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Abstract

This paper presents a general three-dimensional track fit based on hit triplets. The general track fit considers spatial hit

and multiple Coulomb scattering uncertainties, and can also be extended to include energy losses. Input to the fit are
LO detector-specific triplet parameters, which contain information about the triplet geometry (hit positions), the radiation
O\J length of the material and the magnetic field. Since the solution is given by an analytical closed-form, it is possible to
O use the same fitting code for all kind of tracking detectors.

Fitting formulas are given for the global track fit as well as for the local hit triplets. The latter allows filtering out
triplets with poor fit quality at an early stage of track reconstruction. The construction and fit of local triplets is fully
parallelisable, enabling accelerated computation with parallel hardware architectures. Formulas for the detector-specific
triplet parameters are derived for the two most commonly used field configuration for tracking detectors, namely a
uniform solenoidal field and gap spectrometer dipole. An algorithm to calculate the triplet parameters for an arbitrary
magnetic field configuration is presented too.

This paper also includes a discussion of inherent track fit biases. Furthermore, a new method is proposed to accelerate

det]

track fitting by classifying tracking regimes and using optimal fit formulas.

(b Keywords: tracking, track fit, track fit bias, hit triplet, multiple scattering, fit quality, software alignment,
-

spectrometer, energy loss, tracking regimes

1. Introduction

In nuclear and particle physics experiments, the pre-
cise determination of the track parameters for measuring
charged particles is crucial. Therefore an accurate tracking
model is required that takes into account all error sources
O\l of the measurement, the most relevant being hit position
errors, multiple Coulomb scattering (MS), energy losses
and magnetic field errors. What makes track fits so chal-
lenging is the fact that particles in the magnetic fieldd
propagate along complex trajectories, which are highly
(O non-linear. For track reconstruction, the fit quality is the
(O- most important estimator for finding the correct hit combi-
nations. Especially in high-rate experiments, track finding
is a major challenge due to large hit combinatorics.

N The most commonly used track fit today is the Kalman

> filter (KF)[1L[2]. It uses a state vector to parameterize the
" track, which is updated with each measurement (hit), to-
gether with the quality of the track fit. An advantage of
the KF is its high flexibility, which allows for a wide range
of applications. Nowadays, many experiments employ an
extended version of the Kalman Filter (KF) for track re-
construction, known as the combinatorial Kalman filter
(CKF), which aims to identify the optimal hit combina-
tions.

The KF, however, also has disadvantages: the algo-
rithm is recursive, and consequently not well suited for
parallel computing. This presents a significant challenge
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for accelerating track reconstruction using modern highly
parallel computing hardware. In addition, the KF does not
provide the full covariance matrix of all hit positions, com-
plicating its use for track-based detector alignment. Con-
sidering that detector resolutions continue to improve with
new tracking detector technologies, the software alignment
of the detector system becomes increasingly relevant to
fully exploit the potential of detectors.

For detector alignment, the General Broken Line (GBL)
fit [3 [4] is better suited as it inherently provides the full
hit covariance matrix, which is required to determine cor-
relations and allows for the identification of so-called weak
modes. An example is the Millepede II software tool [Bl [6].
The basic concept of the GBL is to linearize an approxi-
mate solution and perform the track fit in a local (curvi-
linear) coordinate system defined by a reference (seed) so-
lution. MS as well as energy losses then show up as kinks
in the transformed trajectory. These kinks are minimized
along with the hit residuals in the fit. As the GBL is
seeded and requires an approximate solution as starting
point, it cannot be used for track finding.

The MS triplet fit [7] is an alternative track fit that
uses a linearization approach quite similar to the GBL
but does not require any seed or approximate solution.
Triplets of hits have the advantage that the reference tra-
jectory for the linearization can be easily calculated from
the triplet geometry itself, for example in a uniform mag-
netic field. Furthermore, hit triplets are over-constrained,
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allowing the calculation of a triplet quality that can be
used to reject fake hit combinations at an early stage of
track reconstruction. With single triplets, even a full track
reconstruction in a high track multiplicity environment like
FCC-hh is possible, as demonstrated in [g].

Because the result of a single triplet fit can be writ-
ten as a simple function of triplet-specific parameters, and
the global track parameters can be calculated from sim-
ple sums of local triplet fits, the MS triplet fit is much
faster than any other track fit. Its parallelization capabil-
ity makes the MS triplet fit ideal for parallel computing, for
example on graphics processing units (GPUs). However,
since hit position errors are not included, the MS triplet
fit is restricted to low-momentum tracks, where MS errors
are dominant. The MS triplet fit is used by the Mu3e ex-
periment [9], which searches for the decay u — eee using
muons decaying at rest. Here, the triplet fit has been im-
plemented for both offline reconstruction [10] and online
track reconstruction on a GPU-based event filter [11].

This work presents the General Triplet Track Fit (GTTF),

which is an extension of the MS triplet fit ([7]) and takes
into account hit uncertainties as well as all correlations be-
tween different hit triplets. Therefore, this work also goes
beyond Ref.[I2], where hit uncertainties in the fit qual-
ity calculation were considered for individual triplets, but
correlations between different triplets were neglected. In-
terestingly, the solution of the GTTF can also be given in
an analytical closed-form solution, similar to [7].

A major difference between the GTTF and other track
fits is the fit input. The Kélman filter and the GBL use hit
positions as input. In contrast, the GTTF uses so-called
triplet parameters as input, which represent an interface
to all kind of tracking detectors and provide a general de-
scription of the detector (triplet) geometry, including the
hit position errors, the scattering material and the mag-
netic field. For this reason, the GTTF is universal as the
same fitting code can be used for all tracking detectors
and for all experiments. Only the triplet parameters are
experiment- and triplet-specific.

The most important advantage of GTTF is the abil-
ity to perform triplet filtering during track reconstruction.
This, together with the ability to perform track fitting of
triplets on a parallel computing architecture, offers great
potential for accelerating track reconstruction in high par-
ticle rate experiments. In addition, the GTTF also pro-
vides the hit covariance matrix, making the fit ideal for
track-based alignment.

Thanks to the analytical form of the result, the covari-
ance can be directly calculated from the triplet geometries.
It is therefore relatively easy to calculate the tracking res-
olution for a given detector geometry, without the need for
extensive simulation studies. This feature greatly simpli-
fies tracking detector design studies for future experiments.

With the triplet concept one can go even one step
further; from the triplet geometries simple tracking scale
parameters can be calculated, which can be used to de-

fine different tracking regimes, for example MS dominated
and hit uncertainty dominated. Depending on the track-
ing regime, different numerical optimizations can be used
to accelerate track fitting. Furthermore, a tracking regime
analysis can also help in identifying weaknesses of tracking
detector designs.

The paper is organized as follows. The fit methodol-
ogy is introduced in[Section 2] The formulas for the global
triplet track fit are derived in first for the gen-
eral case, and then in the limit of dominant hit position
errors and dominant MS errors. Results for local triplet
fits are given in A detailed analysis of fitting
biases as well as mitigation strategies, including a special
regularized MS fit with reduced bias, is presented in
[fion 5] The triplet parameters, which represent the input
to the fit, are calculated in for the case of a uni-
form magnetic field. Triplet parameter solutions for other
setups (gap spectrometer dipole and other inhomogeneous
magnetic fields) are discussed in the appendix. A special
solution obtained from MS in a zero magnetic field is als
presented in Energy loss corrections and track
fits including energy losses are described in[Section 71 The
potential for exploiting parallel computing for track fit-
ting and track reconstruction using the triplet concept is
presented in and the tracking regime concept
is introduced in Finally, provides a

summary.

2. Fit Methodology and Triplet Representation

The track fit aims at fitting the total particle momen-
tum, p, and the hit positions by simultaneously minimizing
the MS angles and the hit position shifts. The hit posi-
tions are given as shifts with respect to the measured hit
positions 61, = T4tk — Tmeas,k, With k being the hit index.
For a given magnetic field, this set of parameters (p and
all 6Z%) contains the full information about the particle
trajectory.

For track fitting, a x? function is defined that includes
MS as well as spatial hit uncertainties according to:

Nscatt—1 2 Nscat-1 ¢2
2 _ MS,j MS,j
X = E : o2 + o2
=0 Oms,J j=0 ~ Pms,J

+ STV iy (1)

The first two sumsﬂ run over all hit triplets (index j) and
describe MS at the mgcaty scattering points. Throughout
the work, it is assumed that the position of the scatter-
ers agree with the position of the hits (detector layers).
Using spherical coordinates, the MS kink is described by
polar (fus,;) and azimuthal (¢ums ;) angles. The projected

IThroughout this work, counting of hits and triplets starts at 0.



MS angles are divided by the corresponding expected er-
rors (ogys,; and g, ;). The third sum runs over all hits
and describes the contribution from the hit position shifts
(residuals). For each hit, the hit position error is described

by a 3 X 3 covariance matrix, Vi (error ellips.

The kink angles in the MS terms of [Equation 1] depend
on the total particle momentum, as illustrated in
Instead of the particle momentum, p, the 3D curvature,
defined by:

qB
K= —, 2
p (2)

is used in the followinéﬂ Note that for an inhomogeneous
magnetic field, B = B(Z), k is position dependent even if
total momentum is conserved.

Matter effects are described by two parameters, an MS
parameter and an energy loss parameter. For each hit,
both parameters are calculated from the effective path
length in the tracking layer material. Note that both
matter effects have some momentum (energy) dependence.
The error of the MS angle, oygs, depends on the momen-
tum and velocity of the particle [I3] [14]. Assuming that
the particle is ultra-relativistic (v ~ ¢), MS is inverse pro-
portional to the momentum

1
Ip|’

and one can define a MS parameter according to:

(3)

oMS X

(4)

brs = —= = oyg p‘.
|kl qB

Similarly, an energy loss parameter, AFE, can be de-
fined for each tracking layer (hit), accounting for the en-
ergy loss, for example due to ionization. An advantage of
the triplet fit is that both, the momentum and the effec-
tive path length can already be derived from the triplet
geometry before fitting (see [Section 6)).

In the following, it is assumed that the total momen-
tum of the particles is conserved. Energy losses are in-
cluded at a later stage and discussed in

2.1. Triplet Parameters

In a magnetic field, the trajectory between two con-
secutive hits is fully defined by the value of the total mo-
mentunﬁ. Consequently, the total momentum defines the
kink angle Ay = (A, A¢) for a hit triplet, as shown in

2Throughout this work, single arrows (double arrows) denote vec-
tors (matrices) in Euclidean space. Furthermore, ¢ denotes a trans-
posed vector in Euclidean space.

3In many other papers, & is used to denote the transverse curva-
ture, which is henceforth denoted as k1 = ¢ B/p, in this paper.

4Note that there might be no solution for low total momentum
tracks, and more than one solution for high momentum tracks, de-
pending on the field configuration.

X

Figure 1: Sketch of the curvature (momentum) dependence of the
kink angle in a triplet. The middle plane is the scattering plane in the
triplet defined by the hits {k — 1, k, k + 1}. The dashed and dotted
trajectories show the momnentum varations of the solid trajectory.
The kink angle, indicated at the middle layer, has two projections
Ay = (A, A¢), which are not shown.

