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Motivation

‘ High-priority future
initiatives

A. An electron-positron Higgs factory is the highest-priority next collider. For the NOt un reasonable to assume that the
longer term, the European particle physics community has the ambition to operate a H H H
proton-proton collider at the highest achievable energy. Accomplishing these compelling fUt ure Of h Igh e€ne rgy phySI cs wi I l

goals will require innovation and cutting-edge technology:

involve an e™e™ collider.
« the particle physics community should ramp up its R&D effort focused

on in parti that for high-field

. . e,

ip ig . . .
From the theoretical point of view,
« Europe, together with its i i pai , should il i the i . - -
and financial feasibility of a future hadron collider at CERN with a centre-of-mass w h et h er suc h a COl | | d er wi I I b € a | Inear
energy of at least 100 TeV and with an elect: -posi Higgs and . . .
factory as a possible first stage. Such a feasibility study of the colliders and or a circu l ar one Is rel a tl ve ly
related i should be i as a global endeavour and be H
on the tii of the next y update. unim pOrta nt -

The timely isation of the electi it i Linear Collider (ILC)
in Japan would be compatible with lhls strategy and, in that case, the European
particle physics ity would wish to

[2020 UPDATE OF THE EUROPEAN STRATEGY FOR PARTICLE PHYSICS]
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Very clean environment favours more 5

precise measurements.

Expected 0.01% relative uncertainty

on experimental measurements at

ILC, at FCCee possibly even smaller.

Is possible to have theory under

control at that level?
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PDFs in eTe™ collisions

Presence in the cross section of potentially large logarithms, due to colliner photon emissions in
the initial state:
2

NS N (8)

2
me

They are process-independent and can be resummed by means of the PDF formalism:
2

e

1. Collect this logarithm in a PDF T'(z, 3) at an initial scale u2 ~ m? (initial condition);

2. evolve until u? ~ s with the DGLAP equations:
O (2, 4%) _ a(p)

— 2
Blog;ﬂ - o [P®F](z7ﬂ )7

which resums the log(u2/p3) terms to all orders.
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QED factorisation formula

Physical particle-level cross section do.+.- as a convolution of a massless parton-level cross

section dé;; with QED PDFs I'; .+ and I';/—, with i,j = et e, y:

doe+e- (pe‘*'ape*) = Z / derde 1—‘i/eJr (Z+7 ,u2a mZ) 1—‘j/e* (Z,, ,u27 m2)
ij=et,y

. m
X d6ij(24Petr2—pe- p1°) + O (E)

PDFs I'; e+ and I'j /.- and massless cross section dé;; depend on the subtraction scheme,
physical cross section do.+.- is independent of it (order by order). We work in the MS scheme.

N.B. We focus onI';;.— =Ty, i.e. the PDFs of the incoming electron.
i.e. we derive the electron/positron/photon PDF of an unpolarised electron.
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Towards NLL resummation

® QED PDFs currently known at leading-logarithmic (LL) accuracy i.e. resummation of
(alog(E/m.))* terms. Initial condition: just a delta function

T (2, 1) = b1 0(1 = 2)

® Goal: reach NLL accuracy i.e. extend the resummation to the a(alog(E/m.))* terms.
Initial conditions given in [Frixione; 1909.03886]:

1_|_ 2 2 [
I‘[el_] (z,13) = [ I —Zz <log::L02 —2log(1—2) — 1>} + Kee(2)(= 0 in MS)
+
1 1— 2 2 _
Tz, p2) = 1+ =27 (log'uo2 —2logz — 1) + K,e(2)(=0in MS)
z m

Y (2, 13) =0

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 7/34
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Solutions of evolution equations [Bertone, Cacciari, Frixione, GS; 1911.12040]

Ol (z,p)  a(p) 5
Doz~ 2r [P ®T](z, pu*)

® Numerical: public code github.com/gstagnit/ePDF
® Evolution equation solved in Mellin space, by means of a discretised path-ordered product
(see e.g. [Bonvini; 1212.0480]) or U-matrix formalism (see e.g. [Vogt; hep-ph/0408244])
® Numerical inverse Mellin transform with an algorithm based on an optimized path in the
complex plane (Talbot path)
® Analytical

® recursive solution (calculated up to O(a®)), valid in the small and intermediate z-range
® asymptotic large-z solution (to all order in «)
® additive matching to obtain predictions in the whole z range

Crucial difference w.r.t. hadronic PDFs:
QED PDFs are entirely calculable with perturbative techniques.

