S,2(w). Assuming that neither H(w) nor S,2(w) depends explicitly
on p, we find that

TRMS X - (2.40)
In the case of turbulent flow, under certain assumptions, we can get an estimate

for the velocity scaling of xrmg. Starting from the Wiener-Khinchin relation for the
force:

E[F(t)?2] = /0 " Sp(w, v, p)dw, (2.41)
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and substituting the aerodynamic force expression,

1 2
E[F(t)?] = <2pC’A) E[v(t)4]. (2.42)
Decomposing v(t) = v + dv(t) into a mean component v and fluctuations dv(t),

E[v(t)*] = o* + 40% - E[sv(t)] + 60%02 + 40 - E[sv(t)®] + E[dv(t)*]. (2.43)

For a statistically symmetric turbulent flow, odd central moments vanish, £ [6v(t)2”+1] =
0 and velocity fluctuations scale linearly with o [36]. Thus,

E[F(t)%] o p*5t. (2.44)

If we assume that the relevant integrals in the displacement expression scale iden-
tically with velocity, then

TRMS X pl_)Z. (245)

The validity of this assumption is closely tied to the exact form of both functions
and can change as variables, such as velocity, change. Nevertheless, we will see that,
in a certain regime, this is a good approximation for the upcoming experiment.



Chapter 3

Background motion induced
vibrations

In this chapter, the vibrational behaviour of carbon-fibre and polyimide ladders
is investigated in the presence of background vibrations at the experimental site.
Two experimental setups are introduced: the shaker table and the extendable ring
frame. The shaker table was used to measure the vibrational response of the ladders
to excitations with a fixed acceleration SD at selected frequencies. Measurements
were performed at different positions along and across the ladders and compared to
results from a modal analysis. The extendable ring frame was utilised to determine
the dependence of the first mode frequency on the longitudinal tension applied to
the ladder. From these measurements, the table-ladder system response functions
were derived and, together with the background acceleration data, an estimate of
the expected RMS displacement during operation was obtained using the Wiener-
Khinchin theorem.

3.1 Shaker table

Shaker tables are mechanical platforms designed to produce controlled oscillatory
motion. Structures placed on such a table experience vibrations corresponding to
the selected excitation parameters, allowing for the systematic study of their dy-
namic response. Shaker tables are commonly used to investigate the vibrational
behaviour of mechanical assemblies. Most commercially available systems operate
at relatively high acceleration levels, often reaching several times the gravitational
acceleration (g) [37]. While this is suitable for robust components, it poses a risk
of damage to delicate objects such as silicon detectors. Moreover, high accelera-
tions lead to large amplitudes, rendering some of the assumptions underlying the
derivation of the response function less accurate. To mitigate this, the setup devel-
oped at the University of Oxford has been specifically designed to operate in the
sub-milli-g regime, enabling the characterisation of fragile detector systems under
non-destructive conditions.

The shaker table itself is constructed from carbon fibre, equipped with two piezoelec-
tric actuators [38]. To reduce environmental interference, the entire setup is enclosed
within a wooden box, which serves as an acoustic shield. Additionally, the system
is placed on inelastic support platforms to minimise the influence of background
vibrations present in the laboratory environment. The device under test (DUT),
in this case a detector ladder mounted to a ring frame, is secured to the shaker

19
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table using two clamps. The ring frame, a blue aluminium housing, is designed
both to protect the ladders and to reproduce the experimental boundary conditions
by clamping the interposer flexes. For displacement measurements, three capacitive
sensors are employed. Two sensors monitor the motion of the shaker table, while
the third records the vibrational response of the ladder at a chosen position. The
sensors used are Micro Epsilon CS1 units in combination with the capaNCDT 6110
controller [39]. An overview of the setup is shown in Figure 3.1.

Figure 3.1: Photographs of the experimental setup: the wooden box resting on
inelastic feet (left) and the open box showing the ladder inside the ring frame,
mounted on the shaker table, along with three capacitive sensors (right).

The excitation of the shaker table is based on the inverse piezoelectric effect, where
an applied voltage across a piezoelectric material induces microscopic strain, result-
ing in macroscopic displacement. In the present setup, a sinusoidal voltage signal is
used to drive the system at a user-defined frequency. To ensure stable operation, ac-
celerometers are employed in a feedback loop to continuously adjust the excitation
amplitude, thereby maintaining the desired acceleration SD S, (f). Data acquisition
is controlled via a custom LabVIEW interface [40], shown in the Appendix B.1. The
interface allows for the adjustment of various experimental parameters, subject to
two primary constraints:

First, according to the Nyquist—Shannon sampling theorem, the sampling frequency
must be at least twice the highest excitation frequency to prevent aliasing [41]. Sec-
ond, there exists a lower limit on the initial excitation frequency f,, due to the finite
input voltage that can be delivered to the piezoelectric actuator. At low frequen-
cies, achieving the same acceleration requires proportionally larger displacements,
since a(f) = (2mf)?z(f). Because the displacement is proportional to the input
voltage [42], and this voltage is limited, there is a minimum excitation frequency
below which the system cannot reach the desired acceleration SD. This frequency
threshold can be lowered by reducing the target acceleration SD. The relationship
between two such configurations is given by:

1 2 1
s,min Sa 4
2 - (Sé) . (31)

s,min

When the experiment is initiated, the software begins data acquisition at the initial
excitation frequency fs. The first few measurements are used to calibrate the capac-
itive sensors. This is achieved by assuming that, at frequencies sufficiently far from
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the first mode frequency, the displacement of the shaker table and the test sample
are identical. Under this assumption, the table monitoring sensors are calibrated to
match the readings of the sample monitoring sensor.