Figure 1 Throughout this paper, a right-handed coordi-
nate system is used, with the polar angle, 8, being defined
with respect to the z-axis, and the azimuthal angle, ¢, be-
ing defined with respect to the z-axis. The two projections
of the kink angle at detector layer k are then defined as:

Ab(p) = AO(k) = Oppr1 — Ok -1, (5)
Ap(p) = Ad(K) = Prrs1 — Prk—1, (6)

where the subscript “k,k — 1”7 (“k,k+1”) indicates the
particle directiorﬂ at the detector plane before (after) the
scattering at layer k. Both kink angles are functions of
the momentum (= 3D curvature), and for typical track-
ing detectors, these functions are transcendental. This is,
for example, the case for tracking in a uniform magnetic
field or a spectrometer setup. Both cases are discussed in

A method for solving the non-linear functions Af(k)
and A¢(k), is to perform a linearization around a known
solution. Throughout the paper, the solution

Aqsref = Aﬁb(ﬁref) =0 (7)

is used as reference trajectory, corresponding to no MS
in the z-y plane, which is defined to be the main bend-
ing plane. The reference solution is described by the 3D
curvature, Krof, and has a non-vanishing polar kink angle
Abyof := Ab(Kref), in general. The first order linearization
around the reference solution then reads:

Ad 0 + (k= fire) pp + O(K%) = & + pyr, (8)
AO = Abret + (K — Frer) po + O(K?) = O + pok. (9)

The same ansatz was already used in Ref.[7], with the only
difference that the linearization was done as function of

5Note that in uniform magnetic fields the relation 6y, . = 6/
holds for k¥’ = k 4 1, as the polar angle is an invariant. In contrast,
the inequality ¢,/ # ¢ 1 generally holds, due to the bending in
the magnetic field.
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Figure 2: Sketch of a hit triplet in the bending plane of a uniform
magnetic field. The blue solid line shows the solution for A¢ = 0
(zero kink angle); the brown dashed line shows the zero curvature
solution (k = 0). The triplet parameter ® corresponds to the kink
angle of the zero curvature solution, and is related to the bending
angle of the zero kink angle solution via ®(aA¢—g) = 2.

the 3D radius Rsp = k!, leading to marginally different
numerical results for MS fits.

The four linearization parameters P, O, pe and pg are
fundamental parameters, which describe the curvature de-
pendence of the triplet kink angles. In the small bending
limit, x — 0, the fundamental triplet parameters ® and
O can be interpreted as central angle of the hit triplet
(see for <i>) The parameter py is always negative
and its absolute value can be interpreted as effective arc
lengths of the triplet, as will be shown in The
parameter pg is a small correction factor and has no simple
geometrical interpretation.

2.2. Representation of Hit Position Errors

In the hit positions and their uncertain-
ties are given in global coordinates. However, using local
detector coordinates is often simpler and more intuitive
if it comes to hit position uncertainties. Without loss of
generality, a transformation into local hit coordinates:

fk —)f]é :Tk(fk) (10)

is possible, where the position of each hit, k, is described
by local bases (i, Uk, Wx). In case that the bases are or-
thogonal, local hit residuals are obtained from the trans-
formation:

—

5r = Qi ATy, (11)

with Az = 2% — f,?t being the hit residuals in global

coordinates, and Qk being an orthogonal (rotation) ma-
trixﬁ The corresponding covariance matrix in local coor-
dinates is given by:

~

V! = Gk Vi Q. (12)

6 A transformation into local detector coordinates is highly con-
venient when the directions of hit position errors are uncorrelated,
which is normally the case.
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Figure 3: Illustration of the kink angle variation Afy;; and Ady;t, at
the scattering layer k for a variation of the hit position in layer k—1.

The variation of a hit position leads to a change of the
kink angles as shown in In practically all track-
ing devices, the hit position errors are significantly smaller
than the distance between the hits (tracking layers), and
the kink angles only weakly depend on the hit positions.
The hit position-induced kinks can then be parameterized
using the linearization ansatz:

(13)
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with i_i¢k and H@k being three vectors defined as directional
gradients of the three hit positions:
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The directional hit gradients can be determined numeri-
cally by shifting the hits by 1-sigma of the hit position error
into the three orthogonal directions and re-calculating the
triplet parameters.

Finally, the MS angles of a triplet entering
are expressed as function of the four fundamental triplet
parameters, the 3D curvature and the hit position-induced
kinks:

Ors = O + po ki — A (17)
dums = D+ py ki — Adie. (18)

For the general fit of a single triplet, a total of 23 pa-
rameters are required. These are the four fundamental
triplet parameters, the 3 x 3 components of the hit gra-
dients, the corresponding hit position errors, and one ma-
terial parameter. For MS fits where hit uncertainties are
neglected, the number of parameters reduces to only five.



3. Global Triplet Track Fit

Using the triplet parameters and the local hit coordi-
nate representation introduced in the last section, the y?2

function (Equation 1)) can be re-written as:

~ 5\ 2
L P (O 4 o kg — Abhie 5 (0)
Xz(’{a 5) = E ( o2 )
=0 [GVEW]

) N2
. ni—ﬁ‘ (<I>j + Py, @2— A¢hit,j(5))

j=0 Tbms,i
Npig—1 Lo -1

+ Y SV b (19)
k=0

The fit parameters are the 3D curvature, x, and the residu-
al 8 = (00,01, ., 0n,—1) . The 3D curvature, x is here
defined with respect to a reference magnetic field, By,
according to:

¢ _ F _ N

p B Brcf B Bj7

(20)

with B; being the local magnetic field strengths at triplet j.
Note that for inhomogeneous magnetic fields, the field de-
pendence of k can be “absorbed” by the p coefficients in
by replacing: p; — p} Bret/B;. In the fol-
lowing, it is assumed that such an replacement has been
made.

In [Equation 19] the momentum dependence of the MS

uncertainties (og,,; and o4,) is deliberately neglectecﬂ
in order to have at most quadratic terms as function of
k and 8. To bring in a more legible form,
it is convenient to define two vectors, which contain all
fundamental triplet parameters of a track:

p = (pony - )T

¥ = (O, ..

bl p@nhit,‘g; pd)o, ceny p¢”hit*3
’ ®nhit*3; (I)o, cey (I)mmf?))—ra
and whose length is twice the number of triplets. More-

over, precision matrices are defined for MS and hit position
€rrors:

)

. 1 1
Dys = dlag< 5 s ey T3 ;

O0ris,mnis—3

1 1
2 s ter s T o )
T pms,0 T pas mnic—3

5 -1 - —1 - -1
. 7/ ¥4 7/
diag <V0 VLV )

Su
=%
o+

Il

"Here (and in the following), bold symbols refer to vectors (low-
ercase variables) and matrices (uppercase variables), either in hit or
triplet space. Furthermore, within this work two different transposi-
tion signs are used. The ? operator acts on Euclidean space, whereas
the T operator acts on both triplet and hit space, also including all
directions of the hit position errors.

8Neglecting the momentum dependence by setting oyg constant,
leads to a small momentum bias in track fits for MS-dominated par-

ticles, see also [Section
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Figure 4: Sketch of the rectangular matrix H. The horizontal block
structure originates from the three directions of the hit position er-
rors. The vertical block structure originates from the two projections
of the MS angular error. Only elements in the blue and turquoise
bands, which originate from the three hits contributing to a triplet,
are non-zero.

Dys and l_jhit are diagonal matrices, whose ranks are
2 Nriplet and 3 npits, respectively. Elements in the MS pre-
cision matrix Dyg are partially related, since:

(21)
(22)

O0ms,j = OMS,j»

Opus,j = Owms,j/ sinby,

with owmg,; being the MS angular error (Equation 3)) of

the j* triplet and éj being the corresponding estimated
average polar angle in the MS process. The 1/ sin 9} factor
in is a geometrical factor originating from
the chosen spherical coordinate representation. Note that
the 1/sin éj term is treated as a constant, since it enters
only as a weighting factor to the fit and the corresponding
propagated polar angle uncertainties are negligible.

To collect all hit gradients, defined by [Equation 15 and
a hit gradient matrix (Jacobian) is defined,

according to:

— -(0 - 1it_3
H = (hé ), ey h(gm );

where the vectors ﬁéj) and ﬁg) are defined in hit-space
and collect all hit gradients of triplet j:

R = (BB B ),

Nhit —1
U () 7G) 2 (j)
hy = (h%,hm,...,h%n_l).

Note that only elements with the indices k = j, j+1, j+2
(this are the hits forming the triplet) are non-zero. The
matrix H has in total 2niplet X 3npie components; its

structure is sketched in



The x? function (Equation 19)) then reads in compact

form:
o oo\ T .
’(k,0) = (\Il+p/£—H5) Dys <\Il+pf-£—H5)
48 Dui s (23)

Minimizing results in a system of linear

equations:

—p "Dy ¥
PrMs™ ) = (24)
H Dys ¥
p' Dysp —pDys H ( K )
- T 3 - T — <
~H Dysp Dy +H Dus H Y

Solving the system above yields for the 3D curvature
and its variance:

T
p KU

Rmin = —m7 (25)
1

A (26)

O Kmin pTKp’

with K being the triplet precision matriz. Its inverse, the
covariance matrix, is defined as:

K™' = Dy + HDh%H : (27)
K! combines the MS and hit position covariance matri-
ces and is called triplet covariance matriz. Inversion of the
triplet covariance matrix is trivial in case of dominant MS

errors since DKAIS is diagonal (see also [Section 3.2). The
inversion is more involved if spatlal hit uncertamtles con-

tribute. Note that the matrix HDh tH has a 2 x 2 block
structure with penta-diagonal sub- matrlcesﬂ

The residuals and the corresponding covariance matrix
are calculated as:

o 3 o7
5min = DI;%H Kp \Ila (28)
= - 2 o7 S 3
Covs,, = Dy — Dyl Ko H Dy, (29)
with
K - (K- Kpp' K (30)
P p'Kp )’

Note that the matrix K, only exists for det(K
Finally, the fit quality is given by:

) #0.

(p' K¥)*
p'Kp
UK, (31)

Xoin = 'K® —

9The penta-diagonal structure of the sub-matrices can be ex-
ploited for large matrices where the computational effort for the
inversion scales linearly with the number of hits (tracking layers).

The first term in the first line accounts for the kink angles
of the infinite momentum solution whereas the second term
describes the improvement of the fit quality by fitting the
hit positions and the 3D curvature. The second line of
suggests that K, can be interpreted as post-
fit precision matrix for the kink angles.

Note that with [Equation 25| and |[Equation 28| the tra-
jectory is fully determined from the first to the last hit.

8.1. Global Fit for Dominant Hit Position Errors

In the limit of dominating hit position errors, the MS
errors can be neglected: ||Dys||™' — 0. The solution
looks very similar to the general case discussed above, and

is given in for completeness.