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 8/34
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En passant

By introducing the non-singlet and singlet (with photon) combinations:

I'ns = (Fe* - Fe+) s I's = (Fe+ + Fe*) ) F’y7

N =
DN =

non-singlet component decouples from the singlet-photon system:

Olxs o
T Y p @ Th.
dlogu? 2 ™ ® Ins

0 I o T
_7 - 2p
e (1) = 5702 (1)
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Analytic recursive solutions

® Solving the evolution equations order by order in perturbation theory. First make an
ansatz, and then find a recurrence relation.

® Approach already known at LL, see e.g. [Jadach, Skrzypek; (1991)], [Cacciari et al.; (1992)].
We extended it at NLL with a running.

® Result written as a power series in the t variable:

2tk a(t)
2\ M SV N
k=0
with: () () 5
L a(w) o), p )
t= I = log =
27hg & a(po) or 8 ui +0(?)
ie. and NLL terms: (a/(27))t.

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 11/34
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Recurrence relations at NLL

T =Plg 7,
jli\ILL _ (—)k(Qﬂ'b )k:jNLL

27h
—I—Z 27Tb0 ( ®j]§mf p+]P ®jk 1-p — bol ®\7k 1 p>

with the J3* and Jj™" terms related to the integral of the initial conditions (so to avoid
distributions). The coefficients of the recursive solution are found as:

NLL d NLL
LR = - ).

We calculated JE* up to k =3 and J)™" up to k = 2 (i.e. up to order ) for non-singlet,

singlet and photon PDF.

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020

Summary
0000

12/34



QED Parton Distribution Functions Analytical solutions Results in the MS scheme Change of subtraction scheme Summary
00000000 0008000000 00000000 [e]e]e} 0000

Non-singlet recursive solution up to O(a?

2160 (log(1 - =) ~log(£))=" ~ 342k log(2)=* + 81y Lolog(z)s* — 156N, log(2)s* +

DL (2 -1 (e EEN—.

T2y log?(2)og(2)* T2y log(2) log(2)+

- 2168 L o)

x (mmmu =) +3) — (= 1 logl1 - :)+Vng(:)) Dase(e B

N, mlog(2)5* + 180 log*(2):* + 144 log?(2)5° — 630l (2)5° — 360N, Tog*(2)s* — p )
2log(z) (~9:3+7:2 log(2)+ (s 7420 g = = =
1857 log?(2)=" + 234ty log(2)z* + 29Ty Lo log():” — 128y N, log(2)=* — 20y log? (2) log(2) " + &
3) (e ) (15735 1) 3655 19) - 13- D71l ,,),u,(w,z,y,wg,n) o (1) 21t
Ladbylog(2) og(2):* + 4205l (2)=* + 28803 rlog(=)=" — 216, 7log(2)=* - 2168 Lo log

mx(44(zL.)u,u;m(ﬂw(zu.)nugum)mu .

. Y- (1)
)4 {en(( (
6751 )7 8o~ 1) (33254 Gog(1 =)t

L)ea(a)c

o

@2)e-1)-24+2)-2(=

on(1-2) 43 1) (2-2) 1) )8 tote)” ot

1= 2)(0o — 2log(1 -

1 N, 7 log(2)2 — by log’(2)* + Sy log?(2)

g Lolog?(2):* ~ 120N, Tog? (2)2* +

og(1-2) +1og(=

”x(ssmvmmmu_ 36mRLos + 3ortL - et — T log(1 — | 18UEmlog(2)27 + 306y lo(2)z? + 2A3holo log(=)=? + 68N log(<)2* — T2 g (2)log(z)=7 +