Once the calibration is complete, the measurement sequence is restarted from fs.
For each frequency step, the system collects a predefined number of samples. The
excitation frequency is then incremented and a short waiting period is inserted to
allow the system to stabilise before proceeding to the next measurement. For each
excitation frequency, the variance is obtained by fitting a sine curve at that fre-
quency to the measured displacement data. Since the mean value of this vibrational
movement vanishes, we denote this quantity RMS displacement in the rest of this
work. The RMS value is then extracted using the relation zrms = %, where A
denotes the amplitude of the fitted sine wave. The excitation frequency and the
three resulting RMS values (two from the table sensors and one from the sample
sensor) are recorded and saved for further analysis.

3.1.1 Extendable ring frame

During the first measurements, it became apparent that the vibrational behaviour
of the ladder is strongly influenced by the precise boundary conditions. Extending
the length of the ring frame caused the first mode frequency to nearly double for
measurements of the same ladder. Since the expected RMS displacement during
operation depends primarily on the position of the first mode frequency, as will
be discussed in later sections, this behaviour warranted further investigation. To
quantify the dependence of the ladder’s response function on mechanical tension,
a dedicated ring frame was designed and fabricated by the University of Oxford
physics workshop. The key feature of this design was a movable base connected
to the ladder via a load cell, enabling the controlled application of a measurable
tensile force. A computer-aided design (CAD) rendering of the extendable ring frame
is shown in Figure 3.2.

The implemented load cells were already operating near their maximum capacity at
the default position. Owing to time constraints, neither the design nor the load cells
could be modified. Consequently, an alternative approach was adopted: adjusting
the distance in the extendable ring frame via the corresponding screw and measuring
this distance directly instead of the applied tension.

3.2 Results

A series of ladder prototypes were evaluated using the shaker table. Various earlier
designs, such as a carbon-fibre version with a 60 pm stiffener, as well as the current
design, were tested at multiple positions on the ladder. The extendable ring frame
was used exclusively to test the current 25pm carbon-fibre ladder at its centre
position. This section highlights the key results obtained for the current design,
while additional measurements are provided in the appendix where relevant to the
analysis and discussion.

3.2.1 Carbon-fibre and polyimide ladder measurements

The current design of the carbon-fibre ladder has been tested at its centre under
2

a nearly constant acceleration SD of 10_5';‘—3 at the excitation frequency. For each

excitation frequency, the system recorded data over a 1 s interval, resulting in a total

of 2000 measurements per frequency step. Additional measurements with the same
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Adjustment screw

Loadcells

Figure 3.2: CAD drawing of the extendable ring frame. The upper image shows the
complete assembly, while the lower image illustrates the structure with one part
removed to reveal the installed load cells.

parameters have been conducted at different positions on the ladder to study its vi-
brational mode shapes. Equivalent measurements were carried out for the polyimide
ladder, a lower acceleration SD of 10_6“5“72 was applied. This reduced excitation am-
plitude allowed for a lower starting frequency and calibration frequency, thereby
avoiding distortion of the sensor calibration by the first resonance peak. In order
to compensate for the higher uncertainty, given the lower acceleration amplitude,
6000 measurements have been taken for each frequency step. All other measurement
parameters were kept identical. The resulting vibrational responses of both ladders
at their centre positions are shown in Figure 3.3. The black dots represent the cal-
culated zryg of the accumulated measurement points for each excitation frequency,
plotted along the x-axis. The shaded bands represent the combined measurement
uncertainty of the capacitive sensor system on the RMS value, originating from
sensor linearity, intrinsic resolution, and sensitivity deviation. The manufacturer’s
specifications were treated according to the Guide to the Expression of Uncertainty
in Measurement (GUM), assuming a rectangular (equal-probability) distribution
within the stated bounds [43]. As the measured displacement decreases with in-
creasing frequency, the relative uncertainty increases accordingly, an effect visible
in the higher frequency data. For sufficiently small RMS values, the associated
measurement uncertainty exceeds the value itself, indicating that the result is not
statistically distinguishable from zero. The uncertainty in the applied frequency is
negligible across all frequency values.

In both cases, the displacement amplitude follows the expected inverse square fre-
quency dependence, scaling as f~2. The first vibrational modes were identified at
fo = 41.4Hz for the carbon-fibre ladder and at f; = 22.4Hz for the polyimide
ladder. A distinct feature is observed at approximately f ~ 210Hz in both mea-
surements. As shown in Figure 3.4, a similar peak is present in the motion of the
shaker table itself, suggesting that this feature might originate from resonances in
coupled components of the setup rather than from the ladders themselves.
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Figure 3.3: Measured RMS displacement as a function of excitation frequency at
the centre of the carbon-fibre ladder (left) and the polyimide ladder (right). Shaded
bands represent the uncertainties evaluated according to the GUM.
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Figure 3.4: RMS displacement as a function of excitation frequency of the table at
the left (left plot) and right (right plot) ends of the ladder. Shaded bands indicate
uncertainties. In the analysis both results will be averaged.
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Four measurements at increasing distances from the centre of the carbon-fibre ladder
are shown in Figure 3.5. Each consecutive measurement was taken 3 cm further from
the centre than the previous one. Comparing these results suggests the presence of
a mode resembling the second mode of a string at f; = 117.5 Hz, as indicated by the
increasing amplitude up to a quarter of the ladder length followed by a decrease.
In addition, an increasingly pronounced anti-peak appears between f =~ 70 Hz and
f =~ 80Hz, which can be interpreted as an increase in phase lag as distance from the
centre increases. Several other minor features are present; their origin is not obvious
and may be related to the finite stiffness of the shaker table. Further investigation
would be required to identify their nature. Since they are minor and therefore not
expected to significantly affect the results, the investigation has not been carried
out.

The same analysis was performed for the polyimide ladder. In this case, the second
string mode is presumably located at f; = 37.1 Hz, while a feature resembling the
third mode of a simple string appears at fo = 85.2 Hz. The corresponding plots are
provided in the Appendix B.2.
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Figure 3.5: RMS displacement as a function of excitation frequency of the ladder
at different locations along the ladder, starting at 3 cm from the centre. Each con-
secutive measurement is an additional 3 cm further away from the centre. Shaded
bands indicate uncertainties.