2. Global Fit for Dominant MS Errors

In the case of dominant MS errors, the hit position
errors can be neglected. By replacing the triplet covariance
matrix by the MS covariance matrix, K — Dyg, one
obtains for the curvature and its variance:

-
p Dus ¥
vy = —BTMS T 32
. p " Dyis p (32
1
2

= —— 33

Trms pTDMSp’ ( )

and for the fit quality:

(p" Dus )2

2 T
— U Dy ¥ —
X M p  Dys p

(34)

Due to the diagonal form of Dyg, the global track cur-
vature and the fit quality can be written as simple error-
weighted sums of local triplet quantities:

Ntriplet — 1

2 ks,
KMS = O-HMS Z 2 ? (35)

j=0 U“MS,J’

Triplet — 1
1 1
2 T Z 2 (36)
(o2
KMS 3=0 KRMS,j

Ntriplet — 1 Ntriplet — 1
HMS - KMS,])

2
Z XMS]+ Z 2

Okwms, )
(37)

2
XMs =

where the indexed parameters denote the results obtained
from the local triplet fits, which can be given in analyti-
cal closed-form (see . Note that the fit quality
has two terms: a sum over the individual
triplet qualities and a weighted sum over the curvature
residuals (curvature consistency ternﬂ.

10The combination of triplets using the MS fit was first discussed
in Ref.[7] (Equation 39 therein) where, however, the curvature con-
sistency term is not given.



Fit Quality Relations
For dominant MS errors, the following inequality can

be derived from [Equation 37
Nriplet — 1

2 2
XMs = Z XMs,j-
j=0

(38)

By summing up the individual triplet fit qualities an lower
limit on the global track fit quality is obtained.
can therefore be used to reject bad track candidates
already at triplet level, thus accelerating track reconstruc-
tion.

The fit quality of the MS fit is also related to the quality
of the general fit:

(I<L i —KJMs)z T 3 =
Niin = Xt + e = 8, P o, (39)
KMS
with

—
=

o T _. 3
P = H Dys H + Dy (40)

being the adjoint triplet precision matm’aﬂ which has the
rank 3npi;. As non-zero hit residuals can only result from
a y2-improvement, the MS fit quality poses an upper limit
for the general fit quality:

Xr2nin < XIQ\/IS (41)

This relation is of high relevance for fast track finding:
Since the computational effort for the MS fit is signifi-
cantly lower than for the general fit, which involves matrix

inversion, it is often advantageous to perform the MS fit
first, see discussion in

3.3. Large Hit Position Uncertainties

Results obtained with GTTF linearization ansatz (Equa-
[tion 8| and [Equation 9| are only valid if the hit position
uncertainties are small compared to the distance of track
layers, and so-called rotational triplet uncertainties can
be neglected. However, these rotational uncertainty can
be significant for strip detectors. Correction factors to in-

clude this uncertainty are given in

3.4. Track Parameters For Track Extrapolation

The output of the GTTF are the curvature (momen-
tum) and all hit residuals. These parameters define the
full trajectory, from the first to the last hit. For track ex-
trapolation or vertexing, also the track direction and the
corresponding covariance matrix need to be known. Both
are position depend and, in general, complicated functions
of the hit positions and the curvature.

For the special case of a uniform magnet field, the cal-
culation of all track parameters and the corresponding co-
variance matrix is shown in The track pa-
rameter calculation is very similar for other magnetic field
configurations.

HThe triplet precision matrix K and the adjoint triplet precision

=P =R
matrix P are related by: P~1H Dyg = D};iH K.

8.5. Additional Material in Tracking Volume

Additional material, which affects the particle trac-
jectory by MS or energy loss, can be easily included in
the GTTF by introducing so-called pseudo-hits in pseudo-
tracking layers. Pseudo-hits can be calculated by inter-
secting an already existing, approximate solution of the
trajectory with the material layer, and by assigning (suf-
ficiently) large hit position uncertainties. It can be easily
proven that the fit result remains stable as the hit uncer-
tainties in the pseudo-tracking layers approach infinity.

4. Local Triplet Fit

The local triplet fit represents the simplest solution of
the GTTF, and is highly relevant for seeding track recon-
struction and filtering. The solution is readily obtained
from Equations [25]|to For a triplet, the covariance ma-
trix, K1, reduces to a 2 x 2 matrix. The elements of this
local covariance matrix, defined as

—1 [ Tee™ Tyy
Kloc - < F9¢ F¢¢* ’ (42)
are given by:
Fea* = Tho + Ung,k
= Z ﬁgkvlé ﬁgk + Jngyk , (43)
k € triplet
F¢¢* = F¢¢ + U?IﬁMs,k
=Y Vihg + 03, (44)
k € triplet
Tos = Y. hg,Vihg, . (45)
k € triplet

The solution of the local triplet fit is a function of those
I' parameters, and the 3D curvature and its variance are
given by:

Rloc =
_ OpeTye” + P pyTue”™ — Toy (Ppo + Opy) (46)
2Ths" + p2To0" — 200 po L, ’
Py Los Py Loo Po PpLog
* * 2
o2 = Too” Too” — Too : (47)
Hoe Ps Loo™ + p5T00™ — 2pg polg
For the local fit quality, one obtains:
2 (©ps — Ppo)®
X2 = . 48
¢ p3Tye” + p2To" — 2p6 po Tog (48)
Furthermore, the residual vector of hit k is given by:
- = (po he, — poh
61@,10(: - Vkl (pe on p¢ ek) X120c‘ (49)

(pe® — ps®©)



The covariance matrix of the residuals can be written as:

- T
= = 0loc O
Covs = Dyl — —cjlee, (50)
X
The first term in contains the pre-fit hit po-
sition errors, whereas the second term describes their im-
provement by the track fit.

Special Cases for Local Triplet Fits

In the case of dominant hit position errors, the follow-
ing substitutions are applicable:

Fgg* — Fg@, (51)
F¢¢* — F¢¢. (52)

In other words, one obtains the same fitting formulas as for
the general triplet fitting by simply removing the * from
all equations.

For dominant MS errors, the following substitutions
are applicable:

Too™ — 05, (53)
Lps* — 03, (54)
Tyy — 0, (55)

and the local triplet fit formulas (Equation 46| to [Equa-|
tion 48) further simplify. The hit residuals (Equation 49)
vanish by definition and the 3D curvature (Equation 46

simplifies to:

<i>sin2é+ 9(:)
T (56)
py sin” 0 + pp

Note that is independent of the angular MS

error, and therefore does not depend on the amount of
material at the scattering layer.

5. Momentum Bias in Track Fits

The tracking model used by the GTTF and other stan-
dard fits, such as the Kalméan Filter and General Broken
Lines, is the same; they all include hit position and MS un-
certainties. The only difference is the way how the tracking
model is implemented or how linearizations are performed.

Due to the momentum dependence of the MS uncer-
tainty, see a fitting bias towards higher mo-
menta (smaller curvatures) naturally arises in all track fits.
The reason is that the estimated MS angular errors (og,q
and 04, in are smaller for high momentum
tracks than for low-momentum tracks. This bias is an in-
herent property of track fits that include MS uncertainties
and where the particle momentum is a fit parameter.

The analytical form of the GTTF solution facilitates
the study of fitting biases. Below, a detailed study of fit-
ting biases is presented and a method for bias mitigation
is proposed.

5.1. Curvature Pull Distribution

One way to check the goodness of a fit is by study-
ing the pull distributions of the fitted parameters. The
curvature pull for fit 7 is defined as:

Ki — Iitrue

g(k)i = ———. (57)

[

’

For a fit with statistically correct estimates of x and o,
the arithmetic mean of the pull distribution is expected
to vanish, IE[g(x)] = 0, and the variance is expected to be
unity, Var[g(x)] = 1. In the following, the pull distribution
is studied for the Local Track Fit and the Global Track F'it
in a scenario where MS errors dominate.

5.1.1. Curvature Pull in the Local Track Fit

For a single triplet, the curvature pull can be calcu-
lated by smearing the particle momentum with a Gaussian
distribution and recalculating the curvature error from
the smeared quantity. For small curvature errors, i.e.,
02 < Kk?, one obtains:

| s |
— M5 58
> (58)

Elg(r)] ~

The expected curvature pull is shifted toward smaller cur-
vatures (corresponding to higher momenta). It is interest-
ing to note that the curvature itself is correctly fitted, i.e.,
[E[x] = x"™°. Since the bias of the curvature pull distri-
bution is caused by the a priori unknown MS uncertainty,
this effect is henceforth referred to as MS normalization
bias.

5.1.2. Curvature Pull in Global Triplet Track Fit

For dominant MS angular errors, the 3D curvature in
the global fit becomes a weighted sum of the local triplet
fits (see [Section 3.2)). Due to the MS normalization bias
discussed in the previous section, high momentum triplets
receive a higher weight in the fit than low-momentum
triplets. This leads to the so-called weighting bias of the
curvature.

For demonstration, the weighting bias has been studied
for a simple detector geometry with equidistant tracking
layers. Using a toy Monte Carlo, the following relation
was empirically found for the weighting bias:

2

] — st = — (2 — ) Trws (59
TNtriplet K

with n¢riplet being the number of triplets combined. The

weighting bias depends quadratically on the curvature er-

ror and is negative.

All together, the pull distribution is in-
fluenced by two effects: the weighting bias, which leads to
a shift in the curvature, and the MS normalization bias,
which creates an asymmetry in the pull distribution.



5.2. Bias Mitigation in the Global Triplet Fit

The size of the bias depends on the accuracy with which
the MS uncertainties are known prior to the fit. For the
global fit, there are several options to calculate the MS
angular errors that enter the MS precision matrix Dyg
(listed in order of increasing precision):

e from triplet parameter based estimates of the cur-
vature (momentum), for example using the simple
relation: k%' = ®/p,,

e from locally fitted curvatures derived before the global

fit, k®' = ki (Equation 46)),

e by repeating (“updating”) the global fit (Equation 25|
or [Equation 32)), where the MS angular errors are

calculated from the curvature obtained in the first
fit: kot = Kgloba1<18t ﬁtﬂ

Since the global fit has a significantly higher precision than
the local fits, the bias is significantly reduced by using the
third method. The downside is that the precision matrix
K must be re-calculated (matrix inversion) after updating
the MS angular errors, essentially doubling the computa-
tional effort.

Note that the same fitting bias also occurs in the KF.
However, due to the gradually increasing momentum preci-
sion, the bias in the KF in smaller compared to the GTTF
without updating. After the final smoothing step (KF)
and update of the MS uncertainties (GTTF), the fitting
biases of both methods are expected to be identical, as
they use the same MS uncertainties as input for the track
fit.

5.3. Regularized MS Fit

The weighting bias of the curvature can be reduced by
explicitly including the momentum dependence of the MS

angular errors (Equation 3|) in the fit. If included, mini-
mization of the general x? formula (Equation 19) yields a

system of equations that contains non-linear x? - 6 terms,
which is difficult to solve. However, since the bias is mainly
relevant for the case of prevailing MS errors, hit position
errors are ignored in the following. The MS precision ma-
trix can then be replaced by a new matrix that depends

only on the MS parameters, defined in

1 .
DMS — 7BM5, with
K
. 1 1
B\s := diag R ;
MS,O MS,nh;t—B
sin? fg sin? 6, ., 3
5 s s T .
sz,o sz,mm—?,

12The updating of the GTTF corresponds to the smoothing step
of the KF.