5)42(50-4) ot 1) i

et )6

=)+ 36mb3s? 4 72wt og(1 -

£)+ 3onts + T2rt log(1 - )~ T2 log(1 - =) ~ 30705 — L8buz® — | 2880y low(2)log(z):? + 66y hog(2):? — 3643 log(z):7 — T2 log(:): — A Lo los(:)*

Ty Loz log(1 - 2) + Sty Loz"log(2) - Bz + T2 Lot log(1 - 2) 4 SlbuLos?log(z) + 18 Loz4 | 2N, Tlog(z)s 2880 (:=1)7(-+1) log?(1-2) 2~ 180y log? (2)2 ~ 480y (s ) (2-1) (++4) log(++1)2—

720 Lozog(1 — 2) + 180 Loz log)

T2y Lolog(1 - ) + 18y Ly log(z) + iy Lo + 44Ny 4+ Ll log?(2)z — Oy Lo log*(2): ~ 120N, log

Tt

)

2T0hylog(2)2 + 2Thy Lo log(2)z
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Analytic asymptotic solutions

Why?
® Recursive solutions are valid in the whole z range, but not good near z = 1 (they feature
logP(1 — z)/(1 — 2) and log?(1 — z) terms)
® rapid growth of the electron PDF at z — 1 (initial condition at LO is (1 — 2)) —
analytical knowledge crucial in the context of numerical computations of cross sections

How?

® Go to Mellin space: )
M[f] = fy = /0 dz N1 f ().

® Solve the evolution equation there.
® Come back to z-space by an inverse Mellin transform.

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 14 /34
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Asymptotic behavior in Mellin space

® The evolution equation becomes multiplicative (between scalars or matrices):
2 2 2 2
U (1”) = En (7, 15) To,n (15)
® The large-z region corresponds to the large-IN region:

oo g0 2
Pl N2 oo (Ne®) £ 28, PU VTR KONF log (N €”®) + s .

LL solution for non-singlet [Gribov, Lipatov; (1972)]

e~ YEM0 gAo"o B a HJQ
(2, 4%) = T +m0) mo(1—2)71 0, g = p log 2
0

We are resumming the log(1 — z)/(1 — z) divergent terms to all order in a.

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 15/34
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Non-singlet asymptotic solution at NLL

[NLL 2y _¢ /A‘;'\‘(\‘, A S| a(MO)
(Zulu) r(l“riy)\l( j + T

fos 5, -1) (e + )

2
—2B(&) + Z + <log % -1- 2A(£1)) log(1 — 2z) — log?(1 — z)] }

with:
.3 1 R

& =2t+0(a?), &= §t+0(a2)7 A(&) = g"_o(fl)u B(&) = 5 + 2036 + 0O(£3)

® NLL still very peaked towards z = 1, with behavior worse than LL

® if yp ~ me and p =~ 100 GeV, then & ~ 0.05 — the log(1 — z) term is much larger than
the log?(1 — 2) one, even for z values extremely close to one.
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QED Parton Distribution Functions Analytical solutions Results in the MS scheme Change of subtraction scheme Summary
00000000 0000000800 00000000 [e]e]e} 0000

Singlet and photon cases

Dominant term of the splitting matrices in the large-N region are:

s

Nooo [(—2logN+2)\ 0 a (ANylogN+A; 0 2
Py — < 0 —§NF)+27T< 0 N, + O(a?)

This is a diagonal matrix — independent evolution

® Singlet solution = non-singlet solution (i.e. the mixing with the photon does not affect
the electron large-z behaviour)

® Photon solution:

T (2 1%) = log M0 _910g 2 — 1
NENTS! a0 | 2 . og 5 —2log2

a(po) [a(uo) 1+(1—2)° < o )}
Unfortunately, this equation does not work ... here mixing is important!