3.2.2 Modal analysis

The modal analysis, based on finite element analysis (FEA), was carried out using
the Mechanical Scenario Creation application within the 3DExperience software
suite by Dassault Systémes [44]. The CAD model of the carbon-fibre ladder used
for the simulation is shown in Figure 3.6.

To avoid complications arising from material layers thinner than 10 pm, the com-
posite structures were modelled using effective material approximations. Specifi-
cally, the Voigt (parallel loading) and Reuss (serial loading) models were applied
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Interposer Flex | One of the 18 sensors

Carbon Fibre Stiffener

|HDI (nearly transparent)l

Figure 3.6: CAD model of the current carbon-fibre ladder design, shown from both
the top and bottom view. The interposer flex, silicon pixel sensors, HDI, and carbon-
fibre stiffener are labelled.

to derive homogenised material properties [45, 46]. The material composition ratios
were obtained from internal Mu3e documentation, and the resulting property tables
are provided in the Appendix A.1. Surface contacts between solids were modelled
as epoxy layers with a thickness of 5 pm. The boundary conditions were defined as
clamped at the interposer flexes, consistent with the experimental mounting scheme.

Due to time constraints, the simulation for the polyimide ladder employed the
CAD geometry of the carbon-fibre ladder. As explained in Section 1.7, however,
the stiffener geometries differ: the carbon-fibre stiffener has a hollow “u-fold” pro-
file, whereas the polyimide film design uses two hollow “v-folds”. Consequently, the
carbon-fibre simulations are expected to agree more closely with the measurements
than those of the polyimide ladder.

The modal analysis calculated the three lowest frequency eigenmodes. In the case of
a carbon-fibre stiffener, the simulated fundamental mode was calculated to occur at
fo = 40.9Hz while for the polyimide film stiffener, the corresponding frequency is
fo = 28.1 Hz. A visualisation of the first vibrational mode of the carbon-fibre ladder
is shown in Figure 3.7. The second eigenmodes were calculated to occur at f; =
158.6 Hz and f; = 106.6 Hz respectively, while the third modes came out to be at
f2 = 341.5 Hz for the carbon-fibre ladder and fo = 226.3 Hz for the polyimide ladder.
As expected, the simulation results are in closer agreement with the experimental
data for the carbon-fibre stiffener. A comparison between the results of the modal
analysis and the shaker table measurements for both stiffener materials is shown in
Table 3.1.

Materials | Carbon fibre | Polyimide film

Source ‘ Meas. Sim. ‘ Meas. Sim.

1% mode (Hz) | 41.4 409 | 224 28.1
2" mode (Hz) | 117.5  158.6 | 37.1 106.6
3'Y mode (Hz) | > 256 341.5 | 85.2 226.3

Table 3.1: Comparison of measured and simulated frequencies of the first three
modes for the carbon-fibre and polyimide ladder.
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Figure 3.7: Simulated first mode of the current carbon-fibre design. The colour
scaling indicates the relative displacement from the resting position. The frequencies
corresponding to the first three modes can be seen in the “plots” window

3.2.3 Tension dependence of the first mode frequency

Using the extendable ring frame, the carbon-fibre ladder was measured for differ-
ent elongations of the frame, corresponding to different applied tensions. Figure 3.8
shows the first mode frequency as a function of ring frame elongation. The ring
frame initially had a gap of 1.5 4+ 0.1 mm, which was taken as the reference. Conse-
quently, the uncertainty in the first measurement is two-sided and smaller than in
the subsequent measurements.

A square-root fit has been chosen as it reflects the expected behaviour of a string in
a regime where Hooke’s law is applicable. The error bars on the x-axis are too large
to allow any definitive conclusion regarding the functional relationship between the
two quantities. This is reflected in the reduced chi squared value of x2 = 0.239.
During the measurements, the carbon-fibre stiffener began to peel off from the
silicon sensors, as shown in Figure 3.9. This may explain the relatively low first
mode frequency of 32.2 Hz observed in the relaxed position. The highest first mode
frequency measured was 87.5 Hz, corresponding to a 172% increase relative to the
relaxed position.

3.2.4 Mu3e background acceleration SD

The background acceleration SD was previously measured at PSI and the results
obtained were kindly provided by the involved engineers. Nine accelerometers mon-
itored all three spatial directions at three distinct locations around the magnet. A
picture of the magnet with the highlighted sensor positions is shown in Figure 3.10.
The acceleration measured at the magnet bracket was the highest. Therefore, we
will proceed with that dataset for the upcoming analysis.

The acceleration SD was calculated using the Welch method [47]. This technique
divides the time series data into segments of a chosen length, computes the Fast
Fourier Transform (FFT) of each segment, and averages the resulting spectra. It
also permits the specification of a window function (here a Hanning window) and an
overlap value (here set to 66%). While this approach reduces the influence of noise
on the spectral estimate, it does so at the expense of frequency resolution. With
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Figure 3.8: Measured first mode frequency as a function of ring frame elongation.
The chosen fit function, parameters and reduced x2 are shown. The larger uncer-
tainties, represented by error bars, stem from the distance measurement.

Figure 3.9: One end of a carbon-fibre ladder. The interposer flex having a copper
colour and the black carbon-fibre stiffener are no longer attached.
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Figure 3.10: Photograph of the 1 T magnet used in the Mu3e experiment, equipped
with three accelerometers mounted at distinct positions. Each accelerometer records
motion along all three spatial directions. The red arrows indicate the transverse (T),
longitudinal (L), and vertical (V) directions.
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a sampling frequency of fs = 512Hz and a segment length of n = 1024 samples,
the frequency resolution is Af,es = 0.5Hz. In addition to segmenting, other noise-
reduction techniques were applied, including smoothing with a Savitzky—Golay (SG)
filter [48] and the use of an envelope function. Figure 3.11 shows the calculated accel-
eration SD, in the transverse direction, as introduced in Figure 3.10, obtained using
the Welch method combined with a third-order SG filter and the Welch method
with an envelope fit.