The fit quality after linearization then reads in compact
form:

(¥ +pr)" Bus (¥ +pr)

Xlz\/[Srcg(H) = K2 ) (60)
and minimization of above equation yields:
U Bys ¥
reg — T T T 1 a0 1
FMsreg p'Bns ¥ (61)
2 _ (¥ Bus®p (62)
KMSreg (pTBMS \11)4 :
Finally, the fit quality is given by:
T 2
2 T (p' Bus ¥)
reg = B - 63
XMsSreg = P Bus p ¥ By ¥ (63)

For completeness, formulas for the regularized local triplet
fit are given in

The regularized MS fit has the advantage that the cur-
vature pull distribution is free of bias, see An-
other advantage is that the fit depends only on the MS
parameters (Bys), and no longer on the estimated MS
errors (Dwug). Therefore, there is no need to estimate the
MS angular error before (global) fitting.

5.4. Comparison of Reqularized and Unreqularized MS Fits

The biases of the regularized and unregularized MS fit
are quantitatively compared using an example: A relativis-
tic particle with a momentum of 300 MeV /c is simulated
in a uniform magnetic field of 3T using three tracking
layers over a total distance of 60 mm. The material thick-
ness of the middle tracking layer corresponds to 2% Xj.
Assuming that hit position errors are negligible, the cor-
responding relative curvature (momentum) resolution of
this setup is about 23 %.

A comparison of the two fits reveals contrasting results:
For niiples = 1, the unregularized MS fit has a mean curva-
ture pull of —25 % (towards higher momenta), see[Figure 5]
which further increases if more triplets are combined. The
regularized MS fit has no pull, as expected. The negative
curvature pull of the unregularized MS fit is a combined
effect of the MS normalization bias and the
weighting bias (Section 5.1.2)), which can be described by
a function that adds both sources quadratically, resulting

in:
2
_[8nF =5+ 4 guy
n Klrue )

As shown in|Figure 5| [Equation 64]describes the simulation
data reasonably well.

In the curvature bias of both fits is shown.
For ngriplet = 1, the unregularized MS fit has no curvature
bias. However, the regularized MS fit has a relative bias of
+5% (towards lower momenta). This positive curvature
bias compensates for the negative normalization bias, so

IE[gn] =

(64)
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Figure 5: Simulated mean curvature pull (Equation 57) as function

of the number of triplets for a relative curvature (momentum) reso-
lution of 23 %. The results are shown for regularized (blue squares)
and unregularized (red points) MS fits. The statistical errors are of
the order of 1 per mil. The data points are compared with empirical
functions. See text for more explanation.

that the pull distribution of the regularized MS fit is free
of errors.

Of particular interesting is the case when several triplets
are combined (ngriplet > 1). For the unregularized MS fit,
the weighting bias causes a shift towards negative curva-
tures (see 7 which increases with ngipler and is
quantitatively described by For the regular-

ized MS fit, the curvature bias decreases, according to:.

2
1 R MSre
IE _ true — I\/ISrag. 65
[KMSreg] — K Triplet 11U (65)

Note that already for nyiplet = 2, the (positive) bias of
the regularized MS fit is smaller than the (negative) bias
of the unregularized MS fit.

As demonstrated for the discussed example, both the
MS normalization bias and the weighting bias can signif-
icantly deteriorate the curvature measurement if the un-
regularized MS fit is used. Therefore, preference should
be given to the regularized fit if MS uncertainties domi-
nate, since the unregularized MS fit requires an update to
reduce the fitting bias.

6. Calculation of Triplet Parameters

The triplet parameters are the input for the global and
local triplet fit ([Section 3|and [Section 4)); they are detector-
specific and depend on the tracker geometry and the mag-
netic field. In this section, the four fundamental triplet
parameters (<f>7 o, ps and pg) are calculated for the most
commonly used detector design, which features tracking
planes within a uniform solenoidal field (Section 6.1]). In
section the case of zero magnetic field is dis-
cussed and formulas for measuring the particle momentum
just through MS are given.
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Figure 6: Simulated relative bias of the curvature, IE[kMgreg] /K" —

1, as a function of the number of triplets per track for a relative
curvature (momentum) resolution of 23 %. For more information,

see caption of

A gap spectrometer dipole as well as an algorithm
for determining the triplet parameters for any (inhomo-
geneous) magnetic field, are discussed in appendices (Ap-]
[pendix E|and [Appendix FJ.

6.1. Uniform Magnetic Field

A sketch of a hit triplet in a uniform magnetic field is
shown in The z-axis of the spherical coordinate
system is aligned with the magnetic field direction, and
the z-y plane is the bending plane. In this plane, the line
connecting hit 0 and 1 (hit 1 and 2) defines the azimuthal
chord angle ¢g1 (¢12), according to:

(66)

o1 = (@1 — To), P12 1= (T2 — 271).

The polar angles, 6p; and 62, are defined in the longitu-
dinal s-z plane as:

201
acot| — |,
501

with sg; and s12 being the transverse arc lengths of the
first and second triplet segment, respectively. The corre-
sponding bending angles, ®y3; and P15, are related to the
transverse arc lengths via

901 : (67)

. So1 — L S12 —
Do == —— = S01 kLys P2 = 5= = S12 KL,
Roq Ri2
(68)

with K1 ,, = £/sin(6p1) and k1 ,, = x/sin(f12) being the
transverse curvatures of the two segment

13Here and in the following, arcs indicate segment curvatures,
which always have two indices indicating the connected hits.



Figure 7: Hit triplet in a uniform magnetic field in the z-y bending plane (left) and the s-z non-bending plane (right). Hit positions are given
by the three points Zo, £1 and Z2. Ro1 and Rj2 are the transverse bending radii before and after the middle layer. sp; and s12 denote the
transverse arc lengths and ®¢9; and ®12 the corresponding bending angles. JM and le denote the transverse distance vectors between hits in
the transverse plane and ¢g1 and @12 are the corresponding azimuthal angles. A¢ is the kink angle in the bending plane. In the non-bending
plane, zp1 and z12 define the longitudinal distances between adjacent hits, 6p; and 612 the corresponding polar angles and A#@ is the kink

angle. Modified from Ref.[7].

With above definitions, the kink angles in the bending
and non-bending plane are given by}

Do + P2

A
¢ .

Ad

(69)
(70)

(8012 - 8001) -
012 — o1

In a uniform magnetic field, the bending angles @y
and polar angles 0y fulfill the following relations [7]:

. (blck’ 1 sin2 ((I)kk’/2)
Sln2 T = 1 /<E2 dik/ + K/z Z]%k" T, (7].)
1 ’
sin O = 3K dkr Cosec(2 :ozk;kk/ ), (72)

where k and £’
segment.

Above equations are transcendent and have multiple
solutions, in general. For the hit triplets considered here,
only the solution with the smallest bending angle is rele-
vant. Instead of solving the equations above numerically,
[Equation 71|and |Equation 72|are solved with the lineariza-
tion ansatz introduced in [Section 2.11

For the linearization, the triplet trajectory with A¢ =
0 (no kink in the bending plane) is chosen as the reference
and will be referred to as the circle solution and denoted
by the superscript “C” hereafter. The circle solution serves
as a suitable reference for linearization, provided that the
MS angles are not too large. The transverse curvature of

the circle solution, k¥, is readily obtained from the three

denote two consecutive hits that delimit a

14Note that different symbols are used for denoting azimuthal an-
gles: ¢ is used to describe relative hit positions, ¢ is used to describe
the track direction, and @ is used for bending angles.
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triplet hit positions 0, 1, 2:

2 sin(<p12 — 4/701)

C
Ky = 73
§ 12 @
_ @ =) x @ -~ 7). -
do1 di2 do2
Here, dgp = |[(Z%, — @) )|| are the hit distances in the

transverse plane. For the circle solution, the bending and
polar angles are given by:

diw KC
@Sk, = 2arcsin (kaﬁl> , (75)
Zkk! sin ((I)C //2) Zkk’ HC
cot 05, = kk = L 76
kk dkk:’ ¢Skl/2 (I)%k/ ( )

with indices kk’ = 01 for the first, and kk’ = 12 for the
second segment.

By using the linearization ansatz of and
the four fundamental triplet parameters are

eventually obtained:

o = %(‘I)(% ngy + @ n%), (77)
6= 9102 - 9631
+ (1 —ny) cot 5 — (1 — ngy) cot b5y, (78)
1 oG g, P nh
Po = 24C < sin 65 sin 6%, ) ’ (79)
p= (108 O - ag) 2. )

The fundamental triplet parameters depend on two index
parameters, nS; and n{,, which were first introduced in



Ref.[7] and reacﬂ

-1
ny t% sin? 6%, + cos? H,Sk,) . (81)

I X
—% co
(%
Note that the index parameters might become singular for
recurling tracks, i.e., |<I>gk,| > 7. In that case, the corre-
sponding track segment provides an excellent momentum
resolution as MS uncertainties vanish in first order [7].

6.1.1. Small Bending Limit

In the limit of small bending angles, ®xr — 0 (e.g.
high momentum tracks) the index parameters approach
unity, ng,, — 1. The fundamental triplet parameters then
simplify to:

lim & = P12 — o1, (82)
r—0

lim é = 92 — 91, (83)
k—0

. 1 2 2 L. =
ilg})qu: _im = —§||$2_$0||7 (84)
:llg%) po = 0. (85)

In this limit, the parameters © and ® become the triplet
kink angles, the ps parameter becomes half the negative
chord length of the line connecting the first and third hit,
and the pg parameter vanishes. All fundamental triplet
parameters are very simple functions of the triplet geom-
etry in this limit.

6.2. Triplets in Zero Magnetic Field

In the case of zero magnetic field, the triplet trajectory
is described by two straight lines with a kink. Although
the momentum cannot be measured via the Lorentz force
(both triplet p-parameters are zero), the amount of MS
at the middle tracking layer can be used as an indirect
measure of the momentum. The compatibility of the kink
angles with MS theory can be tested using the relation:

Xi/[s(B:()) = ‘I'TDMS(p) . (86)

Here hit position errors are neglected for the sake of sim-
plicity. Because of the momentum dependence of the MS

errors: oys & 1/p, the right side of [Equation 86| can be

rescaled:
(87)

where pg is a reference momentum that can be freely cho-
sen. Minimizing above equation is not a promising strat-
egy as this would result in p = 0, an unphysical solution.
A better approach is to “calibrate” the momentum such
that the y2-value per degree of freedom is 1. This method
works reliably for a large number of triplets (hits).

15The index parameters were called a1 and az in [7].