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 17 /34
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Improvement of photon large-z PDF

Solving the evolution equations by including off-diagonal elements implies a significant increase
in complexity. Main idea: solve the matrix differential equation by treating the off-diagonal
subdominant terms (O(1/N)) as a "perturbation” of the diagonal result (log N and constants):

En(t) = EY (t) EY (1).

Then convolve with initial conditions and perform the Mellin anti-trasform.
The final result is rather involved, but dominant terms in the z — 1 limit are:

Iz = o) [(‘W)) g ) (2l ]

a(pu) 2 ) &1 27 2810

where &1 9 =24 O(w). suppressed w.r.t the subdominant one by a
factor proportional to a.

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 18/34
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Consistency checks and matching

Once we have both the recursive and the asymptotic solutions we can check if:
v/ the expansion of the asymptotic solutions reproduce order by order the most singular
terms of the recursive solutions;
v the asymptotic solutions reproduce the large-z limit of the initial conditions for u — g
(verified at the distributional level).

Finally, we combine the recursive and asymptotic solutions by means of an additive formula:
Fye(2) = T (2) + (Paa(2) = Tawnn()) G (2)

with T',,., chosen as O(a?) expansion of .., and G =1 for NS/S (non trivial G required in
the case of the photon, see backup).
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Electron PDFs at NLL

NLL, o = Mg, 4 = 100 GeV NLL, gg = me, 4 = 100 GeV
1 007 T T T T T T T

10 B Fe+(z) ———

F 006 » r (Z) -_———- ]
100 e Y

0.05 Fe-(2) * (1-2)
101 | 0.04 |-
102 0.03 £

i 0.02 F S~o_
1073 ~

: 0.01 |+ -~
10 | v 0 o imimm mimm mm  S Rrg  mm m m m
105 i I I I I I I I I L -0.01 L L L L L L L

0 01 02 03 04 05 06 07 08 09 1 2 4 6 8 10 12 14

z -|Oglo(1-2)

Electron still dominates at large z, while photon at small z (however, remember the constraint
2y z_ > M?/s for the production of object with mass M? in the final state).
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Worst-case scenario (1 = 100 GeV): agreement at the 1074 — 1075 level
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Analytical vs. numerical (singlet)

I's(z, u) at NLL, pg = me

I's(z, , Mo =
2 10_4 T T T T T T T T T S(Z u) atNLL Ho Me
5103 T T T T T T T T T T

- 1104 L 410° u=0.01GeV ——~— ]
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z - log1p(1-2)

On the linear scale, largest discrepancy at small z's for the singlet
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Analytical vs. numerical (photon)

rv(z, W) at NLL, po = me

Iy(z, p) at NLL, =m
2.010* T T T T T T T T T T > Y( W Ho €
u=0.01GeV ——~— i 110° — T T 1 (I)O]IGIV | —
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3 5.010 5 o0
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-81073
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Photon problematic on the log scale, but small in absolute value

G. Stagnitto (UZH) Electron PDFs at NLL PSI, LTP Theory Seminar, 21/10/2020 24 /34



QED Parton Distribution Functions Analytical solutions Results in the M'S scheme Change of subtraction scheme
0000000000 00000800 [e]e]e}

00000000

NLL vs. LL

(non-singlet)
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Convergence of analytical recursive solutions

Ins(z, 1) at NLL, pg = mg, 4 = 100 GeV I's(z, p) at NLL, gg = me, B = 100 GeV
o + Olai00 T O T o + Ol/200 T
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§ : 104 [up to O(t?) + O(at))/10 ===~ 7 § ® 104 . [uptoO(t?) + O(at))/10 —==- /
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s 00f 2 o0
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QED Parton Distribution Functions Analytical solutions

Results in the M'S scheme

Change of subtraction scheme

00000000 0000000000 0000000e [e]e]e}
Asymptotic photon behaviour
Photon, pg = me, g = 100 GeV
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2.0105 | LL: num * 1072 ------ |
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Onset of the true asymptotic regime occurs at much larger z values!
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00000000 0000000000 00000000 @00 0000

Outline
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n Distribution Functions MS scheme Change of subtraction scheme Summar

oeo

PDFs and short-distance cross section in MS
Kee(2) =Kye(2) =0 < MS.