3.3 Analysis

The analysis was carried out in two stages. First, the linear response function of the
ladder was derived using the formulas and relations established in Chapter 2. This
was then followed by predictions of the operational xgyg values at various positions
along the ladder, evaluated for different models and first mode frequencies.

3.3.1 Ladder response function

As explained in Section 2.2.3, the linear response function of the table-ladder sys-
tem at the measured position is obtained by dividing the ladder displacement by the
table displacement. In our case, the table movement is not perfectly uniform along
its length. To account for this, we use the average displacement recorded by the two
sensors monitoring the table as the base movement X (f) in Equation (2.33). The
fitted HO linear responses for the carbon-fibre and polyimide ladder at their centre
position, H(f), are shown in Figure 3.12. This fit only describes the first mode
accurately. Higher order modes are not included in the 1D HO model and require a
more sophisticated model, as introduced in Section 2.2.2. For cases involving multi-
ple modes, the measured data can be fitted effectively using a fit with five distinct
modes, hereafter referred to as the 5th-order fit, as demonstrated in Figure 3.13.
The exact fit functions used can be seen in Table 3.2.

| HO fit | 5th-order fit

A 1 A
Fit function | |H(f)| = — = |H(f)| = Zﬁ
V08 ()

Table 3.2: Comparison of fit functions: harmonic oscillator (HO) fit and 5th-order
fit.

We expect the peaks of successive modes to decrease in amplitude at higher fre-
quencies. This behaviour, however, cannot be reliably observed due to the increasing
uncertainty at higher frequencies and the limited frequency range of the measure-
ments. To improve interpretability, two approaches were employed to visualise the
uncertainties determined using Gaussian error propagation. The first, also applied
in the results section, adds or subtracts the estimated uncertainties from the calcu-
lated values, producing an error band. The second approach plots the uncertainties
as a function of frequency, thereby emphasising their dependence on both frequency
and the measurement value.

To better characterise the effect of higher order modes on the RMS displacement, a
substantial portion of the carbon-fibre ladder was mapped through measurements
at multiple distinct positions. A selection of these measurements is provided in the
Appendix B.5.
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Figure 3.11: Plots of the acceleration SD in the transverse direction i.e. perpendic-
ular to the beam direction, versus frequency. The upper plot is supplemented by a
smoothed SG filter of order 3 whereas the lower plot includes an upper envelope fit

to the data.
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Figure 3.12: Linear response functions of the carbon-fibre ladder (top) and polyimide
ladder (bottom) at the ladder centres. The entire displayed response function has
been fit with the HO model given in Table 3.2. Fit parameters, their uncertainties
and the reduced x? value are displayed in the legend. Both values are much larger
than 1 reflecting the use of a model of limited validity.
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5th-order model given in Table 3.2. The reduced x?2 values are displayed in the
legend, both values are close to 1 indicating a good agreement between model and
data. The uncertainties are shown explicitly as a function of frequency, rather than
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3.3.2 Expected displacement due to background vibration

By combining the acceleration SD measurements with the response function derived
from the shaker table experiment, the RMS displacement during operation can be
predicted using the Wiener-Khinchin theorem:

— \/ [ setnimzar = \/ = e

For the current carbon-fibre ladder, xgys has been evaluated using the HO model
and a Hth-order model. Measurements were taken at 15 distinct points distributed
along the length and width of the ladder, all on one side. Exploiting the symmetry
of the ladder with respect to the mid-plane parallel to its shorter axis, the results
were mirrored. The resulting contour plots are shown in Figure 3.14 (HO model)
and Figure 3.15 (5th-order model). The results incorporate the acceleration SD of
all three spatial directions. The segmented SD data were used directly, without
applying either an envelope fit or a SG filter. For the HO model, the maximum
displacement occurs at the centre of the ladder under transverse excitation, reaching
1.5pm. In the case of the 5th-order model, the maximum value is found to be
2.41m at the edge of the ladder, owing to the higher value of the response function
near 100 Hz at that position. No uncertainties can be provided given the lack of
information about the errors on the acceleration SD.
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Figure 3.14: RMS displacement predicted by a HO model for multiple points on a
section of the carbon-fibre ladder. Measured positions are shown as black circles;
intermediate values were determined by linear interpolation. The central black line
indicates the plane of symmetry used for mirroring the results.

For the HO model, the polyimide ladder exhibits smaller overall displacement val-
ues, primarily because its first mode is farther from 100 Hz. The highest displace-
ment predicted for the polyimide ladder is approximately 1.2 pm. In the case of
the 5th-order model, the behaviour changes and the polyimide ladder exhibits more



Chapter 3. Background motion induced vibrations 34

2.313
Transverse direction

10 2.082
0 (o] P (o] g

_ 1.851
10 5
Bl

o L 1.620
—~ Longitudinal direction @
g 10 £
1.389 ©
g o o
N —10 E
1158 2
. . . °
Vertical direction 0.927 0
10 =
0 4

0.696

-10
100 150 200 250 300 0.465
X (mm)
0.234

Figure 3.15: RMS displacement of a 5th-order model for multiple points on a section
of the carbon-fibre ladder. Measured positions are shown as black circles; intermedi-
ate values were determined by linear interpolation. The central black line indicates
the plane of symmetry used for mirroring the results.

vibrational movement at the centre, reaching 2.2 pm. This shift occurs due to the
spectral feature in the polyimide ladder response located near 100 Hz.