12

For each triplet, the momentum is the only degree of
freedom. After summing over all triplets, the expected
mean value of the x? distribution is IE[x?] = nyiplet and
the expected variance is Var[x?] = 2niplet. The best esti-
mate for a momentum estimation is therefore given by the
condition:

X%/IS(B:O) = Ntriplet, (88)
resulting in:
TNtriplet
PMS(B=0) = PO/ =F =, > (89)
= ¥ Dys(po) ¥
2ntriplet
T(Pis(B=0) = P =T (90)
ME=0 * @ Dys(po) ©
Both equations can be combined to:
21’%45(3:0)
sPsp=0) = — - (91)

Ntriplet

As expected, the relative momentum resolution o(p)/p im-
proves with 1/, /Mriplet-

In the presence of hit position errors, the same method
can be used by making the following replacement (see also

Fquation 27)):

no

Dys(po) ™t — K" = Dus(po) ™" + ﬁﬁﬁéﬁ

Sl

However, as the momentum determines the relative weight
between MS and hit position errors, the solution needs to
be determined iteratively.

Above method can be used for time projection cham-
bers or spectrometers, where trackers are located outside
the magnetic field region, like the LHCb experiment [15].

7. Energy Loss Correction

Any tracking detector causes energy losses of parti-
cles through ionization. For electrons and positrons, also
Bremsstrahlung has to be considered. The expected en-
ergy loss depends on the effective path length in the mate-
rial, which is the same as used for the calculation of the M'S
parameters , and is already known at triplet
level.

For thin tracking layers, the corrections to the track fit
are typically minor. A simple method to consider small
expected energy losses is discussed in for the
local, and in for the global track fit. For thick
tracking layers, however, energy straggling might be sig-
nificant, requiring a combined fit of the track parameters
and the energy losses, which is presented in

For the sake of simplicity, it is assumed that the par-
ticle is highly relativistic, such that the relation p ~ E
can be exploited. Furthermore, the calculations below are
performed for a uniform magnetic field.



Figure 8: Sketch of a particle trajectory (red solid line) with energy
loss at the middle triplet layer in a uniform magnetic field. The track
curvatures of the segment before and after the energy loss are denoted
by %o1 and k13, respectively. For comparison a trajectory without
energy loss is shown, which also connects all hits (blue dashed line).

7.1. Energy Loss Correction in Local Fit

A hit triplet with hits k = {0,1,2} is considered. The
energy loss at the middle tracking layer Ag, changes the
3D curvature, s, and the trajectory as sketched in
Under the assumption of small energy losses, Ap, <
qB/ko1, the curvature change is given by:

Ap, —2
qB 01 »

—

Ak| = Rig — ko1t = —o— (93)
with ko1 and k13 being the curvature of the first and second
segment, respectively, and Ak being the curvature change
at the hit position &k = 1. The curvatures before and after
the energy loss are related to the solution of the triplet fit

without energy loss, kg, through:

S12

kol = ko — — Aky, (94)
502

K12 = Ko + fA/ﬁ (95)
502

Due to the curvature difference between the two segments,
the azimuthal track angles are rotated with respect to the
Ary = 0 (Ag, = 0) solution. Using the notation from
the rotations in the bending plane at the three
hit positions are given by:

Ador = ¢ — b1 = + %Am sind, (96)
Adio= 61" — b = — 5 Awy sind, - (97)
Adiz = ¢t — dra = — 831322 Ak sinf), (98)
Ado1 = ¢ — o1 = Sglszz Ary sinf, (99)

with ¢kAk":1 and ¢ being the azimuthal track angles with
and without energy loss at the middle hit position, respec-
tively. Note that the angles ¢19 and ¢15 change in the
same way; thus the kink angles and the fit quality of the
local fit are not affected by the energy loss, in first order.
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7.2. Energy Loss Correction in Global Fit

The expected energy losses at the detection layers are
assumed to be known, for example by calculating the ex-
pected particle-specific ionization loss from the material
distribution. The energy losses are then treated as fixed
parameters in the global fit.

The curvature of the segment ki can be expressed by
the curvature of the first segment, ko; and the sum of all
curvature changes at the detector layers:

k

p— —
Kkk' = Ko1 + E Aky.
=1

(100)

For triplet k, the relation between triplet curvature and
segment curvature (compare [Equation 94)) then reads:

Sk' k!
Sk

—

Kj=k = Kkk' +

Ak, (101)
where the convention ¥/ =k’ +1 and k¥’ = k + 1 is used.

Furthermore, an integrated energy loss at the hit posi-
tion k is defined as:

k
I = > Ap,. (102)
=1
Using the approximation:

;R — 103
Kkk ko1 + 4B Kot s (103)

the triplet curvature at triplet j can be written as:

— Iy —

2 (104)

Kj N Kol + —5 K R

j=k 01 B 01
Here, I7 denotes an effective integrated energy loss, de-
fined by:

Sk k!
Skk’

Ag,, (105)

which takes into account the energy loss inside the triplet

ju see [Equation 101

In this global fit, the first segment curvature kg; is
chosen as fit parameter. In order to avoid higher order
terms of ko7 in the fit, is linearized using the
ansatz:

Roi” = &2 + 2(Roi — ;) + O ((Roi — #;)?),  (106)

with &; being the curvature obtained from the local triplet
fit without energy loss.

in linearized from then reads:
(107)

By comparing [Equation 107] with the linearization ansatz

in [Equation 17] and [Equation 18| one sees that the energy

loss inside a triplet corresponds to a change of the triplet




parameters. The linear relationship between x; and ko1
enables the use of the global track fit formulas presented in

[Section 3| to include energy losses, by making the following
substitutions:

I*

©; = 05=0; — py, q—JB/%?, (108)
N 5, s IJ’-‘ 5

(I)j — P = (I)j — Po.j quH‘P (109)
, 21

Poj = Po;=poi |1+ B ) (110)
, 21']* )

Pog = Pog = Pei |1+ B i) (111)

With above re-interpretation of the fundamental triplet
parameters, energy corrections can easily be included in
the global triplet track ﬁﬂE

7.8. Combined Track and Energy Loss Fit

For thick tracking detectors, energy straggling might
be significant, motivating to include energy losses in the
tracking layers as additional fit parameters. Energy losses
have usually non-Gaussian tails. However, for the sake of
simplicity, a normal distribution is used to derive the fit
formulas.

A difficulty arises from the quadratic curvature depen-
dence of the curvature shifts (see e.g. that
creates non-linearities in the ﬁdﬂ This problem can be
tackled either by using the linearization ansatz from the
previous section (Equation 108 to or by re-iterating
the fit. In order not to add too much complexity to the
discussion, it is assumed that the track curvature (momen-
tum) is known well enough, either from the local triplets
or a previous global fit, such that the curvature shifts can
be approximated by:

Ix

—_ 2

. — ~ —= 112
Kj — Kot B ; (112)

pre

with xpre being the curvature obtained pre-fit.
If hit position errors are neglected, the fit function
reads in matrix representation:

XQ(%L 5) = ETDloss €+ (113)
(¥ + proi — RAp) Dus (¥ + pioi — RAg),
with kg7 being the fit parameter describing the curvature

of the first track segment, Ap being a vector describing
the energy losses for each tracking layer, € being a vector

167t is important to note that the locally fitted curvatures #; should
only be used in above equations if they are reliably measured by the
triplets. An alternative strategy is to repeat the global fit, after
neglecting the energy loss in the first step, and using the curvature
result of the first fit as reference.

17This problem does not arise if the 3D radius Rsp = k is chosen
as fit parameter, as done in Ref.[7].
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(fit parameter) describing the difference between the fitted
energy losses and the expected energy losses, according to
e:= Ap— A%, and D), being the energy loss precision
matrix (inverse covariance matrix).

The relation between energy losses and kink angle shifts
is described by the matrix R, which is of size 2 nriplet X

Ntriplet, and given by:
_ Fre ( diag(py) = )
o5 \ diag(p,) = )

3 is a quadratic integration matriz, which sums up all
energy losses before the respective tracking layer:

(114)

1 it j>7

S s . . .

(E)jy =4 55, i i=7
0 if j<j

Note that the index j runs over all triplets and that the
energy loss in the very first tracking layer (k = 0) and the
last tracking layer (k = np;y — 1) are not accounted for in
the fit.

The minimization of [Equation 113|gives the result:

T
P Kloss \I’loss
Klos = ———ioss Zloss 115
PT Kloss P ( )
1
2
= = 116
Kloss pTKloss p’ ( )

with K¢ being the triplet precision matrix for the energy
loss fit, defined as:

K.\ = Dys + RD L R", (117)

and W, being a modified kink angle vector, which in-
cludes energy loss effects:

e = ¥ + RASP, (118)
The fit quality then becomes:
X12oss = \Ill—gss Ploss‘I}loss’ (119)
with
Kloss ppTKloss )
K, = |Kgos—————7F—]|. 120
Ploss ( 1 pTKloss p ( )

Above results are identical to the general fit that includes
hit position errors when the hit residuals are replaced by
the energy losses, and the matrix H is replaced by the
matrix R. Accordingly, one obtains for the fitted energy
loss vector:

Ap = AeExp + Dl_ois RT Kploss Wioss, (121)
and for the corresponding covariance matrix:
—1 —1 pT —1
COVE = Dloss - Dloss R KPloss R Dloss' (122)

It is straightforward to also include hit errors in the fit.



8. Triplet Fit Parallelization and Computational
Effort

The approach of splitting a set of hits into triplets pri-
marily aims to enhance the parallelizability of track fitting
and track reconstruction programs, which is especially im-
portant for high-rate experiments where the track recon-
struction is rate-limited. The GTTF has three steps: the
calculation of the triplet parameters, the local triplet fit
(optional filtering step), and the global triplet track fit.
The possible savings in computational effort through par-
allelization for each step are discussed below.

Triplet Parameters and Hit Gradients. Two main cases
can be distinguished. In the most general case (e.g. in-
homogeneous magnetic field) the triplet parameters need
to be derived from at least 2 x 4 track extrapolations per
triplet (seefor details), which are independent
and can be parallelized.

In case that an analytical solution for the triplet pa-
rameters exists (e.g. uniform magnetic field, see,
computationally expensive track extrapolations are not re-
quired. The determination of the up to 3 x 3 hit gradients
then only involves simple geometrical (re-)calculations. If
MS errors dominate, the calculation of the hit gradients is
not required. Since the triplet parameters of all triplets are
independent, the triplet parameter calculation can be fully
parallelized. Note that in track reconstruction tasks, each
triplet parameter needs to be calculated only once, even if
it belongs to several track candidates. This step can sig-
nificantly profit from parallel hardware architectures like
GPUs.

Local Triplet Fit as Filtering Step. Hit triplets are often
used as seeds in track reconstruction; an early filtering step
can be very useful to reduce hit combinatorics and speed
up processing time. The filtering step consists of calculat-
ing the local triplet fit quality and applying
a quality cut. Only for accepted triplets, the momentum
and its error need to be calculated to enable checking the
consistency of the momentum with other triplets. This
step can also be fully parallelized.