® The electron PDF initial condition features an explicit log(1 — z) term, whose presence is
a by-product of the subtraction procedure, but it is not physically motivated.

® The asymptotic large-z solutions feature explicit log?(1 — z) terms. It's yet unclear
whether the origin of these terms is in part or entirely an artifact of the MS scheme.

® The scheme-changing terms K. and K. enter also the short-distance cross section (in
FKS formalism through the degenerate (n + 1)-body contribution):

~ ! : f
daii)ef(]?eﬂpe—) o ;{ei (14 (1-¢)?) l<§>+log/j2 +2 ( 0§ >+]

+ e2¢? (1> —e2 K. (1-¢) }dg.
+ N———

§

=0 in MS
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QED

Change of subtraction scheme
ooe

Distribution Functions Results in the

Delta scheme

The choice of a particular scheme should not affect the value of physical cross sections (after
convolution) i.e. the difference between results in difference schemes should be of higher order.

However, motivated by the issue pointed out in the MS case, we are also exploring a scheme

where the initial conditions are maximally simplified (similar to DIS scheme in QCD):

2 1+22
P oy o0 MO
(e = tog 2 [ ]

2 2

ug (1+(1—2)
) 1) - og 26 (140

(A
TSz, u3) =0
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Summary
000

Take-home messages

® We computed the electron, positron and photon PDFs of the unpolarised e~ at NLL (and
by charge conjugation also the ones of the incoming e*).

® They are obtained by means of both numerical and analytical methods, which agree
extremely well in the region relevant for phenomenology.

® In the MS scheme, the large-~ peak is even more pronunced than at LL (this is in
part an artefact of that scheme).

® Hence, analytical knowledge of NLL large-z electron PDF is crucial when performing
convolutions.

® NLL electron PDFs not only provide a NLL correction to processes with incoming
electrons, but also allow to treat photon-initiated hard processes in the same
framework.
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QED Distribution Functions

Next steps

Final goal:
Establish the phenomenological impact of NLL PDFs (in both schemes) on observables:

® In the Delta scheme, in order to have a solution valid in the whole z-range, we have
designed a smooth switch between the numerical solution and the large-z analytical
solution.

e Ongoing tests with a toy model cross section (eTe™ — uii(y), with only initial state
radiation). Numerical convolution with short-distance cross section turns out to be highly
non trivial, in particular when dealing with plus prescriptions.

® We plan in a near future to study more realistic cross sections, by interfacing our PDFs
with a NLO event generator.
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Thanks for your attention!
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QED factorisation formula
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Evolution operator formalism
In Mellin space, we can introduce the evolution operator:

Un(p?) =En(? 1) Lons  En(pg, mp) =1
Convenient to introduce a variable ¢:

1 . . 2
o a(p) —“(”)1og%+0(a2)

b= 27hyg & alw) 27
ie. and NLL terms: (a/(27))t*. We obtain:
OEN(E) _ [pio 1 @) (pin _ 2Tbrpiol) | gy 4y 1 0(a?)
ot 2m bo

which can be solve analytically (NS) or numerically (S/7).
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Matching

Combine the recursive and the asymptotic solution by means of an additive formula:

Toe(2) = Do) + (Fasy(z) - Fsubt(z)>G(z) , lim G(z) =1

z—1

Choice of subtraction term T',,,, and matching function G dictated by:

r
r

~T
~T

mte asy 2221

small- and intermediate-z

mtc rec

After technical studies:
® I'.... chosen as O(a?) expansion of T,
e different strategy for G:
® NS/S: G(2) =1 (Fasy(2) — Teune(2) cancel very well in the small-z region)
® ~: non trivial G needed (I'.s, problematic in the small-z region)! G(2o, 21, p) (transition

between I',.. and I'., in the region 2o < — logw(l — z) < %1 with p used to adjust the
abruptness of the transition)
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NLL vs. LL (singlet)
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NLL vs.
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