Assuming that the quality factor remains constant as the tension increases, the
ladder movement can be estimated for different first mode frequencies using a HO
model. The resulting RMS displacement as a function of first mode frequency, ob-
tained using three distinct methods of analysing the acceleration SD, is shown in
Figure 3.16. As expected, the envelope fit, which corresponds to interpolated curves
between maximum values, yields the largest results, while the SG filter reduces the
integrals in nearly all cases. For the specific case of a first mode at 100 Hz, the con-
tour plot of the ladder displacement, constructed directly from the segmented data
without SG filtering or envelope fitting, is presented in Figure B.8. In this case, the
predicted maximum displacement exceeds 90 pm.

3.4 Discussion

The shaker table proved reliable in predicting the first mode frequency but was
less effective at capturing higher frequency modes due to the rapid increase in
uncertainty with frequency. This limitation could be mitigated by employing more
precise measurement techniques, such as a laser Frequency Scanning Interferometry
(FSI) system. However, depending on the acceleration SD, this may be unnecessary,
as higher frequency contributions are suppressed in the integral expression from
Section 2.1.1 by a factor of (2 f)~%. From Figure 3.16, it can be deduced that
modes above 150 Hz do not contribute significantly to the integral.

The modal analysis predicted the first mode of the carbon-fibre ladder with a relative
difference of 1.2%. For the polyimide ladder, the relative difference was larger than
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Figure 3.16: Expected displacement of the centre of the carbon-fibre ladder as a
function of the first mode frequency, evaluated using the HO model. The analysis
is based on the transverse acceleration SD (perpendicular to the beam). Three
methods of analysing the data are shown, all segmented using the Welch method:
the envelope function yields the highest values, while smoothing tends to give the
lowest.

20%. The better agreement for the carbon-fibre ladder can be attributed to the use
of its actual CAD model in the simulation. In contrast, the polyimide stiffener has
a different geometry, using less material overall, which results in a lower measured
value. Higher order modes were not reproduced reliably, likely due to mesh qual-
ity limitations. Thin features, particularly the curved and slender stiffener, require
a large number of mesh elements and substantial computational resources to be
modelled accurately. Additional discrepancies may arise from internal symmetries
preserved in the CAD model but broken in the physical ladder, or deviations in the
effective properties of the composite materials from those predicted by conventional
homogenisation rules such as the Reuss or Voigt models.

The design of the mechanical support for the ladders has been a topic of exten-
sive ongoing discussion. One proposal to increase ladder stiffness was to extend
the stiffener and connect it to the end pieces. The modal analysis predicts a first
mode resonance frequency of fo = 83 Hz for this configuration. Similar frequencies
can also be achieved by increasing the applied tension, as shown in Figure 3.8,
which has the advantage of keeping the material budget unchanged. Increasing the
stiffener thickness also raised the first mode frequency, but only to fo = 48.7Hz
as depicted in Figure B.4. However, a proper comparison necessitates precise ten-
sion quantification. If additional stability is required in the future, modifying the
boundary conditions appears to be the most effective strategy. In all cases, the first
mode frequency should be measured to ensure it remains sufficiently far from the
acceleration SD peak.
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In summary, the most critical aspect in designing a mechanical structure is to ac-
count for resonance frequencies and potential coupling to other components. In
the case of the Mu3e experiment, ladder vibrations are negligible compared to the
pixel resolution as long as the first mode frequency does not lie near 100 Hz. At
this frequency, depending on the averaging method used for the acceleration SD,
displacements are predicted to reach nearly 100 pm, approximately four times the
pixel resolution. However, for the experimentally determined first mode frequencies
in this work, even when using an envelope fit, the expected displacement remains
below 3 pm.



Chapter 4

Cooling flow induced
vibrations

In this chapter, the vibrational behaviour of the carbon-fibre and polyimide ladder
in an airflow is investigated to estimate their RMS displacement during operation
in a cooling flow. For this purpose, a wind tunnel was assembled at the University
of Oxford. Two approaches are combined: experimental measurements in the wind
tunnel and CFD simulations. The CFD simulation of the wind tunnel is compared to
a simulation of the cooling flow deployed in the experiment, allowing the measured
values to be placed into context. Finally, the two setups themselves are compared
using their Reynolds numbers.

4.1 Wind tunnel

The excitation spectrum induced by a gaseous cooling flow is too complex to be
reproduced with a simple shaker table. To specifically study the vibrational response
of the ladder to such cooling flow induced vibrations, a dedicated wind tunnel setup
has been assembled.

The wind tunnel consists of a series of white PVC tubes connected to an indus-
trial fan. The fan expels air from the tube system, creating a pressure gradient
that induces a continuous airflow. The setup includes a specially designed tube and
separate clamps to hold the ladder in place, as illustrated in Figure 4.1. The inte-
rior geometry of the holder was tailored to approximate the boundary conditions
of the actual Mu3e detector. To reduce flow turbulence and improve measurement
reproducibility, the test section was positioned immediately downstream of a long,
straight segment of tubing. This configuration promotes a stable and uniform flow
profile. The custom tube includes a sensor inlet on its top side, enabling the place-
ment of a capacitive displacement sensor for vibration measurements. Because the
sensor must be located in close proximity to the DUT, perturbations of the local
flow behaviour are expected. However, simulations indicate a smaller airflow ve-
locity on the ladder side where the sensor is mounted; thus, any such effects are
expected to be small and are therefore neglected. The airflow was monitored using
a hot-wire anemometer, the Testo 405i model [49], at both upstream and down-
stream positions. Near the end of the downstream section, close to the fan, a simple
adjustable valve was integrated into the tubing. This valve allows control of the
internal pressure and thereby modulates the flow velocity, compensating for the
limited adjustability of the fan’s power output.

37
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The two parts of the tube

Figure 4.1: CAD model of the custom-made tube, showing one half of the assembly
(left) and both halves separated, which are ultimately screwed together to complete
the tube (right). Yellow 3D-printed clamps are used to fix the ladder and reproduce
the experimental boundary conditions, blue arrows denote the direction of airflow
along the ladder.