Global Triplet Track Fit. In the general case, where hit
position errors cannot be neglected, the inversion of the
triplet covariance matrix, K 1, is the most time-consuming
step, if the number of tracking layers is large. The limited
ability to accelerate this step highlights the importance of
the local triplet fit as an early filtering step. The situation
is different in case of dominant MS errors, where K ' is
diagonal, and full parallelization is possible. The global
fit quality, the track curvature, and its error can then
be easily calculated from simple sums, see Equations
to The computational effort is then marginal and
the required calculations can be efficiently implemented
on parallel hardware architectures like GPUs.
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Modern silicon pixel detectors offer superb spatial reso-
lution; and high-momentum particles — for which hit posi-
tion uncertainties dominate — are relatively rare in hadron
collider experiments. As a result, the GTTF can be imple-
mented in an almost fully parallelized manner. An inter-
esting aspect is the collection of filtered triplets and their
subsequent combination into track candidates, ultimately
forming a graph whose size depends on the purity of the
filtered triplets. Resolving triplet (hit) ambiguities is ac-
tually equivalent to disconnecting the graphs [16], a task
that can be efficiently tackled by GNNs [1I7] and cellular
automata [I8]. The latter has been studied in a recent
work in combination with the GTTF [19].

9. Tracking Regimes

The GTTF provides closed-form expressions for the
track parameters and the covariance matrix, enabling an
easy identification of the dominant sources of the track
parameter uncertainties, and an assessment of the mea-
surement accuracy of the triplet. By using a classifica-
tion scheme, which is described below, different tracking
regimes can be defined. For the classification, two new
quantities are introduced: the tracking scale parameter
and the curvature significance parameter. Both parame-
ters provide important input for accelerating track recon-
struction, see discussion in and can also aid in
optimizing tracking detector designs.

9.1. The Tracking Scale Parameter

The track parameter uncertainties are determined by
the triplet precision matrix K , which de-
pends on the triplet uncertainties 'y, and Iyy* (Equa-|
[tion 43| and [Equation 44)). These parameters combine hit
position and MS errors.

For each triplet, the relative fraction of the hit position
errors (variance) can be used to define two tracking scale
parameters:

T, I

2 PP 2 00

L = = Ly = < 123
¢ Id>¢> o ]:09 ( )

The values of ;14 and g are in the range from 0 for domi-
nant MS errors (low momentum regime) to 1 for dominant
hit position errors (high momentum regime).

The tracking scale parameters are of practical relevance
for track fitting. In the case that the tracking scale pa-
rameters are small (g < 0.15), the fast MS fit can be
usedﬁ, whereas in all other cases the general fit should be
used, which requires the inversion of the triplet covariance
matrix K. The tracking scale parameter thus defines
a criterion for determining whether the track fit can be
accelerated.

18For pi > pg (small bending), only the tracking scale parameter
g is relevant.



9.2. The Curvature Significance Parameter

The curvature significance parameter, £, is defined by
the ratio of the curvature over its error:

]

£ = (124)

| %

and quantifies how precisely the track curvature is mea-
sured. The parameter allows to distinguish between the
strong bending regime, £2 >> 1, where a precise momentum
measurement is possible, and the weak bending regime,
€2 ~ 0, where no momentum measurement is possible.

9.2.1. Dominant MS Uncertainties (u?> =0)

For a tracking detector in a uniform magnetic field,
the following relation is obtained if MS uncertainties dom-
inate:

2 52
RMS P
s = U & (125)
KMS oms

In the small bending limit (Section 6.1.1f), the last expres-

sion can be rewritten as:

a2

— 126
e (126)

s ~
with a being the length of the triplet in Euclidean space
(compare [Equation 84]) and bys being the MS parameter
Fquation 3. &g is independent of the particle momen-
tum and characterizes the tracking detector quality for MS
dominance. The requirement to measure the track cur-
vature with 30 significance corresponds to the condition
73 < 3, a criterion first formulated in Ref.[7].

It should be remarked that &yg is also related to the
fitting bias discussed in and that for &g < 10
significant biases (> 1%) of the momentum (curvature)
can occur.

9.2.2. General case
For non-negligible hit position errors (general case),

the curvature significance parameter (Equation 124) can

be generalized by including the tracking scale parameter

(Equation 123|):
§ = &us /1 — i

As expected, the curvature significance decreases as the
contribution of hit position errors increases (larger fis),
which corresponds to higher track momenta.

(127)

9.3. Examples of Tracking Regimes in Pixel Detectors

For illustration, the py and  parameters are calcu-
lated for several pixel detectors: the upgraded ALICE ex-
periment [20, 21], the upgraded ATLAS experiment [22],
and the Mu3e experiment [9]. These detectors are here se-
lected as they cover a wide range of particle momenta from
O(10MeV /c) at the Mu3e experiment up to O(1000 GeV /c)

1/
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Figure 9: Parameter space spanned by the normalized MS parameter
scale £ and the tracking scale parameter uy for various pixel tracking
detectors: ALICE ITS II inner and outer pixel tracking detector
(black), ATLAS ITK (blue) and Mu3e (red). The curves cover the
momentum range 0.1 — 100 GeV/c for ALICE, 1 — 1000 GeV /c for
ATLAS, and 10 - 53 MeV /c for Mu3e.

at the ATLAS experiment. Based on the detector descrip-
tion in the respective technical design reports, the tracking
regime parameters are derived from hit triplets in the cen-
tral tracking regions. The e - 1/€ parameter space for
the above mentioned pixel trackers is shown in
and discussed below.

ALICE Inner Tracking System (ITS II). The ITS II de-
tector [20] 21] is in operation since 2024. It consists of
three inner pixel layers with a radiation length of X/X, =
0.35% and four outer pixel layers with a radiation length
of X/Xo =1%. The distance between the inner pixel lay-
ers is only ~ 10mm, which, together with the relatively
moderate field of B = 0.5 T, results in a low curvature sig-
nificance of &g ~ 3.8, despite the small amount of track-
ing material. With the Inner ITS II detector alone, a 3o
measurement of track curvatures is only possible for very
low momenta (p < 150MeV/c). However, it should be
mentioned that the main purpose of the Inner ITS II de-
tector is vertexing and not the momentum measurement.

The situation is different for the Outer ITS II detector,
where the tracking layers are separated by about 80 mm.
The curvature significance for low-momentum tracks is
&vms ~ 18 and a 30 measurement of track curvatures is
possible for a single triplet up to 15 GeV/c, thanks to the
high resolution of the ALPIDE sensors [23].

ATLAS Inner TracKer (ITK). TheITK tracking system[22]
of the high luminosity upgraded ATLAS experiment was



optimized to reconstruct charged particles at very high
particle rates, with up to 200 collisions per bunch crossing.
Similar to the Inner ITS II detector, the main purpose of
the ATLAS pixel detector is to reconstruct primary and
secondary vertices. Due to the high radiation length of
about X/Xy = 1.5% per tracking layer in the central re-
gion, a curvature significance of &g ~ 11 is only reached
for very low-momentum tracks. A 30 measurement of the
curvature is possible for a single triplet up to 20 GeV/c,
thanks to the high field of B =2T.

Mu3e Pizel Tracker. The Mu3e pixel detector [J] has an
ultra-light pixel detector design with a radiation length of
about X/Xy = 0.11% per tracking layer, and was opti-
mized for tracking low-momentum electrons and positrons
from muon decays in the momentum range 12 —53 MeV /c.
The tracking scale parameter is ,ui < 0.1 for all momenta,
such that the fast MS track fit can be exploited for all
tracks. The curvature significance is about £ ~ 14 in the
full momentum range. Note that the Mu3e pixel detector
exploits recurling tracks, which provide an about 7 times
better momentum resolution, corresponding to & ~ 100.

The above examples show how the tracking scale pa-
rameter ji14 and the curvature significance ¢ distinguish dif-
ferent tracking regimes, which would require different im-
plementations to accelerate the GTTF. Furthermore, the
curvature significance also defines a metric for the ability
to resolve inevitable hit ambiguities in the track recon-
struction: triplets with large £-values restrict the phase
space more than low ¢ triplets. For track reconstruction,
high £ triplets are better suited than low £ triplets as they
provide higher precision in track extrapolations and more
stringent consistency checks (e.g. consistency of triplet
momenta). Consequently, the proposed tracking regime
analysis can serve as a valuable tool for track reconstruc-
tion optimization.

10. Summary

In this paper a new track fit, the General Triplet Track
Fit (GTTF) was presented. The solution of the fit is given
in an analytical closed-form. All formulas are based on
so-called triplet parameters which contain the detector-
specific information such as geometry, detector material
and the magnetic field. The fit is generic and takes into
account material effects such as MS and energy loss, as well
as hit position uncertainties. The triplet representation
makes the track fit universal, since the same fitting code
can be used for all kind of tracking detectors.

Triplet parameters are derived for various tracking de-
tector configurations. It is shown that in the case of small
bending (high momentum tracks), the triplet parameters
become simple geometrical constants. For the triplet pa-
rameter calculation in a general (inhomogeneous) mag-
netic field, an algorithm employing track extrapolation is

17

presented. Furthermore, two methods for including en-
ergy losses are described: one that treats the expected en-
ergy loss as an additional input (suitable for small energy
losses), and one that fits the energy loss for each tracking
layer (suitable for large energy losses).

The output of the GTTF consists of the particle mo-
mentum (3D curvature), all hit residuals, and the full co-
variance matrix. From this, the state vector of the track,
which is needed for track extrapolation (vertexing), can be
calculated at any point of the trajectory. Formulas to cal-
culate the state vector and the corresponding covariance
matrix are provided in the appendix.

The GTTF can be fully parallelized on triplet level.
Due to the high degree of parallelization, the GTTF is
ideal for its implementation on parallel hardware architec-
tures such as GPUs. Furthermore, the fit of a single hit
triplet is over-constrained, thus making it possible to cal-
culate a fit quality on triplet level and to apply filters. This
(optional) filtering step offers the possibility to accelerate
track reconstruction at an early stage.

The GTTF provides several options for algorithmic ac-
celeration, the most important being the MS fit, which
does not require a computationally expensive matrix in-
version, in contrast to the global fit. Two new parameters
are introduced, the tracking scale parameter and the cur-
vature significance parameter, to classify different tracking
regimes, for which different track fit approximations and
optimizations apply.

An interesting application for the tracking regime-spe-
cific track fit acceleration is track reconstruction at hadron
colliders. Since most particles produced in hadron inter-
actions are at low momenta and dominated by MS, signif-
icant amount of computating time can be saved by per-
forming the fast MS fit. It is recommended to execute the
more time-expensive generic fit only if hit position errors
cannot be neglected (pg g 2 0.15). An optimization of the
track reconstruction based on the tracking regime concept
is of high relevance for real-time applications, in particu-
lar in environments with high particle rates. The analysis
of tracking regimes can also provide useful information for
the design of new tracking detectors.

The analytical closed-form of the GTTF also enables
the study of the inherent fitting bias in the MS tracking
model. A detailed study of the bias in MS dominated track
fit is performed. Mitigation strategies are discussed and a
regularized track fit is presented, which reduces track fit
biases.

Finally, it is important to note that the GTTF can
be easily extended to incorporate geometric alignment pa-
rameters, which will be addressed in a follow-up article.
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A. Global Fit for Dominant Hit Position Errors

In the limit of dominant hit position errors, the MS

errors can be neglected. According to the

precision matrix becomes:
K — K it = HD 1H 1 A
hit - ( hit ) . ( 1)

The 3D curvature and its uncertainties are then given by:

.
p' Ky ¥
kg = —Bohit ¥ A2
e pT Kyt p (8.2)
1

2

= = A3
hit pTKhit p ( )

Furthermore, the hit positions shifts and the correspond-
ing covariance matrix are given by:

- =T
Onie = DhiiH Kphit v, (A.4)
= - 3 o7 o
Covs,, = Dy — Dy H Koy H Dy, (A.5)
Here, K, ., is defined similar to
Kyt PPTKhit
K, = |(Kpjy—————].
Phit ( hit PTKhit p
Finally, the fit quality is given by:
Xt = 0 Dyt 0 (A.6)
= V'K, V. (A7)

Note that in the first line of the sums are

executed over all hit uncertainty directions whereas in the

second line (Equation A.7|) the sums run over twice the

number of triplets.

B. Regularized Local MS Fit

The formulas for the regularized global MS fit are dis-
cussed in For a single triplet, the fit result is
given by:

P2 sin2 + 62

RMSreg — — = = = y B.1
Visres <I>p¢sin29+@p9 B
P2 sin? ) + ©2)3
OkMSreg — bms ~( o = ) , (B.2)
(P py sin“ 6 + O py)?

1 (D pp— 6 py)?
XIQ\/ISreg = 72 e _Z el (Bg)

s 2 +02/sinf
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C. Strip Detectors

In this section, the local triplet fit is discussed for a
barrel-type strip detector in a uniform magnetic field. In
the context of the triplet fit, a detector is defined to be
a strip detector if large hit position errors in one detec-
tor direction create a significant rotational triplet uncer-
tainty. In the following formulas for the local triplet fit are
derived, which include the hit position dependence of the
triplet parameters that has been neglected in[Section 3|and
Rotational uncertainties in the global triplet fit
are usually negligible if several triplets are combined.

The configuration with strips oriented in axial direction
is considered here, which is used in many experiments.
Since o, > 0y, such a detector is not able to precisely
measure the polar angle. This, however, affects the 3D
curvature via the relation k = k| siné.

With the assumptions Tyg > aﬁ,ls and Tpy > Ty,
(and the following equations) can be approx-
imated as:

R z-strip ~ = g + A"<5r0t ) (C 1)
2 ~ Dot a2 C2
an,z—strip ~ p2 + K,rot? ( . )
¢
é2
Xg-strip E (03)

where additional correction term are added to account for
the rotational uncertainty. They are calculated as:

P .
ARt = —— Abotcot b, (04)
Pe
Aa‘ert = K?—Strip ngt cot éa (05)
and depend on the triplet rotation and its error:
Agro == —_— (g ﬁ - g H ) y .
t 9T 2 g, 0 he, (C.6)
1 -, 3 - o, 3o
O = 7 (V" oy + 1§, V' Do) - (C.7)

D. Track Parameters and Covariance Matrix

In a broken line fit such as the GTTF, kinks in the
trajectory must be taken into in the determination of the
track parameters. In the following it is assumed that all
detector material in the active tracking region is located at
the tracking layers. The position of the kinks thus agrees
with the position of the hits. For vertexing (extrapolation
to the track origin), the track parameters need to be de-
termined at the first hit (k = 0). For track extrapolation
in the other direction, the track parameters need to be de-
termined at the last hit (k = np;; —1). Note that for track
extrapolation the material in the first (last) detector layer
must be considered as extra scatterer (like any other ma-
terial, e.g. beam pipes) since this material is not included
in the track fit.



For track parameterization, the following representa-

tion is used:
t=(7,k,0,0), (D.1)

with the corresponding covariance matrix defined as:

Cov(#,Z) Cov(k,Z) Cov(0,Z) Cov(e,T)
Cov, = Cov(Z,k) Var(k) Cov(8,k) Cov(o,k)
Cov(#,0) Cov(k,0) Var(d)  Cov(g,0)
Cov(#,¢) Cov(k,¢) Cov(0,¢) Var(¢)
(D.2)

Here and below, the bar ~ indicates a vector and the dou-
ble bar~ a matrix in the six-dimensional track parameter
space.

D.1. Track Position and Uncertainties

Be hit k the starting point of the track extrapolation,
the track position in global coordinates is obtained from

the fitted residuals (Equation 28|) via the relation:

=T

Tse = T + Q) Ok, (D.3)

ST
with @, being the back-rotation from local to global coor-

dinates, see also The corresponding covari-

ance matrix in global coordinates is derived from the local
covariance matrix via the transformation:

Qul
Qu

ov(Zy, Tp) = (éovw)k = (éT ov; é)k, (D.4)

where Covy is given by:

—
— =

=4 3 = T
Cov; = D, — D, H K, H D, 9)

D.2. Track Parameter Representation

The track vector in local coordinate transformation,

tioc, is defined equivalent to [Equation D.1
{loc = (57 R, 97 ¢)

For the transformation to global coordinates a 6 x 6 matrix
is defined:

(D.5)

T

0
G = D.6

0 (D.6)
0

o o = O
o~ OO
_— o O O

The track parameters and the corresponding error matrix
then transform as:

t=G
éOVt = é éOVt10C é71

Mo (D.7)

(D.8)

Note that the curvature and track angles are defined in
global coordinates and not transformed.
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Figure D.10: Azimuthal (left) and polar (right) track angles at the
hit position k£ using the short-hand notation introduced in
[tion D.12] and |[Equation D.11] In a uniform magnetic field, the arc
lengths are related to the bending angles via s+ = ®,+ R+, with
R, + being the bending radius.

D.3. Track Curvature
For the general case, the 3D curvature and its variance

are given by (see [Section 3)):

-
p KU
- ’ "
p'Kp
1
Var(k) = ——. (126))

The correlated error between the fitted curvature and the
hit position k is given by:

Cov(gk, K) = (60V5/K)k, (D.9)

with

—

D'H K p
COV(;/H = “hieet T 7

K, (D.10)

D.4. Track Direction

The determination of the track direction is more evolved
since the track direction is position dependent in a mag-
netic field. For an inhomogeneous magnetic field, the track
direction can be determined using the method described
in

For a uniform magnetic field the polar
and azimuthal angles of a trajectory at hit position k are
given as follows:

Zpt sin (Ppx /2)

O+ = t D.11

et aco dp+ D1 /2 ’ ( )
(I)ki

Gt = Qp= F 5 (D.12)

where a short-hand notation for the indices is used: k* =
“k,k +17. The =+ sign refers here to the two solutions



after /before the scattering at tracking layer k, see
Note that for the first (last) hit of a track only
a solution with the + (—) sign exists and that ¢+ is de-
fined by Further note that all parameters in
[Equation D.11| and [Equation D.12| are post-fit.

Curvature Dependence. Both [Equation D.11| and [Equa-|
tion D.12| require knowledge of the bending angle &+,
which in turn depends on the curvature x. The GTTF
consistently employs the small multiple scattering approx-
imation, which assumes that the triplet trajectory can be
linearized around the circle solution in the bending plane
(Equation 7).

At segment level, the linearization of the polar and
bending angle yields:

= 9& +Tki +K@ki,
Vit + K Pgps (

a(l‘i)ki
(I)(Fa)kj:

(D.13)
D.14)

where new segment-specific linearization parameters are
introduced:

— ngi -1 C
PO+ = =G cot Qki, (D.15)
ki
c
. n
Pop+ = ki ), (D.16)
ki
Tht i= (1 —n$s) cot O, (D.17)
Vet o= (1 —nfe) d, (D.18)
with K H . being segment-wise 3D curvatures, given by:
Row = /i(jj sin 0, (D.19)

As in the index C' always refers to the circle
solution.

The triplet index j € k — 1,k indicates which of two
possible triplets per segment is chosen to determine the
circle solution. Note that the ~ is used here and below to
distinguish the segment-wise defined p parameters
[tion D.15( and [Equation D.16]) from the triplet-wise de-
fined p parameters (Equation 8 and [Equation 9). Further
note that the segment-wise p parameters are related to

the triplet p_parameters (see also [Section 6.1) via py =
—5(Poy+ + Poy—) and pp = poy+ — Poy,--
Note that all linearization parameters (Equation D.15

to [Equation D.18|) depend on known parameters given by
the circle solution (see [Section 6.1)), which makes it very

easy to calculate the track direction.

Hit position dependence:. The track angles can be related
to the pre-fit triplet parameters (denoted by superscripts
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Pre or €) using the fitted residuals:

oo = B~ 3 T,
= g b w8 (T e,
(D.20)
O = 0C. — 35 F,
+ [T,ﬁ’f + Iippre _5' (}:i + H}:;tsk)} , (D.21)

2+
The vectors fy are Jacobians whose elements are defined
for each hit by the derivatives:

00Xy

=

with X = {Qﬁk, 0k7 Vi, Tky Pors pek}
(D.22)

S

D.J.1. Small Bending Approximation

In the small bending limit, i.e. ®gri1 < 1, the seg-
ment length approaches the chord length. The bending
angles can then be approximated by:

(I)kj: ~ +k ||fk:|:1 — ka (D23)
and the track direction at hit k is then given by:
-1 -+ K . - T\ =%
brt = opx — 0 fo F 5 <||!Eki1—9€k|\—5 )fpd,k»
(D.24)
T o+
oki = oki - 6 fak. (D25)

D.5. Track Direction Uncertainties

The track direction uncertainties are derived by prop-
agating both the momentum and spatial hit uncertainties
in [Equation D.20| and [Equation D.21] Note that the az-
imuthal and polar angle uncertainties are fully correlated
due to the requirement of momentum conservation. One
obtains:

Varlos] = [FE + 75+ 75T Govs [+ FE 4 nFE)]
—2 [F5 + 75 +nF5,]" Covepe [pon — 8775,
+o2 [pgi - STffs] , (D.26)
Varlo] = [F55 5 (FE 40 7E,)] Govs [FE 7 (7 4075
o [rE 0 eng2)] G oy 55

(D.27)

The first term in [Equation D.26| and [Equation D.27|
comes from the hit position shifts, the last term from the
curvature shifts, and the middle term is a combination of
both.




The covariance between azimuthal and polar track an-
gle is given by:

Covlbx, @] = [F5

S

2+ 2+ 17 2 2+ 1 /2x 2+
b i nfs,] Govs [FiF g (52407
2+ 2+ 77 & =T 2+
+ I+ rf,] Covssw (por —8F5,)
5 f,

[y (F s Govi (nen -5 F)

w502 (pow =870 (pos -8TF). (D29)

The covariance between the track angles and the cur-
vature is given by:

2T 24 2+ | oz 2417 &
Covlr, 0+] = o2 (pgi _3 fpg) - [fg +F2 +mfp8] Covs) .,
(D.29)

1 2T =24
Covlv, 1] = F 507 (pay —3 ' F,,)

o 1 /2 . T
- [fjf 5 (F2 +nf§¢)} Covs/w.  (D.30)

Finally, the covariance between the track angles and
the track position is given by:

Cov[d,04] = — Covs [Fo +F1 +nFy,] +Covsye (0o —5'F5,)
(D.31)
= = 1 /- -
Cov[§,¢4] = — Covs [ff 75 (F + mf%)]
1 -
F3 Covs/y (Pasi - '5Tf§¢) (D.32)

All formulas above have been validated by a numerical
simulation.