An overview of the partial wind tunnel setup CAD model, without the fan and
valve, is shown in Figure 4.2, while the assembled experimental setup is shown in
Figure 4.3.

i Upstream |

| Custom Tube |

Figure 4.2: CAD of the airflow setup used in the CFD simulation. The fan connects
to the square tube at the bottom, pulling air through the system. The custom tube
is inserted between the greyish aluminium squares and has a little black cylinder
on top, representing the capacitive sensor.

The data acquisition process for the wind tunnel setup is simpler than that for the
shaker table. It is managed using a custom Python script that allows the user to
specify both the acquisition rate and the total measurement duration. The recorded
voltages, together with their corresponding timestamps, are saved for subsequent
analysis.
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Figure 4.3: Photograph of the airflow setup used at the University of Oxford. The
blue cable connects to the capacitive sensor inside the custom tube. The black
industrial fan is visible at the lower centre, with the custom valve shown in its
closed position.

4.2 Results

Cooling induced vibrations were studied for both the carbon-fibre and polyimide
ladder. In addition, a CFD simulation of the setup was performed to enable compar-
ison with simulations of the Mu3e cooling system. Both sets of results are presented
in this section.

4.2.1 Velocity dependence of vibrations

The zrms of airflow-induced vibrations was measured for both the carbon-fibre
and polyimide ladder at their midpoints. Upstream and downstream velocities were
monitored for 50s before removing the hot-wire anemometer and initiating the
displacement measurement. Displacement data were acquired at 512 samples per
second for 60s. The displacement and airflow measurements were not performed
simultaneously in order to maintain a homogeneous upstream flow; previous tests
showed that placing the hot-wire anemometer in the airflow altered the ladder’s
vibrational response, distorting the results.

Systematic differences between upstream and downstream velocities were observed,
with upstream values consistently higher for the same fan setting. Their relationship
is shown in Figure 4.4, where a linear fit was applied. The hot-wire anemometer
uncertainties have been determined from the accuracy listed by the manufacturer,
being 0.1 ms~! + 5% m.v. below 2ms~! and 0.3ms~! £ 5% m.v. above, assuming
again an equal probability distribution.

A more homogeneous flow was measured upstream of the ladder; therefore, the
upstream velocities were used for subsequent measurements and analysis. The de-
pendence of the RMS displacement at the ladder centre on the averaged upstream
velocity is shown in Figure 4.5 for both the polyimide and carbon-fibre ladder.
The pixel resolution of 23 pm is indicated by the dotted line. Although this quan-



Chapter 4. Cooling flow induced vibrations 40

-
N
I

=
N
|

Vds = alin Vus
—_— ain=14%0.1
)(3 =1.126

=
o
|

[ee]
|

Mean downstream velocity (ms™1)
I

1 1 1 1 1
0 2 4 6 8

Mean upstream velocity (ms™?1)

Figure 4.4: Downstream velocity vgqs as a function of the upstream velocity vys.
The fit function, fit parameter with uncertainty, and reduced x? are shown in the
legend, while error bars indicate the uncertainties on the measured values.

tity represents an in-plane resolution and not an out-of-plane displacement such as
TrMS, We include it as a reference since it is commonly used in comparisons with
multiple scattering. In both cases, a quadratic fit was applied for velocities below
5.3ms~!. Above this threshold, a sudden change in slope was observed, after which
a linear fit was used. In all cases, the reduced x? < 1, indicating that the mea-
surement uncertainties are likely overestimated and that various fitting approaches
could describe the behaviour effectively. The carbon-fibre ladder exhibited a lower
first mode frequency than expected, likely due to the stiffener peeling off from the
silicon sensors, as shown in Figure 3.9. For the polyimide ladder, the tension was
increased, shifting the first mode to 34 Hz. This adjustment was necessary because,
at lower tension, the vibrational amplitude of the polyimide ladder exceeded 150 pm
at high velocities, surpassing the measurement range of the capacitive sensor. When
mounting the ladder in the custom tube, the polyimide stiffener started detaching
from the silicon sensors in a similar way to the carbon-fibre ladder.

For the polyimide ladder, the RMS displacement reached 82.2 £ 0.6 ym at an av-
erage upstream velocity of 8.5 4 0.4ms~!. The carbon-fibre ladder displayed less
motion overall, with a maximum xgrmg of 57.9 = 0.6um at 8.3 & 0.4ms~'. The
low sampling frequency of the hot-wire anemometer (fsqmpie = 1 Hz) prevents the
airflow’s spectral data from yielding useful information.

4.2.2 Computational fluid dynamics simulation

The CFD simulation was performed using Autodesk CFD 2026 [50]. A static sim-
ulation of the setup shown in Figure 4.2 was carried out, modelling air as a com-
pressible fluid. A boundary condition and an initial condition representing the fan
action were applied. The results of the CFD simulation with a fan flow velocity
of 4ms~! are shown in Figure 4.6. The simulated upstream velocity at the mea-
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Figure 4.5: RMS displacement as a function of upstream velocity v, for the poly-
imide ladder (top) and carbon-fibre ladder (bottom), measured at their centres. A
quadratic fit is applied below 5.3ms~! and a linear fit above. In both cases, the
reduced 2 is small, likely due to the limited accuracy of the hot-wire anemometer.
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Figure 4.6: CFD simulation of the airflow setup at the University of Oxford using
a boundary condition corresponding to a fan flow velocity of 4ms~'. The colour
scale shows the magnitude of the airflow velocity.

surement point is approximately 6 ms~!, while the corresponding downstream ve-
locity is about 8ms~!. These values are consistent with the previously observed
upstream—downstream comparison. The highest velocities occur downstream of the

ladder, near the clamp positions, reaching velocities of up to 12ms~".

4.3 Analysis

In this section, the measured results and CFD simulation of the airflow setup at
the University of Oxford are compared with the CFD analysis of the Mu3e pixel
detector. An upper limit for the zrymg at the ladder centre is determined, followed
by a discussion of its plausibility in the context of the flow regime in which the
experiments were conducted.

4.3.1 Expected displacement due to cooling flow

An extensive CFD simulation of the Mu3e pixel detector was carried out by another
student working on Mu3e as part of their master’s project [51]. The simulated
optimised mid-plane velocities of a cooling flow between Layer 3 and Layer 4 are
shown in Figure 4.7, while a cross-sectional view is presented in Figure 4.8.

This simulation employs the older “v-fold” design of the polyimide ladder and a
different helium distribution, supplying only 13.3gs™! of helium compared with
16 gs~! in the current design. The maximum helium velocity across the entire mid-
plane is Uy = 21.3ms~!. Assuming density scaling as described in Section 2.3.2,
this corresponds to an equivalent airflow velocity of Vmaxiin = 3.7ms™! under
linear velocity scaling, or Umax,quad = 8.1 ms~! under quadratic velocity scaling.
The conversion is made using the established scaling relations:

1

I\
TRMS gy o5 Do ('0> : (4.1)
TRMS v P
where n = 1 for the linear fit or n = 2 for the quadratic fit, as motivated in

Figure 4.5. Literature values were used for the densities [52, 53].

The converted mid-plane velocity can be compared qualitatively with the upstream
velocity in our airflow setup to deduce the expected RMS displacement. For vmax,lin =

3.7ms™! the simulated upstream velocity is U tin = 41 ms~!, which yields
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Figure 4.7: Mid-plane velocity distribution across the gap flow between Layer 3 and
Layer 4, using the earlier v-fold design [51].

Figure 4.8: Cross-sectional view of the gap flows between SciFi, Layer 3 and Layer
4 [51].
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zrMs = 11 pm for the carbon-fibre ladder and xgys = 31 pm for the polyimide lad-
der. For the quadratic fit, the simulated upstream velocity is vi? .9 = 8.2 ms~!,
resulting in zrms = 56 pm for the carbon-fibre ladder and zrys = 78 pm for the
polyimide design.

For lower helium velocities, which occur more frequently in the gap geometry, such
as vae = 14ms~! observed in the cross-sectional view, the corresponding airflow
velocity is va;; = 5.4ms~!. This implies an upstream velocity of v45, = 5.6ms™!,
leading to an expected RMS displacement of xrys = 21 pm for the carbon-fibre
ladder and xgys = 58 um for the polyimide ladder. In this case, only the quadratic
scaling was considered, since it remains valid up to va;, = 5.6ms~!, as shown in
Figure 4.9.
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Figure 4.9: Direct comparison of cooling flow induced RMS displacement for the
carbon-fibre and polyimide ladder, measured at their centres, at flow velocities

below 6ms~1.

4.3.2 Flow regime comparison between simulations

The above comparison is valid only if both experiments operate within the turbu-
lent regime. Outside this regime, dominant excitation mechanisms are determined
primarily by geometry and the scaling behaviour is no longer comparable. A quick
comparison of the Reynolds numbers shows that this condition is not met.

For the wind tunnel setup, the single ladder and the bottom of the tube housing it
can be approximated as two parallel plates. In this case, the characteristic length
L is given by the hydraulic diameter,

4ah
D, = — = 2h. 4.2
=2 (42)

Substituting the remaining parameters yields

R(Use) = 1677 - Us. (4.3)
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This configuration corresponds to plane Poiseuille flow, for which the critical Reynolds
number, marking the onset of the transitional regime where the flow is no longer
laminar, is Recyit = 2680 [54]. The turbulent regime begins at Re > 5000, meaning
that the wind tunnel operates in the turbulent regime for mid-plane velocities above

3.0ms~!, corresponding to upstream velocities above 3.4ms™!.

For the Mu3e setup, the flow can be approximated as annular, with a hydraulic
diameter of

Dy, = 2(7“0 - 7”1')7 (44)

where 7, is the outer radius and r; the inner radius, as given in Table 1.1. Using
helium, which has approximately one-seventh the density of air, this gives

R(vim) = 226 - vy (4.5)

The critical Reynolds number in the case of an annular flow depends on the ratio
of the radii making up the annulus. For a ratio of & = 0.86 present in the Mu3e
outer layers the critical Reynolds number is Re..;; = 2300 [54]. Therefore, given
Umean =10ms™! the mean flow rate of the experiment, the global flow is considered
to be at the boundary between laminar and turbulent flow.

Boundary layer behaviour can also be considered. For an airflow velocity of 10ms™1,

ReAr = 6.7-10°z. (4.6)

The transition threshold is often quoted to be at Re, ~ 5 - 10°. For the longest
ladder (Layer 4, x = 37cm), this gives ReZ"" = 2.5.10°. Thus, both the air and
helium boundary layers remain laminar.

4.4 Discussion

A direct comparison between the measurements and CFD simulation conducted at
the University of Oxford and the CFD simulation of the Mu3e pixel detector cannot
be made directly for several reasons. Firstly, the Mu3e simulation uses an older de-
sign with different helium mass flow and ladder geometry. Although a newer CFD
study was carried out within the Mu3e collaboration, most of the files were lost or
corrupted; despite multiple recovery attempts, the dataset could not be restored.
Secondly, it is highly likely that the two setups operate in different flow regimes.
While considerable effort was invested in designing the custom tube and clamps
to reproduce the experimental boundary conditions, the Reynolds-number match-
ing was not ensured. As a result, the excitation SDs differ between the systems.
This mismatch severely constrains the comparability of the results and limits the
conclusions that can be drawn.