E. Gap Spectrometer Dipole

[Figure E.11|shows the simplest spectrometer setup with
three detector planes (triplet) and one gap dipole. Note

that the notation of variables here differs from the case of
a uniform magnetic field in the previous section. The gap
dipole is placed between detector layers 1 and 2 at dis-
tances 11 and v, respectively, and has a gap size of vg. In
the following, it is assumed that all measurement planes
and the gap dipole entrance and exit windows are parallel.
The magnetic field is pointing in z-direction such that the
x-y plane is the bending plane.

The elevation angle, 3, measures the particle angle
with respect to the z-y plane and is related to the po-
lar angle via @ = m/2— 3 . Note that the elevation angle is
an invariant in the plane transverse to the magnetic field,
Le., f1 = P = fo.

Since the region between tracking layers L0 and L1 has
no magnetic field, it is easy to calculate the angles ¢y and
Bo for the first segment. For the trajectory between track-
ing layers L1 and L2, the situation is far more complicated:
the trajectory has first a field-free segment, then a mag-
netic field segment, and then another field-free segment.

First, the trajectory in the bending plane is calculated.
The bending angle, @, is defined as ratio of the arc length,
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. Vi Vg Va

Bending plane

Figure E.11: Sketch of a gap spectrometer dipole with three layers
(LO-L2) with L1 being the scattering layer of the triplet. The upper
half shows the (z-y) bending plane and the definition of the azimuthal
angles for the different track segments and the bending angle ®; the
lower half shows the (y-z) plane with the elevation angles 8 projected
to the y-axis.

sp, over the bending radius, R. Both parameters are re-
lated to the gap size, vg, through:

o= B (E.1)
with cos pp being the average azimuthal angle in the field
regiorﬂ The azimuthal angles in the field-free region are

related to the bending angle in the field via:

)

pr2=¢B F 5 (E.2)

With the above relation, the bending radius in
is calculated as function of the azimuthal angle ¢1:

— VB
~ sin(py + @) —sing;

(E.3)

The horizontal offset, x15 := x9—x1, measured between
tracking layers L1 and L2, is a function of all azimuthal
angles:

(E.4)

T19 vy tan ¢ + vp tan pp + vo tan pg

(0]
vy tan o1 + vg tan (301 + 2) + vo tan (o1 + D).

Since v1, vo and v3 are geometric constants, and x5 is
a measured quantity, defines a unique rela-
tionship between the azimuthal angle ¢; and the bending
angle ®. This relation, however, is highly non-linear in
both ¢; and ®/2, making it difficult to derive a solution

191n this calculation, stray fields are neglected.



for the general case (see also [Section E.1J).

In the non-bending plane, the elevation angle, 31, is
given through the relation:

212

tan = —
b S1+ s+ S2

(E.5)

with 212 being the measured vertical offset, z12 := 20 — 27.
The parameters s; and ss are the lengths of the no-field
track segments in the bending plane, given by:

(E.6
(E.7

S1 V1 seCc Y1,
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~— —

vy sec(pr + @y, ).

Here the notation ®,, := ®(p1) is used, where the in-
dex indicates the functional dependence given by
ftion E.4

Finally, using the bending radius (Equation E.3)) and
the relation for the elevation angle (Equation E.5|) the 3D
curvature is calculated as:

sin(pq + @y, ) —sing; "

VB

k= R 'cosp = (E.8)

1

27y
1 + . B (1’501 2
(v sin g1 + vz sin(o1+@e0) + 00 s Ey=smey )

This equation is non-linear in ¢, and ®,,. Since the func-
tion ® (1) is also non-linear, the linearization around a ref-
erence solution is here much more complicated than in the
case of a triplet in a uniform magnetic field .

As motivated in the solution with zero kink
angle in the bending plane, (1 ;of = o, is chosen as ref-
erence for the linearization. In the following, the solution
for the general case and the small bending approximation
is discussed.

E.1. General Solution
The general solution involves solving nu-

merically to determine the reference bending angle @, =
D (1 ref). With the help of @, all parameters of the
reference trajectory can be calculated; most importantly,
the reference elevation angle 3. (Equation E.5), and the

reference curvature k.ef (Equation E.8)).

For the determination of the p parameters, the deriva-
tives dx/ d¢y and dr/df; are needed. An analytical solu-
tion can be derived by differentiation of and

Equation E.5| respectively, and by using the relations:

(A9) _ .08
9(A¢) * o1

However, the equations obtained in this way will be very
unwieldy. In fact, it is much easier to determine the p
parameters numerically from a small variation, €, of the
azimuthal angle ¢1 yor — goiref = Q1 ref + €. This yields

o)

o _
p¢8<p1 -

Po = Po (E.9)
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a second solution, which is denoted as k5 and Sy, 4. The
fundamental triplet parameters are then given by:

Ble,ref - ﬂl,ref
_77

= E.10

po Kreef — HKoref ( )
€p

- E.11

Pe K:rgef = HKref ( )

é = —pP0 Rref — (Bl,ref - ﬂO)v (E12)

D = —py Kret- (E.13)

E.2. Approzimation for Small Bending Angles
In the case of small bending angles @, [Equation E.4]can

be linearized to first order in ®. In this approximation, the
fundamental triplet parameters are given by:

® ~ arctan (m> — o, (E.14)
Y12
O ~ arctan (212> — b, (E.15)
di2
d2 2 _
Py~ _7vu~2+212';8 <I_M), (F.16)
Y12 Y12
o~ 0, (E.17)

with dis := /2%, + y?, being the distance between hit 1
and 2 in the bending plane. Similar to the weak bending
case in a uniform magnetic field, the parameter py vanishes
here. For symmetric setups, i.e., v; = 1o, the parameter
pe is equivalent to half the effective track length in the
dipole field. In the limit 1 — 0 and v — 0 (the tracking
layer L1 and L2 are positioned at the dipole entrances and
exit), this parameter becomes: py = —\/d3, + 21,/2. Sim-
ilar to the uniform magnetic field setup, the pg parameter
corresponds to half the length that the particle travels in
the magnetic field, consistent with the naive expectation
from the Lorentz force law.

F. Triplet with General Field Configuration

An inhomogeneous or irregular magnetic field repre-
sents the greatest challenge for the calculation of the triplet
parameters. The main difficulty is that trajectories con-
necting the hit positions Zy, 1, and Ts need to be found,
and this by means of track extrapolation since no analyt-
ical solution exists, see also |Figure F.12

In the following, an algorithm is presented that finds
a reference trajectory for an arbitrary (inhomogeneous)
magnetic field by means of track extrapolation. This al-
gorithm will be used to calculate the fundamental triplet
parameters and the hit gradients.

F.1. Finding a Reference Trajectory

In the following, it is assumed that an approximate so-
lution for the hit triplet exists and is known. This could be,
for example, a solution obtained with a constant averaged
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Figure F.12: Sketch showing the first step of the extrapolation al-
gorithm for inhomogeneous magnetic fields. The red dashed line
shows the trajectory obtained by extrapolating the track vector at
the middle layer from the hit position #; to both sides.

magnetic field strength. The reference trajectory can then
be found using Newton’s method in 2 dimensions (6 — ¢
space). A procedure tailored for hit triplets is described
in the following paragraphs.

At the middle hit position, the initial approximated
solution is described by five track parameters:

e ;3D curvature of the approximate trajectory;

e Ot (918)): polar angle of the track at the middle hit
position before (after) scattering;

o ol (¢'): azimuthal angle of the track at the middle
hit position before (after) scattering.

By extrapolating the trajectory from the middle hit
position to both sides, as sketched in the ex-

trapolated hit positions Zi" and #'2(0) = Fi™ are obtained.
In the next step, the polar and azimuthal angles are var-
ied by €g and €4, respectively, and a new set of angles is

obtained for track extrapolations:

i) — gini 4 .
. ke k=02  (F.1)
i 1k €

Two more extrapolations to the tracking planes L0 and L2
are performed on each side. Let 9?,568) and fé%) be the ex-
trapolated points from the polar angle and azimuthal angle
variations, respectively, the matching condition reads:

f]£6¢)

Ty = T + no ————— + Ngk Tk L g hit
€9 €p

with Z; being the calculated interception points and Z, khit

being the measured hit positions. For each side (k = 0,2),

a system of three equations with two unknown correction

parameters: 79 and 104 are obtained. The third degree

of freedom corresponds to the segment length, which is

indirectly determined by the extrapolation procedure.

)
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Above system of equations can be solved by minimizing
the spatial distance ||ZP* — #/||. Using the short-hand
notations:

60,]@ — flgee) _ f,im,
= — =(€0) _ ~ini
a¢,k = l‘k — Ty,

the solution for each side (k = 0,2) is given by:

( Mo,/ €0 > i (F.2)
Mo,k/ € gy gy — (Ao Gpk)?

gy o — (dok Go.k) Gok
gy, Qg — (Do Ao.1) ok

In case of non-linearities, the matching condition might
not be fulfilled in one extrapolation step and the procedure
needs to be iterated until 7 and 745 are determined
with the required accuracy, i.e., ||Z, — #|| < accuracy.
Finally, the track parameters for the reference solution at
the middle layer are given by:
1lrllc1 + Ny

ini

1k T Ngy-

(F.3)
(F.4)

01k

b1k

F.2. Determination of the Triplet Parameters

For the determination of the p parameters, the curva-
ture is varied according to:

kles) = K pe, . (F.5)
Using the so modified curvature, the trajectory is extrap-
olated again from the middle layer to both sides. Similar
to the procedure described in a new set of
polar 01(;“) and azimuthal d)l(;“ angles is determined such
that both reconstructed track segments match the actual
hit positions. The four fundamental triplet parameters are
then obtained from:

015" — 085" — 015 + 610

= F.6

Po - (F.6)
(EN) _ (6,{) _

ps = 212 10 E P12 + ¢10’ (F.7)

O = —Po K™+ 015 — 010, (F.8)

D= —py ™ + B12 — dro. (F.9)

F.3. Determination of the Hit Gradients

For the determination of the hit gradients (see
@ , no further track extrapolations are required. By
solving [Equation F.2] for the in total 3 x 3 1o hit position
shifts, a set of nine polar and azimuthal angle shifts is ob-
tained, which serves as input for the calculation of the hit

gradients according to and

To summarize, for the determination of the triplet pa-
rameters, at least four track extrapolations are needed for



each segment of the triplet: one for the starting trajectory
(estimate), two for the track direction variation, and one
for the curvature variation. In case of large non-linearities,
more extrapolations might be required. This method is
universal and can be used for any tracking detector with
any arbitrary field configuration.
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