It should be noted that the Reynolds numbers discussed above describe ideal plane
Poiseuille flow and ideal annulus geometry. In both experiments, these idealised con-
ditions are not met. The detector modules have sharp edges with short overlapping
segments, and the inlet flow exhibits high velocities that could cause shear layer
separation or reduce the Reynolds number at which turbulence develops. The only
reliable way to quantify the vibrational behaviour induced by the cooling flow would
be to study the actual outer layer or a mock-up replicating it. Unfortunately, no
such mock-up was available. Therefore, we adopt xrys = 21 pm as an uppermost
limit for the RMS displacement of the carbon-fibre ladder, bearing in mind that
this value was obtained in a different setup, likely operating in another flow regime,
using a ladder with a partially detached stiffener.
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While this value appears large, compared to the intrinsic pixel resolution, its impact
is small relative to multiple scattering. For vertex fitting, the multiple scattering
uncertainty, oasg, is about four times larger than the intrinsic pixel uncertainty,
o1 [27). Including vibrational contributions, the combined uncertainty in the verti-
cal direction increases from o, = 20 pm to o,, = 29 pm. This value is comparable to
the pixel resolution o; = 23 pm. Assuming that the vertical uncertainty contributes
equally to (or not substantially more than) the in-plane resolution and that ladders
combined into modules behave similarly to single ladders, the dominant contribution
remains multiple scattering. Vibrations are therefore not expected to significantly
degrade the vertex resolution and, by extension, the momentum resolution. A ded-
icated study would nonetheless be required to confirm the latter.
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Conclusion

The research presented in this manuscript set out to estimate the vibrational be-
haviour of the Mu3e Layer 4 outer pixel ladder, compare various design configura-
tions, and determine whether additional mechanical stability is required to achieve
the target resolution goals of the experiment. The findings indicate that the cur-
rent design provides sufficient stability: the RMS displacement due to background
motion is expected to remain below 3pm and below 21 pym for vibrations caused
by gaseous cooling flow. While the precise impact on track resolution cannot be
quantified without dedicated simulations, these values are smaller than the pixel
resolution, which is already a minor contributor compared to the effects of multiple
scattering.

The reported RMS displacement values should be interpreted with caution, as their
estimation relies on several assumptions and is subject to limitations. In particular,
differences between the airflow setup and the operational environment, large un-
certainties in airflow velocity measurements, and potential differences between the
vibrational behaviour of ladders assembled into modules and isolated ladders con-
tribute to these constraints. These examples highlight only some of the limitations
encountered in this study.

If further certainty is desired regarding cooling induced vibrations, particularly to
exclude any geometrical features that might induce high amplitude oscillations, the
most effective approach would be to measure a representative mock-up under the
correct helium mass flow. Should greater stability become necessary, increased struc-
tural tension has been identified as a promising route. Given the results obtained,
however, no further work on this topic seems to be required at this stage.
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Appendix A

CAD material tables

Isotropic material Al PI Epoxy Cu
Density 2710kgm™3  1420kgm™3 1300kgm~2 8960kgm—3
Young’s modulus 71 GPa 3 GPa 2GPa 130 GPa
Shear modulus 26 GPa 1GPa 1GPa 49 GPa
Poisson ratio 0.33 0.34 0.37 0.34

Table A.1: Engineering constants for the isotropic materials used for the FEA:
aluminium [55], polyimide film [56], epoxy glue [57], and copper [58].

Anisotropic material Si Carbon fibre
Density 2710kgm—3 1526 kg m =3
Young’s modulus 4 169 GPa 102 GPa
Young’s modulus Fj 130 GPa 5 GPa
Young’s modulus Fj 130 GPa 5 GPa
Shear modulus G12 51 GPa 2 GPa
Shear modulus G13 51 GPa 2 GPa
Shear modulus Go3 80 GPa 2 GPa
Poisson ratio vy 0.064 0.27
Poisson ratio v;3 0.064 0.27
Poisson ratio vo3 0.36 0.34

Table A.2: Engineering constants for the anisotropic materials used for the FEA.
Silicon values are taken from [59], while carbon-fibre values are taken from internal
documents.
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Composite material HDI Interposer flex
Density 1841kgm3 3865 kgm 3
Young’s modulus F 26 GPa 18 GPa
Young’s modulus F, 4 GPa 2GPa
Young’s modulus Fj3 4 GPa 2GPa
Shear modulus G12 9 GPa 7 GPa
Shear modulus G13 9GPa 7GPa
Shear modulus Ga3 1 GPa 1 GPa
Poisson ratio v 0.34 0.35
Poisson ratio vq3 0.34 0.35
Poisson ratio vo3 0.34 0.35

Table A.3: Engineering constants for the composite materials used for the FEA. The

given values were calculated using the Reuss or Voigt model depending on spatial
orientation.



Appendix B

Additional material
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Figure B.1: Photograph of the LabVIEW interface control panel used to set exper-
imental parameters and initiate measurements.
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Figure B.2: RMS displacement as a function of excitation frequency of the polyimide
ladder at difference distances from the centre. 5 cm from the centre in the left plot
and 9cm from the centre in the right plot.

Figure B.3: Simulated first mode of the carbon-fibre ladder with extended stiffener.
The frequencies of the first three modes are shown in the “Plots” window.
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Figure B.4: Unitless response function of the carbon-fibre ladder with a 60 pm stiff-
ener, measured at its centre.
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Figure B.5: Linear response function of the carbon-fibre ladder at an off centre

position. The response function has been fit with a 5th-order model. The reduced
X2 value is displayed in the legend. The uncertainties are given as a shaded band.
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Figure B.6: Linear response function of the carbon-fibre ladder at an off centre
position. The response function has been fit with a 5th-order model. The reduced
X2 value is displayed in the legend. The uncertainties are given as a shaded band.
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Figure B.7: Linear response function of the carbon-fibre ladder at an off centre
position. The response function has been fit with a 5th-order model. The reduced
X2 value is displayed in the legend. The uncertainties are given as a shaded band.
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